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PREFACE. 


The  fulfilment  of  my  promise  to  give  an  appendix,  containing 
solutions  or  hints  for  the  solution  of  all  the  problems  given  in 
my  Third  Edition  of  Solid  Geometry ,  has  entailed  much  labour; 
but  this  labour  will  not  have  been  thrown  away  if  it  should  in 
any  degree  have  added  to  the  usefulness  of  the  book ;  at  all  events 
it  has  enabled  me  to  detect  many  errors  and  omissions  in  the 
statement  of  the  problems  which  might  have  given  trouble  to 
the  student.  A  table  of  these  errata  is  given  on  the  following 
page. 

Mr.  Chree,  Mr.  Berry,  and  Mr.  Richmond  have  shewn  no 
discontinuity  in  their  kindness,  for  they  have  not  only  corrected 
the  proof  sheets,  but  have  detected  important  errors  in  the  problemsr 
as  e.g.  in  LX.  (7)  (Mr.  Berry),  and  in  LVIII.  (3)  (Mr.  Richmond)  ; 
<*  the  geometrical  solutions  of  LIL  (1)  and  LXIV.  (9)  were  given 
by  Mr.  Berry  and  Mr.  Richmond.  I  wish  to  thank  Mr.  Chree 
especially  for  his  superintendence  of  the  printing  during  my  absence 
in  the  Long  Vacation,  and  I  am  glad  to  have  this  opportunity 
of  noticing  a  great  improvement  on  the  last  two  lines  of  my 
solution  of  XLIIL  (4),  which  was  suggested  by  him  but 
unfortunately  arrived  too  late,  viz.  u  if  (a?,  y,  z,  w)  be  the  centre, 
the  left  side  of  (l)=-i2V 


Errata  in  Hints  for  Solution. 

PAGE 

44,  XXXI.  (9),  reference  to  fig.  1  is  omitted. 

75,  L.  (2),  line  2,  for  (r£2,  read  \  (r£2. 

77,  LIL  (6),  line  2,  for  x~2y~2,  read  ar1?/-1- 

79,  LIL  (2),  line  4,  for  PS,  read  QS. 


PROBLEMS. 

Errata  majora. 

PAGE 
113,  XX.  (8),  insert  +  abc  =  0  after  cxy. 

128,  XXIII.  (9),  line  5,  insert  -  before  x. 

179,  XXIX.  (1),  line  12,  for  Jf ,  read  J3. 

line  13,  for  1,  0,  1,  read  1,0,  —  1. 

180,  XXIX.  (9),  line  3,  insert  +  a"4a/(a  +  b)  after  yjb. 

225,  XXXVI.  (9),  add  for  the  same  height  of  the  luminous  point. 
XXXVII.  (7),  line  2,  dele  double. 

226,  XXXVIII.  (8),  add  a  is  the  intersection  of  tangent  planes  at  B,  C,  D, 
236,  XL.  (3),  dele  of  revolution. 

(7),  insert  +a'  after  —  C'z). 

301,  XLIX.  {6),  for  4tt{1-c/ J(a2+c2)},  read  4ira/J(a2  +  (;2). 
303,  LI.  (7),  line  3,  for  the  portion,  read  any  portion. 

line  4,  for  tt,  read  2tt. 

line  5,  add  estimated  symmetrically  with  respect  to  the  portion. 
(9),  line  4,  for    ;  also  &c,  read  along  circular  parts  of  their  intersection. 

328,  LV.  (3),  add  and  the  central  circular  sections. 

(5),  for  conoidal  surface,  read  right  conoid. 

329,  LVI.  (2),  line  6,  for  tangent... at  P,  read  generator  of  the  scroll  through  P. 

354,  LVII.(7),  for  g,  read  (|)'. 

LVIII.  (3),  add  ifp,  a  be  measured  along  fixed  generating' lines. 
(4),  line  6,  for  conicoid,  read  helicoidal  surface. 
356,  LX.  (2),  line  5,  insert  —  before  prvpTq> 

(6),  for  epicycloid,  read  hypocycloid. 

(7),  line  6,  insert  +  i  {<p  (p+iu)  —  <t>(p  —  iu)}  after  f(p  —  iu). 
372,  LXII.  (1),  line  6,  for  tri1,  read  m. 
389,  LXVI.  (5),  for  »-2,  read  2  (n-2). 

Errata  minora. 

89,  XV.  ,(4), /or  BC,  read  PC. 
101,  XVIII.  (14),  line  1,/or  (11),  read  (14). 
126,  XXI.  (10),  for  6*-mJ,  read  (62-m2)2. 

181,  XXXI.  (7),  line  4,  /or  a'2£'V2,  read  27a'2o'V2. 
224,  XXXV.  (6),  for  ax,  read  az. 

248,  XLII.  (8),  ,line  5,  add  and  abc  after  a'b'c. 

249,  XLIII.  (10),  for  pair,  read  pairs. 
276,  XLVI.  (7),  for  (3,  read  y. 

302,  L.  (4), /or  p/z,  read  p/x. 
329,  LVI.  (4),  for  //»,  read  \|^. 

354,  LVIII.  (l),/or  square,  read  rectangular. 
356,  LX.  (7),  line  2,  for  a,  read  a. 

lines  9, 10,  11,  for  index  2,  read  8. 

line  10,  omit  —  before  sinsp. 

line  11,  for  sin  sq,  read  Bin  sp. 
389,  LXVI.  (3),  line  6,  for  a'2,  read  a2. 
402,  LXVII.  (6),  for  (5a"1 +  0"1),  read  (5a  +  o). 


HINTS  FOR  THE  SOLUTION  OF  PROBLEMS 


IN   THE  THIRD   EDITION  OF 


FBOST'S    SOLID    GEOMETRY. 


i. 

(1)  Two  points  (fa,  fa,  ±2a). 

(2)  Prove  that  {x-yY^O,  two  pairs  of  coincident  points 
(a,  a,  a)  [—a,  —  a,  —a). 

(5)    Circle  in  the  plane  xy. 

II. 

(1)  (i)  Cylinder  on  a  circular  base  touching  Oy.  (ii)  Traces  on 
zx,  zy,  parabolas ;  the  section  by  any  plane  parallel  to  xy  is  a 
straight  line,  (iii)  Sphere,  whose  centre  is  (a,  b,  c).  (iv)  Generated 
by  parabolas  revolving  round  Oz ;  or  by  circles,  centres  in  Oz, 
intersecting  parabolic  traces  on  xz,  yz.  (v)  Planes  z  —  ±h  cut  the 
surface  in  straight  lines  through  Oz  inclined  to  the  plane  zx  at  an 
angle  tan"1  (A2/cJ).  (vi)  Generated  by  a  hyperbola  parallel  to 
plane  xy.  (vii)  Generated  by  an  ellipse,  one  axis  constant,  the  other 
changing  from  0  to  oo.  (viii)  Trace  on  plane  yz  the  parabola 
y2  =  cz,  and  on  plane  z  =  h  an  equal  parabola  with  vertex  (h,  —  h,  h), 
generating  a  parabolic  cylinder. 

(2)  Fig.  page  3,  (i)  r  =  a  sin  6  gives  a  circle  in  plane  POM, 
touching  Oz,  the  same  for  all  values  of  cf>.  (ii)  If  a  circle  in 
plane  xy  touch  Oy  and  pass  through  M,  r—  OM  for  all  values 
of  6,  giving  a  circle  in  plane  POM.  (iii)  6  =  \tt  +  \tt  sin4<£  for  all 
values  of  r,  OP  makes  L  J7rsin4<£  below  plane  xy,  and  generates 
a  surface  cutting  xy  where  $  =  0,  \ir,  \ir,  &c. 


2  PROBLEMS  III,   IV. 

III. 

(1)  Art.  23,  let  Z,  772,72  be  the  direction-cosines,  Z  cos  a  4  m3ina  =  0, 
m  sin  7  4  n  COS7  =  0. 

(2)  ll'  +  mm+nn'  =  i,      .-.  (Z-  Z')2  +  ...  =  1,      Z  (Z-  7)  4  ...  =J, 
Z(Z- 7) +  ...—*. 

(3)  sin'a  4  sin3  (a 4  45°)  +  sin8  (a  4-  90°)  =  1 ,     .\  a  4  45°  =  0.     Also 
cos2a4  cosv2a4  cos23a=  1,     .'.  cos  2a  cos  3a  cos  a  =  0. 

(4)  Fig.  page  44,  AE,  i?i£  perpendicular  to  CD, 
cos  AEB={2AE*  -AB*)j2AE\  and  AE=i*/3  AB. 

(5)  2  (Z2  4-  w*j  -  (Z  4  m)'  =  n*  =  (Z  —  »/*)*,  the  direction-cosines  are 
°,  Vi,  -VI,  and  ^J,  0,  -  Vi- 

(6)  Elementary  sector  of  the  circular  base  =  elementary  triangle 
of  surface  x  ajl. 

(7)  The  relation  is  not  altered  when  —  Z  is  written  for  Z,  or 
—  m  for  w,  or  —  72  for  7?. 

(8)  Areas  are  as  3:4:5,  and,  by  Art.  36,  X  :  /i  :  v  =  3  :  4  :  5, 

1Y. 

(1)  cos'a  +  coss/8  +  cosv7  =  1,  .-.  cos  (a  4  0)  cos  (a-  /3)  +  cos*7  =  0, 
whatever  7  is,  a  4  ft  is  least  when  a  =  /3,  similarly  a  =  7,  .'.  3  cos'a  =  l, 
whence  3a,  the  least  possible  value  of  a +  #4- 7,  is  found. 

(2)  Shew  that  \l-\- fxm-\-vn  —  0^  and  \4/*4-v  =  0;  X, //,  v  being 
the  direction-cosines. 

(3)  {Shew  that  c*  (ccZ*  4  £7/2*)  +  7  (aZ  4  foft)2  =  0,  hence  that 

1J2  :  7n xm9  :  w^  =  c2/3  4  Z>*7  :  a27  4  c'a  :  Z/2a  4  crfi. 

Condition   of  parallelism   is  that   of  equal  roots  of  the  quadratic 
in  Z,  in. 

(4)  Similarly. 

(5)  X,  yu,  v  direction-cosines  required,  XZ4...=XZ'4...=XZ"4...=/?, 


j  I  ,  in  ,  n 
x  I  I  ,  m  ,  « 

,    7/1    ,    71 

1,    W   , 

and  X  :  /x  :  v  = 


=  /> 


1,    ??2    ,    72 

1»  / 

,    7/2    ,    72 

1»/         »/ 
,    7/2    ,    72 


72 

11  1 

,    7)1    ,    7i 

If/         »/ 
,    7?2    ,    71 

For  the  second  case,  shew  that 

Z  =  m'n"  -  wi'V,   .*.  X  :  fjb  :  v  ~  Z4  l'  4  Z"  :  ...  :  .... 
(6j    Art.  2G,  «"+r+te«2fl'/97+2i7a42ffl^>     P=aV4...-2&c#7...  . 


PROBLEMS  IV.,  V.  o 

(7)  J,  w1,  n  and  ?',  m\  ri  direction  cosines  of  the  lines.  Prove 
I  —  I'  —  —  [m—  m)  and  l+r  =  m-{-m\  :.  l  =  m,  m  —  l\  2lm  =  —n3) 
(l-mY  =  3n%  then  J  =  i(-l±VJ),  »*  =  i(l^:VJ)j  "  =  +  ^3. 

(8)  Art.  25,  V,  yu/,  v'  required  direction  cosines, 

\  +  \'  =  2Jb[\  +  fi  +  v)  VJ- 

(9)  l-i(S0)2+...=  Z(Z  +  SZ)-K..  and  1  «*(*+«/+.... 

(10)  Art.  36,  a  an  edge  of  the  cube,  2At  =  a2  =  2A3  =  S-4,, 
normal  to  plane  of  maximum  projection  has  equal  direction  cosines 
and  maximum  area  =  a'V3. 

(11)  Let  0  be  the  inclination  of  the  planes;  the  perpendicular 
from  D'  on  the  plane  ABC  =  DD  cos  6. 

(12J   Art.  28,  Z,  il/,  #  direction-ratios, 

-  I  +  £  +  M  cos  v  +  N  cos  /*  =  0, 

and  three  other  equations ;  eliminate  L,  M  and  iV. 

V. 

(I)  x  =  z  =  -^y,  cosa=cos7=  -^  cos/S,  sec/3  =  -  \/|,  sec2/3  =  3. 
,  (2)   Use  the  three  equations 

>-l)(r-l)  (*-*/)  =  0,     Q/-l)(z-l)(y-z)=0, 

satisfied   by   x  =  y  =  l,  x  —  l^y^z,   &c ,  and    x—y  =  z]    straight 
lines  passing  through  (1,  1,  1). 

(3)  Satisfied  by  x—y  —  z^  direction  cosines  vi)  Vi)  VJ« 

(4)  #2  +  2xz  =  0j .'.  straight  lines  are  x  —  0,  y  =  0  and  x=-y  —  —  2z. 

(5)  Straight  line  is  (x  —  b)l(c  —  b)  =  ( ?/  —  c)j(a  —  c)  =  [z  —  a)j{b-a) 
perpendicular  to  straight  line  2x/{b +  c)  =  2y/ (c  +  a)  =-2xj(a  +  b) 
and  the  other  two  lines. 

(6)  It  is  the  distance  from  the  origin  to  the  projection  of  the 
line  on  the  plane  xy}  and  is  (am~bl)l>>J(F  +  m3).  The  equations  are 
lx  +  my  —  0  and  z  =  7,  which  meets  the  given  line,  shew  that 
7  (I3  +  tn*)  +  n(al+  bm)  =  0. 

(7)  Line  joining  centres  of  the  edge  and  diagonal  is  the  shortest 
distance  =af*j2. 

(8)  Take  y  =  A+Bz/c  and  mx  =  A'  +  2?'z/c  for  the  intersecting 
line.  Shew  that  A  —  B  and  B'  =  A,  and  make  ,4*=mi\  sin  0, 
-S  =  \  cos  0. 

(9)  The  points  are  (a  cos  a,  a  sin  a,  c) ;  (±  Z>  cos  a,  +  J  sin  a,  —  c). 

(10)  Art.  59,  cylinder  of  evanescent  radius.  Equation  may  be 
written  [ny  -  mzf  -f  [h  —  nx)*  +  (mx  —  ly)3  —  0. 

(II)  Art.  64,  for  the  locus,  z  =  \  [c  -  c)  =  0. 


*  PROBLEMS  VI. 

VI. 

(1)  For  the  given  line  mx  +  ny  -\-lz-a  and  nx  +  ly  +  mz  —  0, 
:.  x  :  y  :  z  =  ll  —  mn  :  ml  -  nl :  n2  —  lin  ~L  :  M :  N.  If  X,  /uu,  v  be 
direction-cosines  of  the  required  line,  LX  +  ill/*  -f  iV^  =  0,  and 
n\  +  //^  +  mv  =  0.  At  the  point  of  intersection  #  =  Xr,  &c,  and 
(wi\  +  n/4  +  Iv)  r  =  a ;  shew  that  r\J  (U  +  ill2  +  iV")  =  ay^2  +  m2  +  w2)  • 

(2)  The  straight  lines  must  satisfy  the  three  equations 
{a>-hl)(y  +  l)(x-y)(x+y~l)  =  Oi  (y+i)(«+ij(y-*)(y+«-l)  =  0, 

and     (2+ 1)  (#+l)(z -#)(;>?  +  # -1)=0, 

their   equations    are    of    the    five    types    #  +  1=0,   s  +  l=0(i), 

#  +  1  =  0,  y  =  *(ii),  #  +  1  =  0,  y  +  z  =  l  (iii),  «-y,y'+*  =  l  (^), 
three  of  each,  and  x=y  =  z  (v)  ;  (ivj  and  (v)  are  four  diagonals  of 
a  cube. 

(3)  Eliminate  z,  and  shew  that  #,#a  :  yly2  :  zxz2—b-c  :  c—a  :  a-b, 

(4)  Shew  that  mc  —  nb  —  (Za  +  wia  +  ft2)  #  +  I  [lx  +  ??z#  +  nz)  =  0, 
Z,  m,  n  are  direction-cosines. 

(5)  Shew  that  vb  —  fie  +  (Z\  +  wi/a  +  ray)  #  -  ?  (\x  +  /"<?/  +  vz)  —  0. 

(6)  Art.  64,  direction  cosines  of  A!  G  are  as 

(J3C  +  A'E)  cos  a  :  (JB(7  -  A'B)  sin  a  :  BB\ 

those  of  J9'^4'  are  as  cosa  :  —  sin  a  :  0;  .*.  BG  cos  2a  =  —  A'B', 
Similarly  B'C  cos 2a  =  -  AB. 

(7)  ±  a  the  inclination  of  the  rays  to  Ox  in  plane  zx,  /3  that  of 
the  straight  line  in  plane  xy  of  the  mirror.  Shew  that  the  cosine 
of  the  angles  between  the  rays  and  line  is  cosa  cos/3  for  each  ray. 
Geometrically,  the  incident  ray,  and  reflected  ray  produced  back- 
wards, are  similarly  placed  with  respect  to  the  line. 

(8)  #1?/1^1,  xayaza  proportional  to  the  direction-cosines  of  the  two 
lines,  eliminate  z  and  obtain 

x\xi '  11^2  '  x\Vi  +  xiUi =  cm~  +  ^n*  :  an*  +  cZ2 :  -  2clm. 
Deduce  the  value  of  xfa+ytfi+zfa :  *J}{xly2—x„yl)2+...}  =  cos9 :  sin#. 

(9)  The  projections  of  the  straight  lines  on  the  plane  xy  will 
form  a  harmonic  pencil.  The  equations  of  the  projections  are 
w2  [ax2  +  by2)  +  c  {ux  +  vyf  =  0  and  wl  (Ax2  +  By2)  +  G  (ux  +  vyf  =  0, 
when  y  is  given,  let  #,#2,  Xir  X2  be  the  roots  of  the  equations 
Xx  —  xx  :  X2  —  #,  =  #3  —  Xx  :  X2  —  #2,  whence 

*cfy  +  2XlX2  -  (*,  +  *,)  (Z,  +  X,)  =  0. 

(10)  Axes  as  in  Art.  64,  r,  /  distances  of  points  on  the  two 
lines  from  the  shortest  line,  (#,  ?/,  z)  the  middle  point, 

2#=  [r  +  r)  cosa,    2^  =  [r  —  r)  sin  a,    z  =  0, 

(r  -  r'/  cos"'a  +  (r  +  r'f  sin'a  =  constant ; 

.•.  locus  is  an  ellipse,  y%  cos4a  +  xl  sin4a=  constant. 


PEOBLEMS  VI.,  VII.  O 

(11)  Sphere,  centre  0,  cuts  the  axes  in  X,  F,  Z\  draw  ZU 
perpendicular  to  the  side  XY  of  the  spherical  triangle  XYZ)  let 
XU=h,  ZU=y}r,  triangles  ZUX,  ZUY are  right-angled, 

,\  cos /3  =  cos  \/r  cos  8,     cos  a  =  cos  ty  cos  (7  —  6), 

prove  that  sin2\Jr  sin'27  =  1  -  cos*a  -  cos2/3  —  cos"7  +  2  cos  a  cos/3  cos  7, 
z  sim/r  is  the  distance  of  a  point  from  plane  xy. 

(12)  8A,  S/x,  SA',  8/a'  are  increments  of  A,  /£,  V,  /a'  when  the 
parameter  has  an  infinitesimal  change,  at  the  point  of  intersection 
xhX  +  SfM  =  0  and  xbX'  -\-  S/*'  =  0,   .'.  8X .  Bjm  =  SA' .  8/x. 

VII. 

(1)  Equation  of  the  plane  being  \[x  —  a)  +  fM(y— b)-\-v(z  —  c)  =  0, 
XZ+/am  +  im  =  0  and  A«  +  fib  +  vc  =  0,  whence  A,  /^  and  v;  given  the 
two  lines  (#  — a) /£=...  and  {x  —  d)jl'  =  ...,  the  equations  of  the 
required  line  are  x{bn  —  <?m)+...=  0  (1)  and  a;(6V-c'm')+...=  0  (2). 
When  l'  =  l,&c.j  both  equations  are  satisfied  by  xjl  =  yjm  =  zjn^ 
parallel  to  the  given  lines,  but  the  required  line  will  be  indeter- 
minate if  (1)  and  (2)  be  coincident,  the  condition  being 

bn  —  cm  :  b'n  —  cm  =  cl—  an  :  c'l  —  an. 

(2)  Shew  that  the  equation  of  the  plane  is  x-\-y+z=a+b+c  (1). 
Take  X(x  —  a)+...=0  for  the  plane  through  (a,  £,  c)  and  (6,  0,  a). 
Prove  that  X\  fju:v  —  a  +  b  —  2c  :  b  -{-  c  —  2a  :  c  +  a  —  2b,  and  that 
its  intersection  with  (1)  is'  xj{a  —  b)  =  yj{b  —  c)  =  z\ (c-  «),  another 
of  the  intersections  is  xj[b—  c)=yj(c  —  a)  =  zj[a  —  b),  inclined  at 
an  angle  a  to  the  former,  where 

±  cosa  =  {{a-  b)  {b-c)  +  ...}/ {{a-  bf  +  (Z>-c)2  +  (c-  a)2}  =  £. 

(3)  x+y+z—  3  =  0  and  #  +  ?/  —  3z  +  1  =  0,  for  the  plane 
through  the  origin  4  (x  +  3/)  —  Sz  =  0. 

(4)  Common  point  is  (1,  3,  2).  Plane  equally  inclined  to  the 
axes  isic—  1  +  2/  —  3  +  z  —  2  =  0. 

(5)  By  Art.  37,  for  the  dividing  point 

x  =  {A  (a  +  fr)  +  V  (a  +  ZV)}/(\  +  V),   y=...z  =  ..., 
eliminate  r  and  r'. 

(6)  Any  point  in  the  line  joining  (x,  y,  z)  (V,  y\  z)  satisfies  the 
equation  A  (Aa'  +  AV)  +  B  (Xy  +  \y)  +  C'(\s  + Vs')+Z>(\  +  V)  =  0 
for  all  values  of  A  :  A/. 

(7)  Where  the  plane  xja  4-  .*.  ==  1  meets  the  diagonal 
#/a  =  ?//6  =  «/c  =  5j    {a  J  a  +  J/6'  +  c/c')  5=1  and  5  =  AB'  j  AB. 

(8)  P,  P'  the  points  («,  5,  c),  (a',  &',  c'),  the  two  straight  lines 
are  PQ  parallel  to  OP',  and  FQ  to  OP;    G>P<2P'  is  the  plane. 

(9)  Adding  the  first  two  equations  gives  the  third. 
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(10)  All  three  are  perpendicular  to  the  same  line. 

(11)  l\  m\  n  direction-cosine  of  a  second  line,  .*.  XT+iim+vri--®, 

(12)  The  two  planes  are  Xx  4-  /*  (y  +  2a)  +  6v  (z  —  a)  —  0  and 
V  (x  +  a)  +  2/*'y  —  12v'z.  ,For  the  first  of  these  X  +  p  4  v  =  0, 
A,  +  i/B  —  £v  =  0,  .'.  \ifj>:  v=2:  —  3: 1,  and  the  equation  becomes 
2a:— 3  (y  4- 2a)  4  6  (z  — a)  =  0,  the  perpendicular  from  0  on  this  plane 
is  *72a;  similarly  for  the  second  the  perpendicular  from  0  is  —  fa. 

(13)  A,  B,  C,  D  the  four  points,  for  BCD,  2x  +  y  4  z  =  11 ; 
for  CjD-4,  ^  H-  ?y  4-  2^  =  9  ;  for  Zki#,  2  -  y  =  1 ;  for  ABC,  y  -  x  =  1 : 
dihedral  angles  containing  j&D  and  ^4G7,  90°;  ,42?,  60°;  .£2),  G/i 
supplementary. 

(14)  If  ABC  be  the  triangle,  CD  perpendicular  to  AB,  AB  is 
perpendicular  to  plane  COD,  whose  equation  is  .'.  ax  =  by.  Shew 
that  the  orthocentre  is  given  by  ax  —  by  —  cz  =  (a~*  +  b~*  4-  c~ st)"1. 

VIII. 


(1)   Each  member  =  -n - — —  =  -= k— 

v  7  I x  4-  wy  4-  M3        "  +  m  + 


w* 


(2)  Any  plane  through  the  first  is  \{x— a)+fjL(y-b)+v(z-c)=0, 
if  XZ  4-  pm  4-  vn  —  0,  and  if  it  contain  the  second 

:.  plane  required  is  [m  (c  —  c)  —  n  (l>  —  b)}  (x  -  a)  4- ...  =  0.  The 
condition  makes  the  straight  lines  coincident  and  the  plane 
indeterminate. 

/ON    -n     T  ,  ax+by-\-cz  la+mb+nc 

(6)   .bach  member  =  —, r — ,  °  7X — 7^ r  —  — = . 

v  x{m—n)+y{n-l)\z(l—m)  0 

(4)  Plane  through  the  first  is  yjb  4-  s/c  —  1  4-  Xa:  =  0,  and  being 
parallel  to  the  second  is  yjb  +  zjc  —  xja=l)  plane  through  the 
second  parallel  to  the  first,  x\a  —  z\c-y\b—  1 ;  take  the  sum  of  the 
perpendiculars  from  the  origin* 

(5)  Plane  through  the  line  is  \x  4-  /my  4-  vz  =  0,  where 
X?  4-  fim  4-  vn  =  0,  and 

\Y  4=  /&W  4  wi#  =  +  cos  a  y/(\*  4-  /**  +  v')  \/(P  +  m"  4-  ri% 
whence  the  equation  of  the  two  planes,  since  X :  fx  :  v=ny—mz: ...:... 
As  the  plane  turns  round  the  line,  there  are  two  positions  for  every 
angle  at  which  it  intersects  the  given  plane,  which  become  coincident 
when  the  angle  is  equal  to  the  angle  between  the  given  plane  and 
line,  and  this  is  the  least  value  of  a. 
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To  shew  analytically  the  coincidence  of  the  two  positions ;  for 
the  critical  value  of  a,  (I*  +  ...)  (ln  4- ...)  sin2a  =  (IV  4-  ...)2,  prove 
that  (V  +  p?  +  v2)  (7Z'  +  .;.)"  =  (P  +  ^3  +  *')  (On  -  vm')2+...},  (1) 
write  for  V  +  //.*  4-  v2,  (Z2  4-  »i*  4-  »2)  (V  +  #2  +  £v)  -  (Jx  4-  ray  +  nz)* 
and  for  fxn'—vm',  l(l'x  +  m'y  4  wV)  —  x(W+  mm'+  nn'),  whence  hy  (l) 
J(72+  m24  «*)  (l'x  +  m'y  +  n'z)  —  (IV  +  mm'  +  nn')  (Ix  +  my  +  nz))*  —  0, 
the  geometrical  interpretation  of  which  is  obvious. 

(6)  For  a  plane  z  cos£  —  ar  sin /5  -J-  /u.^/  =  0,  cos*/8  =  (1  4-  p?)  cos*a 
eliminate  //.. 

(7)  Take  <7,  «',  &c,  for  reciprocals  of  OA,  OA\  &c,  the  three 
lines  being  the  axes.  Shew  that  the  intersections  of  each  pair  lie 
in  the  plane  (a  4-  a)  x  4-  (b  +  5')  ?/  4-  (c  4  c')  £  =  2. 

(8)  As  in  Art.  82,  since  p  =■  a  V3,  the  bisecting  planes  are 
(b^c-2a)zi-(c+a-2b)y+(a-{-b-l2c)z=±^/S{(b-c)x+(c-a)y+(a-b)z}1 
and     making   a  4-  c  =  2b,    3  (-  a;  4-  z)  =  ±  \/3  (x  —  2y  4-  z),    ^ '=  0, 
(V?±  l)^  =  (\/3  4l)^. 

(9)  If  the  distances  of  (#,  ?/,  2)  from  the  three  planes  be  each  p, 
Pi  ~  lxx-m$-nx*=p%  &c;  .\  lipl  +  hpi  +  hP*-x  =  (li+l*+h)P,  &c- 

(10)  Take  plane  ^y  parallel  to  the  given  plane,  and  planes 
2#,  zy  each  to  contain  one  of  the  lines;  let  the  equations  of  the  two 
lines  be  x  =  rnz  +f\  y  ~  0 ;  y  =  nz  +  g,  x  =  0]  and  let  (f ,  97,  £)  be 
a  point  in  the  moving  line  when  its  distance  from  plane  xy  is  f. 
dividing  it  in  the  ratio  V  :  X, 

.-.  f  =  X(wi?+/)/(\  +  V),  ^  =  \'(^4^/(HV). 

(11)  Equate  each  member  to  p,  eliminate  ^r,  ?/,  and  z; 

...  (a-/o)(/.-p)(c-p)-a'2(a-p)-^(6-p)-c'2(o-p)4-2a'Z;V=0, 
giving  generally  three  values  of  p,  and  therefore  three  lines. 

Each  member  =  {(aa  -  b'c)  x  +  (a'c  —  lb') y}j(a'x  —  b'y)  =  &c, 
hence,  with  the  given  conditions,  either 

ax  =  b'y  =  c'z    or   x\a  -\-y\V  4  zjc=Q. 

(12)  Equations  of  a  line  intersecting  the  first  two  are 
x  4-  y  —  z  -  1  =  ax  and  x  4-  y  —  z  4-  1  =  yS7/,     (1) 

but  where  it  meets  the  third  line,  2y  =  ax  and  2x  =  @y,  :.  go3  =  4,  or 
(x  4  ?/  —  £)"  —  ]  =  4x?/.  Where  it  meets  the  fourth  line  x  —  1  =  ax 
and  £' 4  1  =  - /^  ;  .*.  a  —  fi  —  2,  ,\  a-==±V5+l,  #  =  ±V5-1. 
Equations  (l)  give  x  :  y  :  z  =  fi  :  a  :  (I  —  a) /3 -t  a',  .\  diiection- 
,  cosines  of  tLc  tv\o  lints  are  as  ±  *Jb  —  1  :  +  \;o  +  1  :  2  (±  V*>  —  2). 
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IX. 

(1)  Every  point  in  either  bisector  is  equidistant  from  the  two 
given  planes. 

(2)  For  every  point  in  the  plane,  Ax  =  3V  with  quadriplanar, 
or  #=1  with  tetrahedral  coordinates.     Arts.  98,  99, 

(3)  Take  P  a  point  in  A  0, 

vol.  PA  CD  =  vol.  AOCD-  vol.  PO  CD,    ;.  By  =  AOCD(AO-  x). 

(4)  For  a  point  at  an  infinite  distance  in  AB,  z  =  0,  io  =  0, 
and  x  +  y  =  0,  by  Art.  110,  the  last  being  the  equation  of  a  plane 
through  CD. 

(5)  Take  P  the  given  point,  the  plane  is  PAD,  the  line  is  AP. 

(6)  Take  P,  Q  the  first  points  of  intersection  in  AB,  CD, 

x  =  PB/AB=%,  y  =  PAjBA  =  ±,  :.  x  =  2y. 

(7)  Centre  of  gravity  is  the  same  as  of  four  equal  masses  placed 
at  A,  B,  C,  D,  /.  distant  from  BCD  —  Jp0 ;  /.  x  =  J  =  y  =  z  =  w. 

(8)  The  middle  points  of  AB,  CD  are  (J,  J,  0,  0),  (0,  0,  J,  J), 
/.  x  =  y,  z  —  w  is  a  straight  line  containing  both  points,  and  also  the 
point  x  —  y  =  z  =  zv,  similarly  for  the  other  opposite  edges, 

X. 

(1)  Plane  Ix  +  my  +  nz  +  rw  =  0  cuts  AB  in  P,  where  lx  +  my  =  0' 
y  =  0,  Ix  —  my  =  0,  x  =  0,  and  fo;  +  my  =  0  give  four  planes  through 

CD  cutting  AB  harmonically,  the  six  planes  all  pass  through  the 
point  Ix  =  my  =  nz  =  rw. 

(2)  Equation  of  AO  is  yjm=^zjn  =  wjr,  coordinates  of  O  are 
Is,  ms,  ns,  rs,  where  (1  +  m  +  n  +r)  s  =  1,  at  A' ;  x  +  1  =  2ls,  y  —  2ms^ 
z  =  2  ns,  w  =  2rs. 

(3)  Let  rv  ra  be  the  radii ;  the  centres  are  (—  rx,  rx,  r^  rx)  and 
(r2,  —  r  ,  r  ,  r„)  ;  .*.  the  straight  line  x  +  y  =  0  and  3  =  w  contains  both. 
PC:DC=w:sQ,  CD:PD=r0:z,  and  z=w,  :.  PC:PD^r0:s0  =  D:  C. 

(4)  Take  the  order  of  trisection  APQB  and  CP'Q'D-,  P,  F  are 
(I,  h  0,  0),  (0,  0,  1,  J)  middle  point  of  PF  is  (J,  J,  J,  J),  similarly 
middle  point  of  $()'  is  (J,  J,  J,  J),  the  straight  line  x~z,  y  =  vj 
contains  both  and  bisects  BD  and  AC,  similarly  for  the  other 
arrangement. 

(5)  Centres  of  AB,  CD  are  (£,  |,  0,  0),  (0,  0,  J,  J);  by 
Arts.  101,  103,  -r  =  J(-a,2-52  +  ca-a'2-^  +  c'0  =  -ic72;  by 
Art.  105,  2aa'  cos  w  =  2  (a3  ~  a'2),  .*.  4//'  cos  w  =  «*  ~  a'2. 
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(6)  Oa,  0&  perpendicular  to  BCD,  A  CD,  the  distance  of  5 
from  plane  BCD  is  Oa-\-Ob  cos  (AB)  —  x -\- y  cos  (AB),  similarly 
for  the  feet  of  the  perpendiculars  on  ABC,  ABD,  and  the  conditions 
of  the  problem  give 

x  =  I  {3x  +  y  cos  (AB)  4-  z  cos  (AC)+w  cos  (AD)},     (1) 
but  A  =  B  cos  (.45)  +  (7  cos  (A  C)  +  D  cos  (AD) ; 
.-.  xj  A~yjB=zjC=  co /D  satisfies  the  four  equations  corresponding 
to  (1). 

(7)  Let  p,  px  be  the  radii  of  the  two  spheres  touching  BCD 
internally  and  externally ;  by  the  equations  of  Arts.  98,  99, 

plPo  +  pl%+Plro  +  plSo  =  lJ   and    -pilPo  +  PJVo  +  Pilro  +  PilSo^1' 

(8)  Let  0  be  the  centre,  and  B  the  radius  of  the  circumscribing 
sphere,  and  let  AO  produced  meet  plane  BCD  in  P,  the  tetrahedral 
coordinates  of  0  are  OPjAP,  &c,  or  \-R\AP,  \-R\BP,  ... ; 

:.  4-P/^P-P/PP-P/<7P-P/PP=l. 

(9)  Take  0  the  centre,  p  the  radius  of  the  inscribed  sphere, 
plane  OA'B'  cuts  CD  at  right  angles  in  P,  A'Psmy  =  p  cot  ^y  sin  7, 
hence  quadriplanar  coordinates  of  A'  are  0,  2p  cos2-Jy,  2p  cos2^/3, 
2p  cos2Ja,  and  equations  of  A  A'  and  BB'  are 

#/cos2^y  =  zjcos^^fS  =  wjcos^^a, 

and  £c/cos2^Y  =  z/cos'2Ja  =w/cos^6; 

if  -4  A  and  PP'  intersect  cos2£a  cos2^a  =  cos2^/3  cos2J£,  so  also 
for  <7<7',  DD'. 

(10)  Draw  ^a  perpendicular  to  BCD,  cutting  the  given 
plane  in  P,  the  distance  of  a  from  plane  A  CD  is  ^?0cos(J.P), 
/.  at  a,  y  —  pb,cos(AB)  j  q^  &c,  and  the  equations  of  Aa  are 

cos(^P)      cos  (40)      cos(4P)      ^         ;^e  ' 

at  P,  £>  (l-P/^0)+P{cos(4P)  ^0+  cos(4  6r) r/r0+cos(4.D)  wjwQ)  =  0, 
and  by  Art.  109  or  112,  p  =  R  cos(p,  p0), .-.  &c. 

XL 

(1)  Let  a,  b  be  the  middle  points  of  BC,  CA,  q  +  r  =  0,  p  =  0 
are  the  equations  of  a  and  A,  p  +  r  =  0,  q  =  0  those  of  b  and  P, 
^  +  ^  +  ^  =  0  is  the  equation  of  a  point  in  both  Aa  and  Bb,  i.e.  of 

G  the  centre  of  gravity  of  ABC.  p  +  q  +  r  +  s  =  0  is  a  point 
in* the  line  joining  p  +  ^  +  r  =  0,  and  s  =  0,  t.  e.  in  (7P ;  similarly 
for  the  other  lines. 

(2)  The  distance  of  the  centre  of  the  circle  from  BC  is  \a  cot  A ; 
let  Ip  +  mq  +  nr  =  0  be  the  equation  of  the  centre ;  and  the  values 
of^?,  q,  r  for  a  plane  through  BC,  perpendicular  to  plane  ABC,  are 

C 
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6  sin  (7,   0,   0,   and,   by   Art.   116,   lb  sin (7/ (7+  ra  -f  n)  =  |a  cot^  ; 
.*.  //(Z+w  +  rc)  =  ^  cos  .4/ sin  1?  sin  (7,  .*.  I  j  sm2  A=m  /  siri2B=n  f  sm2  G< 

Aliter.  Let  0  be  the  centre  and  let  AO  produced  cut  BC  in  a, 
shew  that  Ba  :  a(7=sin2(7  :  sin2.Z?,  equation  of  a  is 

£sin2i?+rsin2(7=0. 

(3)  The  plane  passes  through  the  three  points  p  +  q  +  r  —  0, 
j?-f  r  +  s  =  0,  and  ^  +  5+^=0, .-.  q—r=s=—  \p,  and  each  is  equal 
to  ^p0)  either  directly  by  geometry,  or  by  Art.  127. 

(4)  Let  DP :  PB=\:  m  then  the  equations  of  P  and  Q  are 
\q  +  /xs  =  0  and  /-ip  +  \r  =  0,  X  (#  +  r)  4-  //,  (  p  +  s)  —  0  is  that  of  a 
point  in  PQ,  which  lies  in  the  line  joining  the  middle  points  of 
BCj  AD j  dividing  it  in  ratio  p,  :  X. 

(5)  q  +  r  =  0,  p  —  s  =  0  are  the  equations  of  the  middle  point 
of  BC,  and  of  the  point  at  infinity  in  AD,  Art.  121.  r  +  s  =  0, 
p  —  q  =  0  are  similar  equations  for  CD  and  AB,  ^  +  s  =  0,  p—  r  =  0 
for  DB,  A  (7,  hence  the  three  lines  of  the  problem  have  a  common 
point,  whose  equation  is  q  +  r  +  s—  p=-0. 

(6)  Let  \p  4-  fiq  +  vr  +  ps  =  0  be  the  equation  required,  the 
distance  from  BCD  is 

\pJ(\  +  fjL  +  v  +  p)  =  ip0(B  +  C+D)l(A  +  B  +  C+D), 

:.  X:/a:  v  :  p=B+C+D  :  C  +  Z>+  -4  :  i)  +  J.  +  ^ :  ^4-£  +  <7. 

(7)  The  tetrahedral  coordinates  of  the  centre  of  any  sphere 
touching  the  planes  of  the  four  faces  are  proportional  to  A,  B,  (7,  D 
with  the  proper  signs,  and  the  equations  of  the  centres  of  such 
spheres  must  be  included  in  the  form  ±  Ap ±Bq±Cr±Ds  —  0]  four 
such  as  Ap  +  Bq  +  Cr—Ds  =  01  three  such  as  Ap  +  Bq=Cr+  Ds, 
and  one  Ap  +  Bq+Cr+Ds  =  0. 

XII. 

(1)  Let  G  be  the  centre  of  gravity  of  A  CD,  the  equations  of 
G  and  B  are  J  (  p  +  r  +  s)  =  0,  q  —  0 ;  ,\  that  of  b  is 

|  (p  +  r  4-  s)  —  q  =  0,  or  2  (p  4-  §  +  r  +  s)  =  ^^  5 
.-.  q  ==r  =  5=  —  2p  for  the  plane  fod,  cutting  ^4i?  at  a  point  2p-f  ^=0. 

(2)  The  point  in  the  line  joining  B  to  the  centre  of  gravity 
of  ACD  is  m.  J  (p  +  r  +  s)  +??g  =  0,  or  m(p  +  q  +  r  +  s)  =  (m  —  3ii)q  ; 
and,  for  the  proposed  plane,  q  —  r  =  s,  and  mp  4-  (2m  4-  3?z)  ^  =  0. 

(3)  a:,  ?/,  Z,  w  being  tetrahedral  coordinates  of  P;  for  a, 
#2  4-  2r  4  ws  =  0  ;  for  b,  xp  +  zr  +  ws  =  0 ;  where  «5  meets  AB, 
scp  —  yq  =  Q;  for  d,  xp+yq  +  zr  —  Q]  where  Cd  meets  AB:  xp-\-yq=0. 
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(4)  P,  Q  being  intersections  of  ABy  ab  and  DB,  db\  for  P  and 
D,  xp-yq  =  0,  and  s  =  0  ;  for  Q  and  .4,  yq  -  ivs  =  0,  and  £>  =  0 ; 
:.xp  +  ws  -yq  =  Q  gives  the  point  of  intersection  of  PD  and  QA, 
and  since  it  is  xp  +  yq  +  ws-  2qy  =  0,  the  theorem  is  true. 

(5)  The  equation  of  H  is 

(jg  +  (7+i))(;?  +  ^  +  r  +  5)_^_^-.(7r-i?5  =  0,  see  XL  (6), 

in  the  perpendicular  form  of  Art.  118,  the  equations  of  0  and  G  are 

(Ap  +  JBq  +  Cr  +  D8)l(A+B  +  C  +  D)  =  0  and  ±  (2>  +  2  +  r+s)  =  0  ; 

.-.  EO:HG::4::  1,  or  OG  =  ZGH. 

(6)  Let  O',  #',  r',  5')  O",  2",  r",  5")  be  the  two  planes  U',  Z7"; 
and  let  A/,  /*',  v',  />'  be  the  cosines  of  the  angles  between  the  normal 
to  the  plane  U',  and  the  normals  to  the  faces  of  the  fundamental 
tetrahedron.  Let  a  perpendicular  from  A  on  the  plane  V  meet 
U"  in  Nj  then  AN=  ts  =p"  sec  (  U',  U").  Tetrahedral  coordinates 
of  A7"  are  (p0—  ax\')/^0,  —  tnyt!\q^  —  ©i//r0,  —  «■/>'/ s0,  ■*•  tne  equation 
of  A^  is  (p0-vr'h')plpQ  —  ,Gr(J''qlq0  —  '&v'rlrQ  —  'UTp'slsQl  and  £7"  is 
a  particular  plane  through  N] 

/.  cos  (£7',  U")^I>"lp^\yip0  +  ix'q"lq0  +  vtr"lr^p's"lsQ. 
By  Art.  126,  \'=p'lp-cos(AB)q'lq0^cos(AGyir0-cos(ADyis(i1 
and  similarly  for  /*',  v',  />',  the  given  result  follows. 

XIII. 

(1)  (i)  Tetrahedral  coordinates.  a=0,  7  =  0  is  a  solution, 
therefore  every  point  in  BD  is  on  the  surface;  similarly  AG,  BC 
and  AD  lie  entirely  in  the  surface. 

Four-point  coordinates.  From  the  solution  a  =  0,  7  =  0  any 
plane  through  A  G  touches  the  locus ;  let  Xa  +  vy  =  0  be  a  point  P 
in  A  (7,  by  the  given  equation,  7  =  0  and  Ivfi  +  m\8  =  0,  give  two 
points  (7,  and  Q  in  i?D,  such  that  planes  through  PC  and  P§  are 
tangents  to  the  locus, .'.  GPQ  is  a  tangent  plane  to  the  locus,  and  P 
the  point  of  contact.  It  follows  that  A  (7,  AD,  BC,  BD  lie  entirely 
in  the  locus. 

(ii)  Tetrahedral  coordinates.  When  7  =  0,  (a  +  /3)a  =  0  (1), 
therefore  plane  ABD  touches  the  surface  at  every  point  where  it 
meets  a  plane  through  CD  parallel  to  AB.  A  plane  A,  (a  +  ft)  =  fjuy 
intersects  the  surface  in  another  plane  jjl  (a  +  /3)  =  \n8  (2),  the 
surface  is  generated  by  lines  parallel  to  AB,  guided  by  a  conic  in 
A  CD  touching  AG,  AD  at  G  and  D. 

Four-point  coordinates.  By  the  equations  (1)  any  plane 
through  G  and  the  middle  point  Q  of  AB  touches  the  locus  at  (7; 
and  equations  (2)  determine  points  B,  S  in  QG  and  QD,  such  that 
any  plane  through  RS  is  a  tangent  plane  to  the  locus ;  the  locus  is 
therefore  a  curve  in  the  plane  QCD,  touching  QG  and  QD  at  G 
and  D. 
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(iii)  Write  the  equation  1j3y$  +  myda  +  n8a/3  +  raffy  =  0. 
Tetrahedral  coordinates,     a  =  0,  y8  =  0  (3)  satisfy  the  equation, 
.*.  CD  lies  entirely  in  the  surface ;  so  for  all  the  edges. 

a/Z  +  £/m  =  0   and   7/rc  +  S/r  =  0   (4) 
satisfy  the  equation,  and  the  line  of  intersection  of  the  two  planes 
through  the   opposite   edges    CD  and  AB   lies   entirely   in  the 
surface ;  the  three  corresponding  lines  for  the  opposite  edges  all  lie 
in  one  plane  a/Z  +  /3/m  +  7/ft +  S/r  =  0  (5). 

Four-point  coordinates.  Equations  (3)  shew  that  every  plane 
through  AB  touches  the  locus,  similarly  for  all  the  edges. 
Equations  (4),  joining  points  P,  Q  in  AB  and  CD,  shew  that  all 
planes  containing  P  and  Q  touch  the  locus,  and  that  the  three 
corresponding  lines  joining  pairs  of  opposite  edges  all  pass  through 
a  point,  whose  equation  is  (5). 

(2)  The  surface  represented  by  u  =  0  is  the  envelope  U  of  all 
the  planes  whose  coordinates  satisfy  the  equation,  v  =  0  is  the 
equation  of  a  point  V.  Let  v  —  0  be  the  equation  of  a  point  V 
near  V9  and  let  6Y,  C  be  the  curves  on  Z7,  which  are  the  loci  of  the 
points  of  contact  of  tangent  planes  through  V  and  V  \  the 
surface  represented  by  vv  =  Au  touches  both  the  cones,  whose 
vertices  are  F,  V\  and  whose  generating  lines  are  guided  by  the 
curves  C  and  C. 

When  V  moves  up  to  F,  C  and  C  coincide,  and  the  surface 
represented  by  v2  =  Au  touches  the  coincident  cones  along  the 
curve  (7,  and  therefore  touches  U  along  the  same  curve. 

(3)  The  equation  of  the  centre  is  ^(p  +  q  +  r  +  s)  —  0  in  both 
cases;  the  radii  of  the  two  spheres  are  |^>0  and  %p0.  By  Art.  119, 
the  distance  of  the  centre  from  the  tangent  plane  (p,  ^,  r,  s)  is 

i  (P  +  9.  +  r  +  5)>  WQica  =  iPo  or  iPo  '•>  an(*>  D7  Art-  !27, 
p'  +  <f  +  r2  +  s2  -  |  (pq  +  qr  +...)  =p02. 

(4)  Compare  the  given  equation  with  that  of  a  sphere  of 
radius  p,  viz.  {J  (p  +  q  +  r  +  s)}2p*  =  f  {p2  +  ...  -  Hpq  +  ...)}  5 
and  shew  that  p2  =  j%Pq,  and  that  p  is  half  the  distance  of  the 
opposite  edges. 

(5)  The  distances  required  are  p  ±  |^?0,  where  p0  =  &\AJ . 

(6)  The  torse  consists  of  two  cones,  the  vertices  corresponding 
to  the  planes  of  the  two  curves. 

(7)  Let  ax+Py-{-<yz  =  1  be  the  Cartesian  equation  of  a  tangent 
plane,  r  is  the  perpendicular  distance  of  the  centre  (/r,  mr,  nr)  from 
the  tangent  plane,  ,\  {1  -  (7a  +  w/5  +  ny)  r)  /  V(a2  +  $'2  +  72)  =  r. 

(8)  Let  a,  /?,  7  be  Boothian  coordinates  of  a  common  tangent 
plane,  /..  r"1  -  a  =  V(a8  +  j32  -f  7')  - **  - # 
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XIV. 

(1)  Since  am^n^bn^+cl^  —  0  and  am2n2  +  bn2l2+cl2m2=07  (1) 

also  mxnx  +  m2n2  +  m3n3  =  0,  &c,   .*.  am3n3  +. .  .=  0. 
Eliminating  c  from  (1), 

a  (l2m2mxnx  -  \mxm2n2)  =  b  Qxmxm2\  -  l^mJJ, 
and,  by  Art.  146, 

l2nx  —  \n2  :  n2mt  -  nxm2  —  m3 :  Z3,   .*.  amim2m3  =  &7XZ273. 

(2)  By  addition  a  +  &  +  c  =  0, , .-.  a  (I?  -  n2)  +  5  (w/  -  wx2)  =  0, 
and  a  :  b  :  c  =  w/  —  rc^  :  72x2  —  I*  :  7^  —  ra^,  &c. 

Also  a  (l2\2  -  kX)  =  b  («  -  n>a2), 
hence,  by  Art.  146, 

a:b:c=l1  (m2n3  +  w8??2)  :  «i1  (t?2?3  +  rc3?2)  :  nx  (l2m3  +  Z3w2). 

(3)  Turn  the  axes  Ox,  Oy  through  45°,  x  —  *J\  (x  —  y')  and 
yz=*J±  (x  +  y')  ;  .'.  \/2x'z  +  \  (x*  —  y'2)  =  a2,  turn  Oj?',  Oz  through 
angle  cos~Vf ,  x=\l\x"—  VJ5"?  ^Va^'+VlK^Oj  cc"2--J(?/"2+s"2)=a2. 

(4)  As  in  (3)  the  equation  becomes  x'2+y2+z2+x2— ^(]f+z2)=a2. 

(5)  Let  0\,  Op,  Ov  be  each  perpendicular  to  two  of 
01,  Om,  On,  viz.  OX  to  Om  and  Cfo,  &c,  and  also  perpendicular 
to  each  other ;   01  is  perpendicular  to  O/jl  and  Ov  and  the  plane  //.  Ov. 

Analytically,  \lt  +  fi2ml  +  v2nx  =  0  and  \lx  +  /x^  +  j/3n1  =  0, 
.-.  ll:ml:  nx  =  fj,2v3- fi3v2 :  ...  :  ...  =\,  :  ^  :  vt. 

(6)  As  in  Art.  148,  a<xa  +  b  (a/3'  +  a  8)  +  c00'  =  0  and 
aa'  +  /3/3'  +  77'  =  0.  The  required  equation  is  to  be  of  the  form 
Ax2+  Bxy+  Cy*=0,  which  must  reduce  by  transformation  to  xy'=0, 

:.  Aa*  +  Ba0+C02  =  O,  and  ^a'2  +  Ba'ff  +  C0"  =  0 ; 

.\A:B:  C=-  00'  :  a/3'  +  a'/3  :  -  aa'. 

Now,  since  the  bisectors  are  in  the  plane  Ix  -f  my  +  nz  =  0, 

la  +  m0  +  ny  =  0,     7a'  +  m0'  +  717'  =  0, 

.\  ZW  +  Im  (a/6'  +  a'/3)  +  ™2/3/3'  =  «W  =  -  rc2  (aa'  +  /3/3')  ; 

.\  (m'Vw1)  4- Zmi? +(?+<)  (7=0,   and   cA-bB  +  aC=0', 

:.  A  :  B :  C=alm-b(l2+n2)  :  a(m2+n2)-c(r+n2)  :  -clm  +  b(m2-\-n2). 

(7)  The  required  equation  being  .4a;2  +  By2  +  Cz2  =  0,  this  must 
be  transformed  to  x'y  =  0, 

:.Aa2  +  B/32  +  Cy2  =  0,  and  ^a'2  +  £/3'2  +  <?7'2  =  0, 

whence  A  (a27'2  -  a'V)  =  B  (72/3'2  -  7'2/32),  whence,  by  Art.  146, 

Am  (a7'  +  a'7)  =  Bl  (yff  +  7^), 

as  in  prob.  (6),  ZW  +  m*&&'  -  n2yy  =-lm  (aft'  +  a'/S),  &c, 

and  aaa!  +  bfij3'  +  cyy  =0,     aa!  +  0/3'  +  77  =  0 ; 

.*.  aa'  :  00'  :  77'  —  b  —  c  :  c  —  a  :  a  —  b; 

.•^m3{Z2(6-c)-m2(c-a)+722(a-^)}=M2{-Z2(&-c)+w2(c-a)+w2(a-J)j. 
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(8)  Equating  the  coefficient  of  xy  to  zero,  as  in  Art.  148, 
acta'  +  J/5/3'  +  cyy  +  a  (#/  +  /3'7)  +  V  (7a'  +  7' a)  +  c  (a/3'  +  a'/3)  =  0, 

a'  :  /3'  :  7'  =  W7  —  ra/3  :  noi  —  ly:  Z/3  —  ?wa, 
substitute  for  a',  /3',  7',  and  the  equation  resulting  is 

(en  —  &'m)  a54  +. . .+  [cm  —  &Vi  -f  (c  —  5)  Z}  $7  +. . .=  0. 
Similarly 

(c'n  —  b'm)  a'2+...+  {cm  -  b'n  +  (c  —  b)  1}  /3y-|-...=  0; 
hence  the  bisectors  lie  in  the  given  cone. 

(9)  Let  X,  //.,  v  and  X',  fi\  v  be  the  inclinations  of  the  axes  in 
the  two  cases,  and  if  P  be  written  for 

1  —  cos2A  -  cos2/*  —  cos2v  -f  2  cos\  cos/a  cos  v, 
the  last  term  in  the  cubics  of  Art.  157,  namely 

A3  +  AW  +  Bh-  abc\P=  0,  and  W  +  A'h2  +  B'h  -  ol^jF  =  0, 
will  be  equal,  and,  since  P  and  P'  are  positive,  abc  and  a/37  will 
have  the  same  sign. 

(10)  After  transformation,  let  a?  +  yl  4-  \yz  -4-  zx  =  w  become 
oca;'2  +  /3y*  +  7^2,  the  values  of  A,  which  make  h  (x2  +  y2  +  z~)  —  u 
the  product  of  two  linear  factors,  are  the  roots  of 

(h-iyh-^(h-i)-i(h-i)=o, 

viz.  1,  J,  and  —J;  on  transformation  h  (x2  +  y*  +  z2)  —  ax'*-/3y2— yz* 
is  still  the  product  of  two  factors  with  the  same  values  of  A; 

(11)  Let  A\  B\  G\  D1  be  the  centres  of  gravity  of  the  faces 
opposite  to  -4,  B,  C,  D*  the  equation  of  A'  is  J  (q  +  r  +  5)  =  0,  and 
for  any  plane,  as  in  Art.  160,  p'  =  ^(q  +  r+s)1  r'  =  &c,  the  equation 
of  the  centre  of  gravity  of  A' BCD'  is  i(p+q'+r'+s)=i(p+q+r+s)7 
i.  e.  the  centres  of  gravity  coincide. 

(12)  The  equation  of  the  centre  of  the  sphere  is 

Ap  +  Bq  +  Cr  +  Ds  =  0,  see  prob.  XL  (7), 
or  \A  (q  +  r  +  5)  +...=  0  referred  to  ABCD,  which  is  the  equation 
of  the  centre  of  gravity  of  the  surface  of  ABCDr  see  prob.  XL  (6). 

XV. 

(1)  Take  O  the  origin,  and  the  fixed  plane  parallel  to  that  of 
xy  cutting  Oz  in  (7,  let  OC  —  c,  and  let  ac  be  the  given  quantity, 

OQ  :  OP=c:z  =  ac:  OP2. 

(2)  Take  the  plane  of  xy  that  of  the  given  circle,  the  origin  at 
the  centre,  and  the  plane  of  yz  parallel  to  that  of  the  variable  circle, 
x  =  a  cos  0,  y2  +  z2  =  a2  sin*0  its  equations. 
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(3)  Use  figure,  page  3.  Draw  MA  perpendicular  to  OM  meeting 
Ox  in  Ay  locus  of  M  is  a  circle  diameter  0A  =  a,  locus  of  P  in 
plane  POM  is  a  circle  diameter  OM. 

(4)  Z,  m,  n  direction-cosines  of  AP\   :.  x  —  l.AP^  &c. 

(5)  Take  the  given  point  for  origin. 

i.  Let  plane  of  yz  be  parallel  to  the  given  plane,  x  =  a  its 
equation  ;  that  of  locus  will  be  x2  +  y2  +  z2  =  e2  (x  —  «)'2,  e  <  1  a 
prolate  spheroid,  e  =  1  an  elliptic  paraboloid,  e>  1  a  hyperboloid  of 
revolution  of  two  sheets. 

ii.  Let  plane  of  zx  contain  the  given  line,  and  Ox  be  parallel 
to  it  at  a  distance  a.     The  equation  of  the  locus  will  be 

e  <  1  an  oblate  spheroid,  e  =  1  a  parabolic  cylinder,  e  >  1  a  hyper- 
boloid of  revolution  of  one  sheet. 

(6)  Axes  as  in  Art.  64.  By  the  method  of  Art.  58,  the  equation 
is  x2+y2-\-(z-c)2— (x  cosa+?/  sina)2  =  x2+y2+(z+c)2-(x  cosa— #  sin  a)2, 
or  xy  sin  a  cosa  +  cz  =  0  a  hyperbolic  paraboloid. 

(7)  Take  Ox  for  the  fixed  line,  the  origin  being  where  the  line 
and  plane  intersect,  and  let  the  plane  xy  contain  the  line  and  its 
projection  on  the  plane,  x  sin  a  —  y  cosa  =  0  the  equation  of  the 
plane ;  that  of  the  locus  will  be  y2  +  z2  —  (x  sin  a  —  y  cosa)2. 

(8)  Let  the  planes  yx  and  zx  contain  the  parabolas,  latera  recta 
2?  and  2l\  the  equation  of  the  ellipse,  the  distance  of  whose  plane 
from  yz  is  x,  is  y*  jlx  +  z2 jl'x  =  1. 

(9)  Let  Xa,  Xb,  Xc  be  semi-axes  of  a  degenerated  hyperboloid, 
its  equation  is  x2  ja2  ±  y2  jb2  —  z2\6l  —  X2. 

(10)  Let  lxmnv  l2m2n2l  lzmzn^  be  the  direction-cosines  of  the 
lines;  I2 \c?  +  m2  \V  +  n2jc2  =  r;\  &c,  and  F+^+y-l,  &c. ; 
.-.  a"2+...=  r1_2+...  . 

(11)  The  form  of  the  section  by  a  plane,  whose  inclination  to 
that  of  xy  is  0,  is  given  by  y  =  r  cos  0,  z  —  r  sin  0,  whence  r2  =  4a.r, 
where  Ja-1  =  cos2^/6+  sin2^/c ;  for  the  extremity  of  the  latus  rectum, 
x  =  a,  y  =  2a  cos  0,  z  =  2a  sin  6. 

(12)  Axes  as  in  Art.  64.  Planes  through  the  two  lines  have 
equations  #sina— ycosa-\-X(zjc— 1)=0  and  .2?sina+^cosa+V(z/c+l)=0, 
and  the  planes  are  at  right  angles,  .\  sin2a  —  cos2a  +  XX'  jc2  =  0 ; 

.".  x2  sin2a  —  y2  cos2a  =  XX'  (z2jc2  -  1)  =  cos  2a  (z2  -  c*). 
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XYI. 

(1)  Equation  of  any  sphere  containing  the  circle  is 

(x-a)2  +  (y-by-r2  +  z2  +  2Az  =  0, 
when  y  =  0  the  section  is  an  indefinitely  small  circle, 

...  (^_a)2+(s  +  A)2  =  0,     .-.  A2  =  b2-r2; 
whena  =  0,  (y -b)2  +  (z  + Af  =  A> +  r2 -a2  =  b2 -a\ 
The  magnitude  of  the  circle  in  yz  depends  only  on  the  radius 
of  the  sphere  and  the  distance  of  its  centre  from  yz,  which,  from 
the  construction,  are  b  and  a  respectively. 

(2)  Let  Oz  be  the  fixed  line,  and  let  0  Q  =  a,  the  shortest  dis- 
tance between  the  two  lines,  be  in  the  plane  xy,  a  the  angle  between 
the  lines,  (x,  y,  z)  a  point  Pin  the  revolving  line,  PM perpendicular 
to  plane  xy,  OM2  =  0Q2+QM*',  .:  x2  +  y2  =  dl  +  z2  tan2a. 

(3)  Let  a  plane  through  the  fixed  point  A,  perpendicular  to  the 
line  of  intersection  Oz  of  the  given  planes,  cut  the  two  planes  in 
Ox,  Oy.  The  middle  point  of  any  of  the  lines  cut  off  by  the  two 
planes  projects  orthogonally  into  that  of  the  line  through  A  cut  off 
by  Ox,  Oy.  Let  (f ,  rj)  be  the  middle  point  of  the  projection  of  the 
line  in  the  plane  xy,  (a,  b)  the  point  A.  Its  equation  is  xfelj+yprj^l , 
and  it  passes  through  A, .'.  a/f  +  5/i7  =  2. 

(4)  Take  Oz  the  line  to  which  the  moving  line  is  perpendicular, 
Ox  perpendicular  to  Oz  and  the  other  given  line,  whose  equations 
are  x  —  a,  z  =  my,  those  of  the  moving  line  z  =  a,  y  =  /3x ;  .*.  since 
they  intersect  a  =  m/3a  and  xz—may.  When  m  =  0,  2=0,  or  #  =  0, 
every  line  in  plane  xy  through  0  satisfies  the  conditions,  and  every 
line  parallel  to  Oy  through  Oz  meets  the  other  line  at  infinity. 

(5)  The  given  equations  may  be  written  b(x2+y'zy-\-(a-b)m2z2=Q, 
and  x  =  mz,  and  when  the  ellipse  rotates,  neither  z  nor  x2+y2  are 
altered. 

(6)  As  in  Art.  175,  the  equation  of  the  cone  is 

Qix  -fzjja2  +  h2y2 1  b2  =  (z-  h)\ 

where  f2  j(c?  —  b2)  =  1  +  h2/b'2 ;  when  it  is  circular  a  sphere,  centre 
in  the  vertex,  cuts  it  in  two  parallel  planes.  Changing  the  origin 
to  the  vertex,  the  equation,  by  the  given  relation  between  /  and  kf 
reduces  to  (x2  +  y2  +  z2)  a*h*  (a2  -  b2)  -  {(a2  -  b2)  kx  -  Vfz]2  =  0. 

(7)  Let  the  plane  to  which  the  circles  are  parallel  pass  through 
a  diameter  of  the  fixed  circle,  take  this  diameter  for  Oy,  the  origin 
in  the  centre,  the  plane  of  xy  bisecting  the  angle  between  the  two 
planes ;  the  centre  of  the  moving  circle  will  move  along  either  the 
axis  of  x  or  zy  and  generate  two  corresponding  cylinders. 
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(8)  The  equations  of  the  two  cones  are  y2jb2-^z2jc2  =  {x- a)2 / a8, 
and  a?  J  a2  +  z2jc2  —  {y  —  b)2/b2 ;  the  cones  intersect  where 

x\a=y\b  =  r\>J(a2  +  b2'),  and  s2/c2  =  1  -2r/V(a2  +  V)\ 
,-.  Z"1  =  V(a2  +  &2)/2c2. 

(9)  Let  the  equation  of  the  plane  be  (x  —  ae)  \  cos#  =  y  \ sin0 =r, 
where  it  meets  the  given  surface, 

(ae  +  r  cos  0)2/ (a2  -  X2)  +  (r2  sin20  +  z2)  /  (c2  -  \2)  =  1 , 
the  condition  makes  the  coefficient  of  r2  vanish,  and  the  latus  rectum 
=  2ae  cos  6  (X2  -  c2)  /  (a2  -  \2),  since  a2  >  Xs  >  c2. 

(10)  Take  the  axes  as  in  Art.  64,  the  first  line  being  in  the 
moving  plane,  y  cos  a  —  x  sin  a  -I-  A  (z  —  c)  =  0,  a  plane  through  the 
other  line  is  y  cos  a  +  x  sin  a  +  B  (z  +  c)  =  0 ;  if  these  planes  be  per- 
pendicular cos2a  —  sin'a  +  AB  =  0,  and  their  intersection  is  the 
projection  of  the  given  line,  .*.  y2  cos2cc— x2  sin2a=(sin2a—  cosV)(V—  c2), 
a  hyperboloid  of  one  sheet,  including  circular  cylinders  when  a  =  0 
or  ^7r.  When  the  two  lines  are  at  right  angles,  B  —  0y  and  x  +  y  =  0 
is  a  plane  perpendicular  to  the  moving  plane  in  all  positions. 

(11)  If  FG,  PQ  be  perpendiculars  from  F(f,  g,  h)  and  P  on 
the  line  or/^l  =  &c.,  OP  and  6r$  are  constant  while  FP  revolves 
aboot  OGQ.  For  the  original  position  of  FP,  coordinates  are 
f+lp  &c,  .-.  OP2  =  x2+y2  +  z*  =  (f+lP)2+...  and 

A(x-f)+...=  GQ<J(A2  +  B2+C2)  =  Alp  +  Bmp+Cnp. 

(12)  Let  (f ,  17,  5")  be  the  point,  rl%  r2,  r3  distances  from  the  conic, 
Z17721wl,  Z2m2?i8,  lzmznz,  their  direction-cosines. 

.*.  (af  +  5t;2  -  1)  wt2  -  2af|Z1^l  -  2b^rjmlnl  +  «2  +  £*<)  ?2  =  0. 
Similarly  for  r2  and  r3,  .\  a£3  +  £>i/2  -  (^a  +  &)  f2  =  1. 

(13)  As  in  Art.  175,  the  equation  of  the  cone  is 

(xh  -fzj\a2  +  (faj-gzJIV  =  (z-  h)2, 
or    ¥  (x2 /a2  +  y2 \b2  +  z2 /c2  -  1)  +  (/3 /a2  +  #2 jb2 -K2 /c2)  z3 
-2z/*(/^/a2  +  ^/62-i)  =  0, 
the  two  planes  of  intersection  are  z  =  0  and 

2£  (fxja'+gylb2  -  1)  -  (/*/a9  +^/6"  -  &'/<0  0  =  0, 
in  the  latter  if  z  =  0,  jfo/a3  +  gyjl>2  =  l. 

(14)  Let  2a  be  the  vertical  angle  of  the  cone,  the  equation  of 
the  plane  through  the  origin  perpendicular  to  the  axis  Xaj+/xy+v3=0 ; 

then  cos  a  =  ZLX  +  m^  +  r^v  =  Z2X  -f  m2/*  +  w2v  =  Z3\  +  ^3/a  +  wav. 
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XVII. 

(1)  See  figure  p.  92.  If  the  figure  represent  a  hyperboloid  of 
revolution,  and  PTP'  be  a  constant  angle,  the  locus  of  T  will  be  a 
circle ;  Q,  Q  lie  on  two  circles  whose  planes  are  parallel  to  the  locus 
of  T.  Let  every  line  measured  in  a  direction  perpendicular  to  the 
principal  plane  RAA'E  be  diminished  in  a  constant  ratio,  the 
eccentric  angles  of  P  and  P'  differ  by  a  constant  angle  and  the 
three  planes  remain  parallel. 

(2)  By  Art.  209  a  hyperboloid  can  be  constructed  of  which 
three  lines  (A),  (J5),  (0)  are  generators  of  the  same  system,  a 
fourth  line  (JJ)  meets  the  hyperbloid  in  only  two  points  P,  $,  and 
two  generators  through  P  and  Q  of  the  system  opposite  to  that  of 
(A),  (B),  ((7)  intersect  all  four  lines. 

(3)  Let  a  be  the  eccentric  angle  of  the  point  on  the  principal 
elliptic  section  through  which  a  generator  passes,  whose  equations 
are  (x  —  a  cosa)/a  sina  =  (?/  —  5sina)/(-  b  cosa)  —  ±zjc^  Art.  213; 
if  this  line  meet  the  sections  by  the  planes  of  zx,  zy  in  the  points  at 
which  <f>)  (ft  are  the  eccentric  angles, 

sec<£—  cosa  =  sin  a  tana  =  ±  sin  a  tan<£, 

cot  a  cos  a  =  sec  <fi  —  sin  a  =  +  cos  a  tan  $', 

.*.  tan  ij)  =  ±  tan  a  =  —  cot  <£'. 

(4)  Generators  corresponding  to  an  eccentric  angle  a  will  be  at 
right  angles,  if  a2  sin2a  +  b2  cos2a  =  c2. 

(5)  By  the  method  of  Art.  210,  (7,  m,  n)  being  the  direction  of 
a  generator  through  (f,  77,  f)  of  the  paraboloid  y  \b2  —  z2 j c2  =  2# / a, 
m2/b*  =  w8/c*,  and  nvq/b*  —  n£/c*  =  I  /a, 

whence  I :  m  :  n  =  a(r)jb  +  f/c)  :  &  :  ±  c, 
.\  Z>2  -  c2  +  a2  (rflb*  -  T/c2)  =  0  or  2af  +  V  -  c2  =  0. 

(6)  Take  the  plane  yz  parallel  to  two  of  the  lines  and  containing 
the  third,  and  planes  zx,  xy  containing  the  first  two.  Let  the 
equations  be  x  =  a,  z  —  0 ;  x  —  b^  y  =  0;  x  =  0,  z=my+c;  and  those 
of  the  generating  line  z  —  a  (x—  «),  y  =  /3(x  —  b)  ;  .'.  aa-ml3b-\-c=0; 
showing  that  the  generator  is  parallel  to  the  plane  az— mby\  cx=Q ; 

(7)  As  in  Art.  210,  if  (X,  ^,  v)  be  the  direction  of  a  generator, 
pv  +  v\  +  \fjb  —  0  and  vm  —  jjujm  +  X(m—  m'1)  =  0, 

whence  \(l±m)  =  —  fi  =  ±  vm. 

(8)  For  a  generator  through  (f ,  17,  £)  in  direction  (X,  /x,  v) 
fiv  +  v\  +  \fi  =  0  and  (77+  £)  \  +  (£+£)/*  +  (?  +  *?)  v  =  0; 

hence,  if  \\  &c,  be  the  values  of  X  for  the  two  generators, 

W  (n  +  Q  =  w*  (?+  f )  =  v,  (f  +  v) 

and  (f+iy)(f  +  ?)  +  (^  +  0(i?  +  f)  +  (r+ !)(?+«?) 

=(?+^+r)2+^r+r?+^=o. 
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(9)  Take  the  three  generators  for  coordinate  axes,  the  cone's 
axis  is  equally  inclined  to  the  axes,  and  if  2a  be  the  vertical  angle, 

cosa  =  Vi* 

(10)  By  Art.  214,  01+£  =02+<k,  0-^0-fr,  *.+*.=*4  +  #«i 

and  63  —  <£3  =  #3  —  <£3  which  give  the  result. 

(11)  Let  the  equations  of  the  generator  be  yj  \/a  ±  z\  *Jb  =  a  and 
x  =  iy  +  <^j  since  it  intersects  the  two  parabolas,  a2  —  7a  V«  —  8  =  0 
anda2+S  =  0;   .*,  2a3  —  7a V«  =  0,  and  x—y2/a-  (a  —  y/*Ja)\ 

(12)  For  two  generators  which  intersect, 
#/a=cos(a+/3)-{-sin(a  +  /3)2/c  and  a:/a==cos(a— /3)  — sin(a— /3)2/c, 

whence  x\a  —  cos  a  cos/3  +  cos  a  sin/3  «/c, 

and  0  =  sin  a  sin/3  —  sin  a  cos  ft  z  /c, 

.\  cos/3#/a  =  cosa,  similarly  cos fty/b  =  sin  a. 

Again,  for  two  generators  which  do  not  intersect, 

{a?/a  — cos(a±/3)}/sin(a±/3)  =  {?//&  -sin(a+/3)]/—  cos(a±/3)=;z/c 

let  .4  {a/a  -  cos  (a  +  /3)}  +  B  {y/b  -  sin  (a  +  ft)}  +  Cz/c  =  0 

be  the  equation  of  a  plane  containing  one  of  the  generators  and 
parallel  to  the  others,  .\  A  sin  (a  ±  ft)  —  B  cos  (a  ±  ft)  +  G—  0, 

whence  A\smo.  =  B\—  cosa=  0/—  cos/3; 

and  smoL  x  J  a  —  cosa.  y  I  b  —  cos  ft  z  I  c  +  sin/3  =  0, 

and  sma  x  I  a  —  cosol  y  I  b  —  cos  ft  z/c  —  sin/3  =  0 

are  the  equations  of  two  planes  each  containing  one  generator  and 

parallel  to  the  other,  and  B  is  the  difference  of  the  perpendiculars 

from  the  origin, 

XVIII. 

(1)  The  shortest  distance  between  two,  being  perpendicular  to 
both,  is  parallel  to  the  third,  and  therefore  meets  it  at  an  infinite 
distance,  hence  it  is  a  generating  line. 

(2)  The  equations  of  the  two  planes  are  given  by 

A(ylb-zlc)  +  B(l-xla)  =  0  0), 
and  B (yjb  +  zjc)  +  A  (1  +  a]  a)  =  0  (2), 
the  planes  on  which  the  traces  are  made  must  be  parallel  to  the  axis 
of  #,  for  the  positions  A  =  0,  B  =  0 ;  let  y—mz  be  a  plane  on  which 
the  traces  are  made,  the  direction-cosines  of  its  intersection  with 
(1)  and  (2)  are  respectively  as 

AB~xa  (mb'1  -  c"1)  :  m  :  1,  and  BA~xa  (mb~l  +  c~l)  :  m  :  1 ; 
,\  a2  {m2b~2  —  c"2)  +  rdz  + 1  =  0  gives  the  two  positions  of  the  fixed 
planes,  independent  of  A  :  B. 


20  PROBLEMS  XVIII. 


(3)  Consider  any  hyperboloid  of  revolution  x2  +  y*  —  mfz*  ==  as, 
the  tangent  plane  to  the  section  by  the  plane  of  yz  determines  two 
generators  inclined  at  equal  angles  to  the  axis  of  x,  if  therefore  a 
ray  of  light  coinciding  with  one  generator  be  reflected  at  the  plane 
yz,  the  reflected  ray  will  coincide  with  the  other  generator;  the 
same  will  be  true  for  reflection  at  any  plane  passing  through  Oz. 
If  therefore  two  mirrors  intersect  in  OZ,  a  ray  will  after  every 
reflection  be  a  generator  of  a  hyperboloid  of  revolution,  whose  axis 
is  the  intersection  of  the  mirrors,  and  of  which  the  incident  ray  is  a 
generator. 

(4)  Since  (I,  m,  ri)  is  the  direction  of  the  line  represented  by 
any  two  of  the  equations,  and  we  can  deduce  from  them  the  equations 
l2a+m?b-{-n2c=0  and  lax  +  mby  +  ncz  =  0,  therefore  the  conditions, 
Art.  210,  of  being  a  generator  through  (x,  y,  z)  are  satisfied. 

If  I,  m,  n  and  lx,  mx,  nx  be  the  two  solutions  of  the  equations 

aX2  +  bfi2  +  cv2  =  0,  and  afX  +  bgji  +  chv  =  0, 
shew  that  llx  :  mmx  :  nnx  —  be  +J*  :  ca  +  gl :  ab  +  h2,  hence  that  the 
other  generator  through  any  point  (/,  g,  K)  in  the  first  is 

l(x-f)l(bc+f2)  =  m(y-g)l(ca  +  g2)  =  n(z-h)l(ab  +  h2). 

(5)  For  the  generators  xja±yjb  =  2z\X  (1),  and  xjaTylb=\/ci 
the  direction-cosines  are  as  a  :  ±  b  :  X ;  let  (I,  m,  ri)  be  the  direction 
of  the  perpendicular  from  the  origin,  .*.  la±rnb  +  riX  =  0,  and  since 
it  is  in  the  plane  (I),  l/a ± mjb  =  2nj X,  ,\  (Z/a±wi/#) (la±mb)  +  2riz =0. 

(6)  For  a  generator  let 

x/a-  zjc  =  \(\  —  yjb)  and  #/a  +  2/c  =  X-1  (1  +  yjb\ 
then  the  plane  containing  the  origin  and  generator  is 
(X  -  X"1)  x/a -2yjb  +  (X  +  X"1)  z/c  =  0, 
and  the  direction-cosines  of  the  generator  are  as 
-  a  (X  -  X"1)  :  2b  :  c  (X  +  AT1), 
Let  (/,  m,  ri)  be  the  direction  of  the  perpendicular, 
(X  -  X'1)  Ija-  2m\b  +  (X  +  X'1)  n\c  =  0, 
and  -  (X  -  X'1)  al  +  2mb  +  (X  4-  V1)  nc  =  0. 
Find  X  +  X'1  and  X  -  X'1  and  take  the  difference  of  their  squares. 

(7)  Write  the  equation  ax2-\-by2-\-cz2=l,  and  let  Xx  -f  fiy  +  vz  —  0 
be  the  equation  of  one  of  the  planes  containing  a  generator  through 
(/,  g,  h)  and  intersecting  the  hyperboloid  in  points  lying  in  the 
plane  ax  -f  fiy  —  1.     For  an  infinite  number  of  values  x  and  y 

v2  (ax2  +  by2)  -f  c  (Xx  +  fiy)2  =  v2  (ax  +  fiy)2, 
hence,  equating  to  zero  the  coefficients  of  x2,  xy,  y2,  and  eliminating 
a  and  fi,  X  V1  +  fi2b~l  +  vV1  =  0,  also  X/+  fig  +  vh  =  0, 
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.\  ^(XV^+^Zr1)  +  C1  (X/+  fig)2  =  0,  whence  for  the  two  directions, 

=  a  (1  -  a/2)  :  b  (1  -  &/)  :  -  2a5/tf  :  V(-  4a5c7*2) 
\\+...  :  V{(\^-\At1)2+---}=«  +  ^  +  c-p~2  :  2r*j(-abc). 

(8)  Let  (7,  7W,  w)  be  the  direction  of  the  perpendicular  on  a 
generator,  ,\  la  sin  a  —  mb  cos  a  ±  wc  =  0,  and 

(Zr  — a  cosa)/a  sina  =  (mr  —  &  sina)/(— Z>  cosa)  =  nr/±c 

=  (a2  —  Z>8)  sin  a  cos  a /(a2  sin2a  +  Z>2  cos2a  +  c2),, 
hence  prove  that 

Z :  w  :  n  =  a  (Z>2  +  c2)  cosa  :  5  (a2  +  c2)  sin  a  :  +  c  (a2  —  b2)  sina  cosa, 
.*.  1 :  cos 20=a2(Z>3+c2)2  cos3a  +  b* (a2  +  c2)2  sin2a  +  c2  (a2 -  Z>*)2  sin2a  cos2a 
:  a\b2+cy  cos2a + b2  (a2  +  c2)2  sin2a  -  c2  (a2  -  &*)*  sin2a  cos2a. 

(9)  As  in  Art.  210,  Z2/a-m2/5  =  0  and  2lfja-2mgjb  =  n1 

whence  I :  m  :  n  =  ^  >s/a  :  ±  ^  »Jb  \f\*Ja±g\\]b, 

;,  cos 6  V[{i  (a  +  b)  +f\a  +  g2\bY  -  4/y /a6]  =  ±  (a  -  5)  +  J, 

and  {J  (a  -  b)  +  A}2  tan20  =  \ab  +  }  (a  +  5)  (/2  /  a  +  g2  /  5)  -  J  (a  -  J)  & 

(10)  As  in  Art.  210, 

ran  +  nl+lm  =  Q  and  l(g  +  h)  +  m(h  +/)  +  n  (/+ #)  =  0, 
.-,  Z^  :  7/2^2 :  n^  :  Z^  +  Z^ :  lxm2  —  ljnx 

<W)(f+9) :  (f+9)(0+h) :  (?+*)(*+/)  '  -2*  (/+.?) :  V(8a2)(/+5r), 
hence  cos8<9  :  sin20  :  1  =  (V  -  6a2)2  :  8a2  (2r2  -  4a8)  :  (r2  -1-  2a2)2. 

(11)  Shew  as  above  that  cos#:sin0=a  +  Z>  +  c  —  r8:  2*J(—abclp2y 

and  X2  -f  (a  +  b  +  c  -  r8)  X  +  abc\f  =  0, 
hence  cos*0  :  sin20  :  1  =  (\  +  Xa)3  :  -  4\\  :  (X,  -  X2)2. 

(12)  Equations  of  the  shortest  distance  of  generators  correspond- 
ing to  eccentric  angles  a  and  a  +  da.  being  (x  — /)  /  Z=(?/  —  g)  / m— z / w, 

Z  sin  a  —  m  cos  a  +  ft  =  0,  and  Z  cos  a  +  m  sin  a  =  0, 
so  that  Z  :  m  :  n  =  sin  a  :  —  cosa  :  —  1, 
also,  where  the  lines  meet  the  generator  (a),/— 2  sina=a  cosa+s  sina 
and  g  -\-z  cosa  =  a  sina  —  z  cosa,  .*.  fcosa+g  sin  a  =  a,  and,  by  the 
generator  (a  +  aV),  /sina—  g  cosa  =  0,  hence  for  the  shortest  dis- 
tance (ic/a  —  cosa)/sina  =  (?//a  —  sina)/—  cosa  =  —  zja, 

(13)  If  (#  —  |)  /Z  =  (?/  -  ^)/m  =  (0  —  f)/w  =  r  be  the  equations 
of  a  generator  through  (f ,  97,  £), 

a£2  +  brf  +  cf  =  1  and  a%l  +  Z>^ra  +  cfw  =  0, 
hence,  for  any  point  in  either  generator,  a%x  +  Z>???/  -j-  cfz  =  1,  a  plane 
containing  both,  which  is  perpendicular  to  a  generator  in  direction 
(X,  /Lt,  v\  so  that  aX2  +  6/*2  +  cv*  =  0  becomes  a3f  +  &V+  c3f2  =  0  (1). 
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Also,  if  the  generators  be  at  right  angles,  Art.  212  Cor. 
P  4  r?  +  r2  =  O"1  +  h"1  +  if1)  (af  +  fy1  +  cf"), 
.*.  by  (1),  a  (6"1  +  c_1)/a3  =...,  or  (&  +  c)/a  =*  (c  +  a)/6  =  (a  +  &)/c, 
.•.a-|-Hc  =  0  unless  a  =  5  =  c. 

(14)  From  the  symmetry  the  line  of  shortest  distance  passes 
through  and  is  perpendicular  to  the  axis  of  z ;  take  as  its  equations 
xjl==y/m  =  ri  z  =  h  (1),  and  for  those  of  the  generators 

(x/a  —  cosa)/sina  =  (y/b  —  sin  a)/—  cos  a  =  z/c ; 

.*,  la  sin  a  —  mb  cos  a  =  0  (2), 

also  Ir/a  =  cos  a  +  sin  a  /^/c,  mr/6  =  sin  a  —  cos  a  A/o, 

.*.  ?rca(cosa-|-sinaA/c)  —  Z5(sina  —  co3a  h/c)  =  0, 

and  by  (2)  ma  (la  +  mb  h/c)  -  lb  (mb  —  la  h/c)  —  0, 

by  (1)  xy  (a2  -  b*)  +  (x2  + */2)  sa&/c  =  0 

for  one  system  of  generators. 

(15)  A  plane  through  the  eye  and  any  generating  line  must 
intersect  the  hyperboloid  in  another  straight  line,  since  the  section  is 
of  the  second  degree. 

Let  (/,  g,  h)  be  the  position  of  the  eye  E  on  the  hyperboloid, 
(£>  Vi  0  a  point  P  at  which  the  generating  lines  appear  to  be 
perpendicular,  so  that  the  planes  containing  them  and  the  eye  are 
at  right  angles,  but  a%x  +  brjy  -f  c£s  =  1  is  a  plane  containing  the 
generators  through  P,  as  in  prob,  13 ; 

/.  ax2  +  by2  +  cz2  —  1+  p  (afx  +  bgy  +  chz  —  1)  (afaj+J^  +  cJk  —  l^Q 
is  the  equation  of  a  conicoid  containing  the  four  generators  through 
E and  P,  which,  since  of2  +...=1  and  af'+...=l,  may  be  put  in 
the  form 

a (x -/)'  +  2af(x -/)  +...+  p  {af(x -/)  +...}  {a? (x  -/)  +...+*■) 
where    a-  =  a%f+  brjg  -f  cQi  —  1 .     If  this  coincoid  be  two  perpen-< 
dicular  planes  through  E9  2  4-  pa-  =  0,  and  the  sum  of  the  coefficients 
of  (x  — /)3,  (y  —  gY  and  (z  —  h)2  must  vanish. 

(16)  Take  the  axes  and  generators  as  in  Art.  209 ;  the  angular 
points  not  on  the  hyperboloid  are  («,  by  c)  and  (—  ar  —  5,  —  c), 
ayz  +  £>£#  +  c##  -f  abc  has  values  for  either  of  these  points,  and  for 
the  centre,  in  the  ratio  4:1,  and  this  ratio  is  the  same  when  the 
axes  are  transformed  so  that  the  equation  becomes 

z2/a2  +  yyV  -  z2/c2  =  1,  .-.  1  -  x2  /a2  -tflb2  +  z'jc2 :  1  : :  4  :  1. 

XIX. 

(1)  Two  circular  sections  pass  through  the  fixed  point,  and  any 
sphere  which  passes  through  either  of  these  sections  intersects  the* 
conicoid  in  another  plane  section. 
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(2)  The  circular  sections  of  ax2-\-  by*+cz*=l  which  pass  through 
(/,  g,  h)  have  the  equation  {a  -  b)  (x  —f)2  =  (b  —  c)  (z  —  h)21  and 
the  sphere  containing  both  has  equation 

b  (x2  +  y2  +  z2)  +  2  (a  -  b)fx  -2{b-c)hz  +...=  0, 
the  centre  is  {-(«-&)//&,  0,  (b-c)hjc},  and  when  the  radii  of 
the  circular  sections  are  equal,  the  centre  of  the  sphere  is  equi- 
distant from  the  two  planes  of  section,  .'./=0  or  h  =  0. 

Geometrically,  the  diameter  of  any  circular  section  is  a  chord 
of  the  elliptic  section  in  the  plane  of  zx,  and  two  equal  chords  must 
intersect  in  one  of  the  axes. 

(3)  Let  (7,  m,  n)  be  the  direction  of  a  normal  to  the  plane, 
...  F  (<£  -d2)  +  m2  (b2  -  d2)  +  n2  (c2  -  d2)  =  0,  .\  ZV+  m2b2  +  nV  =  d2, 
or  the  area  is  constant,  Art.  237. 

(4)  Let  (f,  rj)  f)  be  the  centre  of  a  plane  section  through 
(/,  g,  h)  whose  equation  is  I  (x  —  /)  +  m  (y  -  g)  +  n  (z  —  h)  =  0, 
•*•  Z  (£-/)+.. .=  0,  and,  by  Art.  234,  a%fl  =  brj/vn  =  e£/n ; 
•'•  «f  (?"■  f)  +  br)(r}—  g)-\-  c?(f— A)  =  0  gives  the  locus. 

(5)  In  the  change  the  circles  move  in  their  own  planes,  the 
centre  of  the  circle,  whose  distance  from  xy  is  z  and  radius =($V+a*)*, 
moves  to  a  point  (izjrij  mzjn^  z). 

(6)  Take  y2jb-\-z2jc  =  2x  for  the  paraboloid,  b>c,  and  let  (7 
be  the  constant  product  of  the  radii  R,  R'  of  the  cyclic  sections 
through  the  point  (f,  0,  f ),  whose  diameters  are  chords  of  the 
parabola  z2=2cx ;  for  these  chords  x  =  +  mz  +  a,  where  cm2=  J  —  c ; 
and  if  «t1  22  be  the  roots  of  s2=  2c  (m^  -f  a),  (z2—  z^2  =  4?rcV  +  4.2ca, 
and  AR2  =  (l-hm2)(z2-ziy,  hence  R2  =  c(b-  c  +  2%  -2m£ ),  and 
iT  =  c(&-c  +  2£  +  2™f);  /.  07c2  =  (5-c  +  2|)3-4wT,  whose 
asymptotes  are  parallel  to  £  =  +  ?nf. 

(7)  Let  #=0  be  the  equation  of  the  sphere,  S—kL2  =  0  that 
of  the  paraboloid  (or  hyperboloid)  of  revolution,  touched  by  the 
sphere  along  the  plane  L  =  0 ;  P  is  a  point  in  the  section  by  the 
tangent  plane  to  the  sphere  at  H,  PN,  PM  perpendiculars  to  the 
plane  L  =  0  and  its  intersection  MD  with  the  tangent  plane.  PH 
is  a  tangent  to  the  sphere  and  PH2  oc  S  oc  L2  cc  PN2  oc  PM2 ;  .*.  H 
is  the  focus  and  MD  the  directrix. 

Geometrically,  for  a  hyperboloid  of  one  sheet  including  the 
paraboloid.  Let  P  be  a  point  in  the  section,  #,  H  the  points  of 
contact  with  the  two  spheres,  QPR  a  generating  line  through  P 
meeting  the  two  circles  of  contact  with  the  hyperboloid  in  Q  and  R ; 
QPR  is  constant  for  all  positions  of  P,  but  by  equality  of  tangents 
from  a  point  to  a  sphere,  SP=PQ,  HP=PR,  SP+PH=QB. 
Given  by  Dallas,  King's  College. 
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(8)  Let  a,  ir  —  a  be  the  inclinations  to  the  plane  of  xy  of  the 
cyclic  planes  x  Oy,  z  Oy  of  the  ellipsoid  ax2  -f  by*  +  cz2  =  1  (1) ;  for 
transforming  we  have  x  =  (x  —  3')  cos  a,  2  =  (x  +  2;')  sin  a, 

.*.  (a  cos2a  +  c  sin2a)  (x2  +  s'2)  +  by*  +  2#V  (c  sin3a  —  a  cos2a)  =  1, 

but  sin2a  :  cos2a  :  1  =  b  —  a  :  c  —  b  :  c  —  a, 

/.  (c  -  a) b  (x2  +  y2  +  z'2)  +  {b  (c  +  a)  -  2ac}  2sc's'  =  c  -  a. 

If  a  =  Jtt,  2b  =  a  +  c ;  write  V  2  («'  ~  z>)  an(i  Vi  (#'  +  z')  f°r 
#  and  2  in  (1). 

(9)  The  projections  on  the  plane  xy  will  be  parabolic. 
For  the  first  surface,  nxy  —  (x  +  y)  (Ix  +  ray  —p)  =  nar ; 

.*.  Aim  =  (l-\-  m  —  w)2,     l+m  —  n  =  ±2  s]lm. 
For  the  second,  (lx  +  my)2  +  2n(x  +  y)(lx-\-my)-\-n2(x— y)*=0 
has  equal  roots ;  .*.  (I  +  nf  (m  +  n)2  —  {lm  +  (l  +  m)n  —  n2)2  =  0. 

XX. 

(1)  Eliminating  y,  we  have  \J(a2-b2)xja ±  *J(b2-cs)z/c=  \/(c?^<?\ 
these  are  the  equations  of  two  planes  which  meet  the  ellipsoid  where 

ye/ft»+{V(61-c*)a/aTV(a'-&,)«/c},  =  0i  tbat  is>  in  tw0  ^fi- 
nitely small  circles. 

(2)  For  a  cyclic  section,  V '(a2  -  c2)  y  —  V '(a*  +  c2)  z  =  a,  and  if 
(£?  *7»  0  De  the  centre,  (\,  //.,  v)  the  direction  of  any  radius  r1  as 
in  Art.  234,  jj,  sl(a2  -  c*)  -  v  si  {a2  +  c2)  =  0,  ^-v?=Q.  f  =  0,  and 
77  V(«2-  c2)  -  ?  V(«2  +  c3)  =  a,  /.  <nl*J(a*-<?)  =  ?/V(a2  +  ca)  =  a/-2c2, 
also  {\>,2+  (>2-  v2)jc1}  r2  =  1  -  (^-  f*)/^,  whence  /=  a2  +■  i?8+  £2, 
the  equation  of  the  corresponding  sphere  is  x2jry2+z2—  2rjy—  2£s=aa, 
and  the  radical  plane  of  the  spheres  is  y  *J(a2—  c8)  +  z  \j(a2+  c2)  =  0. 

(3)  Let  the  equation  of  two  cyclic  planes  be 

y(a2-  b2)  xja  -  V(&2-  c2)  zjc  +  a]  [sj(a2-  V)  xja  +  sj(b2-  c*)zfc  +  a'}  =  0 ; 
that  of  the  sphere  containing  the  two  circular  sections  is 
b2{x2\d*+y2\b2+z2\c2-\)  +  {sj{a2-b2)xja-...}  y(a*-b2)xja+...)  =  0, 
or  x2+y2+z2+(a+d)  \/(a2-b2)xla+(a-a.')  V^-c^s/c-fc'+aa^O, 
coordinates  of  the  centre  are 

f  =  -  i(a  +  a')  V(a2  -  F)la,     ?=  -  (a  -  a')  *JQ>2  -  c2)/c, 
and  m*b*  =  f  +  ? 2  +  62 -  {|V/(a2  -  52)  -  ?c*/(V*  - c8)}. 

(4)  Using  the  equation  of  Art.  250,  the  coordinates  of  the  centre 
are  —i(k  +  k')  \J(a  -  b)/b9  and  —  J  (7c  -  k')  \/(b  —  c)/b;  and,  if  the 
centre  is  on  the  plane 

\J(a  —  b)x  —  *J(b  —  c)z  —  k  =  0j     (a  +  c)  h  +  (a  —  c)  M  =  0, 
the  line  of  intersection  of  the  cyclic  planes  is 

a  sj{a  —  b)x  —  c  sj(b  —  c)z  =  0. 
If  the  centre  of  the  sphere  lie  on  the  second  plane  the  line  of  inter- 
section will  be  a  \/(a -  b)x  +  c  \J(b -  c)z  =  0. 
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(5)  By  Art.  237,  the  square  of  the  difference  is 

{?  (b  +  c)  +  ™a  (c  -f  a)  4  rc2  (a  +  b)}'2  -  4  (^c  4  m2ca  4  rc'aZ>)2, 
which,  by  eliminating  w2,  can  be  reduced  to 

{c  -  a  -  (b  -  a)  r-(c-  b)  n2}'  -±(b-a)(c-b)  ZV, 
and  if  6  be  the  inclination  to  a  cyclic  plane, 

(c  —  a)  sin80  =  c  —  a  —  [l  ^/(b  —  a)±n  V(c  —  &)}2. 

(6)  Let  z  \/(c  —  h)  4  x  \/(b  —  a)  =  0  be  the  cyclic  plane  common 
to  the  conicoid  and  the  paraboloids ;  z  \/(c  —  h)  —  x  \j(b  —  a)  =  a  the 
other  cyclic  plane  common  to  the  paraboloid  whose  vertex  is 
(f,  0,  f)  and  the  conicoid.  Since  there  is  no  term  in  x2  in  this 
paraboloid,  its  equation  is 

(b  -  a)  (ax2  4  by*  +  cz2  -  1) 

4  a  [z  V(c  —  b)  4  x  sj(b  —  a)}  [z  V(c  —  b)  -  #  \/(£  —  a)  —  a}  =  0, 
or  b(b-  a)y*  +  b(c  —  a)z2-  aa  [z  *J(c  —  b)  +  x  V(6-a)}  —  (&  —  a)  =  0, 
comparing  this  with  the  other  form  of  the  equation 

b  (b  -  a)  y2  +  b  (c  -  a)  (z  -  £)2  -  lb  (b  -  a)  (x  - f )  =  0, 
2b(c-a)%=aa  *j(c-b),  lb  \J  (b-a)  =  aa,  b(c-a)£i+lb{b-a)l;=-(b-a)) 
whence  both  results  may  be  derived. 

(7)  Since  c—b  —  b  —  a,  the  circular  sections  are  x ± z  =  0,  and, 
by  Art.  59,  the  corresponding  cylinders  are 

b-1  =  x*+y*+z*^i(x±zyi  or  4  =  (a  +  c)  {(x  +  z)2  +  2y2}, 
and  for  the  plane  sections 

4  (ax*  +  cz2)  =  (a  +  c)(xT  z)2   or    (x  ±  z)  {(3a  —  c)  x  ±  (3c  -  a)  2}  =  0. 

The  area  of  the  second  section  is  Tr(l'bc-\-n2aby^,  Art.  237,  where 

l2 :  n2 : 1 :  Z86c  4  AZ>  =  (3a -  c)2 :  (3c -  a)2 :  8  {2  (a24  c2)  -  3&f} :  b  (a  4  c)3. 

(8)  Take  (X,  /-t,  v)  for  the  direction  of  any  radius  vector  r  of 
the  section,  so  that  afjLv  +  bv\  +  c\/j,  +  abcjr2=(),  and  l\-\-m/j,+nv  =  Q  ; 
eliminate  v,  and,  for  the  reason  given  in  Art.  237,  make  the  roots 
of  the  quadratic  in  \  :  /j,  equal. 

(9)  Tf  (X,,  /jl,  v)  be  the  direction  and  r  the  length  of  a  semi-axis 
of  the  section  by  a  plane  Ix  4-  my  4  nz  =  0,  by  (4)  of  Art.  237, 

IjX  :  mj p  :  njv  =  ar2  —  1  :  br2  —  1  :  cr2  —  1  ; 

/.  (b-c)l/\+  (c-  a)mlii  +  (a-b)nlv  =  0] 

also,  la  4-  ?>?/S  4-  7*7  =  0,  and  Z\  4  m/*  4  wv  =  0, 

.*.  I :  m  :  n  =  /3v  —  y/j,  :  y\  —  av  :  ap  —  /9\ ; 

and,  for  any  point  in  the  cone,  xj\  =  yjfi  =  zjv. 

(10)  Let  x\\—yj /ju  =  zjv  =  r  be  the  equation  of  aline  in  the 
plane,  where  it  meets  the  surface, 

(aX,24...4  2aV4-...)r2-l-  Ar  +  B  =  0; 

E 
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and  when  r  is  infinite  the  directions  are  given  by  the  equations 

«X3+...+  2d fiv  + . . .=  0,   and  Ik  4  m/j,  4-  nv  =  0  ;     (l) 
as  in  Art.  26,  eliminate  v,  and  the  resulting  quadratic  gives 

.    \\2  :  jjl^^  =  cm2  —  2dmn  4  Zm2  :  an2  —  2&W  +  c/2, 
whence  the  condition  for  the  rectangular  hyperbola. 

For  the  parabola  the  directions  are  coincident  and  the  roots 
of  the  quadratic  are  equal. 

With  the  given  relations  the  equation  of  the  surface  becomes 

db'c  (x\d  4  yjb'  4  zjc'Y  4  2d ' x  +...+  d—  0, 
and  the  directions  are  coincident  for  all  values  of  Z,  m,  and  n,  the 
surface  being  a  parabolic  cylinder. 

(11)  The  area  of  the  section  by  a  plane  Ix  4  my  4-  nz  =  0  is 
Trabc  J tv )  where  ot2  =  Vdl  4  m2b*  4  n V,  also  Lv'  +  mi/  +  nz'  =  0,  and 
wL,  «rs  the  maximum  and  minimum  values  of  or  are  the  roots  of 

•z'702  -  a*)  4  .y'7(w2  -  &*)  +  *'2/(sr2  -  c2)  =  0, 
which,  by  Art.  237,  (3)  proves  the  first  part. 

Also,  vfef  ** (b*Jxh +...)/ (st* +  ^8**),  if  (x\  y\  z)  lie  on 
the  ellipsoid  and  the  sphere  x2  4  y2  4-  s2  =  c?-2,  d-rn^sx  —  abc. 

(12)  For  the  central  sections 
x2+y2+z*—r2—rl(ayz±bzx-\-cxy—  1)  E  (Zj?  +  my  +  W3)(#rl+ym~1+  zn"1)  ; 

.*.  mrC1  4  wra"1  =  —  r2#,  &c.      (1), 
—  r6abc  =  (mrC1  4  wm"1)  (ft/-1  +  /ft-1)  (Zm_1  -f-  w?/-1) 
=  jbV  4  rc2™-'  +  n2V  4  l2?r'2  -f  I'm-"  4  mT*+  2  =  r4  (a2  +  V  4  c2)  -  6  4  2. 
Also,  by  (1),  (m*  +  n*)  1 1  a  =  —  Imnr*  =...  . 

(13)  Let  (f,  77,  f)  be  the  focus,  as  =  f,  (y  -  17) //a  =  (z-  t)/v  =  r 
equations  of  the  latus  rectum  of  the  parabolic  section  ;  at  the  ends 
of  the  latus  rectum  b  (rj  4  fir)2  4  c  ( f  4  w)2  =  2£?  an(^  tne  coefficient 
of  r  vanishes,  .*.  br)ix-\-c^v=0]  if  (f,  77,  f)  be  the  vertex  &7?24c£2=2f, 
and  the  semi-latus  rectum  =  r  =  2  (f  —  f ')  =  (&/a2  4  c^2)  r2 ; 

.-.  (V>  4  c»2)  (2f  -  bif  -  cD  =  H?  +  v2. 

XXI. 

(1)  Since  they  are  tangent  planes  to  the  enveloping  cone,  their 
intersections  with  a  plane  are  tangents  to  the  conic  section. 

(2)  The  tangent  plane  at  (f,  ij,  f)  is  x% /a2  4  yrj/b2  +  z^/c2  =  1, 
and  when  3/  =  0,  f /a*  :  ?/c2  =  c  V(62  -  c'2)  :  ±  a  V(«2  -  b2)  ; 

...  c  ^(d  -b2)£  +  a  V(^  -  c2)  ?  =  0. 

(3)  A  tangent  plane  to  a#84...=  1  is  lx  +  my-\-nz  —  \/(rjoL-\-...)^ 
and  if  (f ,  77,  f)  be  the  centre  of  the  section  made  by  this  plane, 

(Ig  +  mrj  +  nZy^Fja  +  m2  //S  +  ti2/?)  and  I :  m  :n  =  a^:brj:c^,  :.  &c. 
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(4)  l(x—f)  +  m(y—g)  +  n(z  —  h)=0  is  the  equation  of  any- 
plane  passing  through  a  point  P  (/,  g,  h)  on  the  conicoid 
ax2  +  by2  4-  c^2  =  I ;  take  a  point  Q  (/+/',  g  +  g,  h  +  A')  in  the 
conicoid  near  to  P,  QM  perpendicular  to  the  plane  =lf'-\-mg'  +  nh\ 
and  off'  4-  fy#/  +  cM'  =  —  ^  («/'2+  &#'2+  cA'*)  ;  /.  if  Z :  m  :  w  =  af:  bg :  <^, 
$J/  will  be  of  the  second  degree  in  the  small  quantities  /',  g'}  h\ 
and  is  less  than  for  any  other  plane  through  P. 

(5)  If  Ix  +  my  4  nz  —  0  be  a  tangent  plane  to  the  cone, 

;*.  I2  (b  4-  c)  +  m-  (c  +  a)  +  n2  (a  +  6)  =  0,  Art.  257  ; 
and  if  (\,  yy  v)  be  the  direction  of  an  asymptote  of  the  section 
of  the  surface,  aX2  +  by?  +  cv2  =  0  and  IX  +  my  4-  nv  =  0 ;  shew  that 
W  +  W,  +  V2  =  o. 

(6)  Let  (A,,  /a,  v)  be  the  direction  of  the  axis  of  the  cylinder, 
the  equation  of  the  plane  of  the  curve  of  contact  is  aXx+by,y+cvz=0, 
see  Arts.  262  and  267  ;  shew  by  Art.  237  that 

a2X2bc  +  b'lyulca  +  c2v*ab  =  ac  (d2X2  +  b2y*  +  cV), 

and  thence  that  the  two  planes  are  a  (b  —  a)  x2  —  c  (c  —  h)  z\ 

(7)  The  line  y  =  (3  (x—  a),  z  =  y  (x  +  a)  touches  the  sphere 
x2  +  y2  +  z2  =  c\  eliminate  y  and  z  and  make  the  roots  of  the 
quadratic  in  x  equal,  (1  +  f32  4-  7'2)  {08*  + 7*)  a2-  c2}  =  a8  (/S1  - 7,)f, 
the  equation  of  the  locus  is 

{y2  0  +  a)2  4-  z2  0  -  a)2}  (a*  -  c2)  4  4a2?/2  z2  =  c3  (x2  -  a2)*, 
when  c  =  a,  x2  ±  "lyz  —  a2,  or  transformed  x2  ±  y2  +  z*  =  a3.      1 

(8)  Let  (/,  g,  K)  be  the  point  P,  ^  the  perpendicular  from  the 
centre  on  the  tangent,  x2 ja2  +...=  1  the  ellipsoid, 

«"  (•  -/)//=  V  (y-ff)h  =  <?(*-  *)/*  -jpr, 

and  if  #  =  0,  r  =  —  P^,,  .'.  p .  PGV  =  a2,  and  PGl  varies  as  the  area 
given,  which  is  Trabc/p. 

(9)  The  shadow  is  the  section  by  the  plane  z  =  —  c  of  the 
cylindrical  envelope 

(\'la*+/i*lb'+  v2jc2)  (x2la2+y2lb2+z2lc2-  1)  =  (\^/a24-/xj//5a  +  ^/c'2),) 
the  direction  of  whose  axis  is  (\,  y,  v) ; 

/.  07 a2  +...)  07 a2  +  y'lb2)  =  (Xxja2  +  yuy/b2  -  v/c)2 
is  the  equation  of  a  circle,  .\  Xy  =  0,  let  X  =  0,  and  equate  the 
coefficients  of  x2  and  ?/2,  shew  that  v'2  fy2  =  c2  j(a2 —  b2). 

(10)  For  the  point  whose  locus  is  required 

a*  0  -/)//=  h*  (V  -9)1 9  =  <?  (z  -h)lh  =  -pr  =  -m2; 
.-.  (a2-mz)f=a2x  and  /7a*+...=  1. 
If  rn  =  b1  y  =  0,  and  the  locus  is  the  limit  of  a  very  flat  ellipsoid 
bounded  by  the  ellipse,  aV/(a2  -  b2)2  +  c%z2\(b2  -  c2)3  =  1. 
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(11)  Let  lx  +  my  +  nz  =  p  be  the  equation  of  the  plane, 

.'.  lxx  +  myx  +  t?^x  =  p,  ^+...  =  p  and  Z#3 +...=/>; 

.-.,  by  (3),  Art  276,  lr*ap(xl  +  xt+  O,  &c.     Also,  by  (2),  Art.  276, 
Za^  +  myx  +  W2?1  =  £>,  and  l2j a  +  m* jb  +  n2 / c  =  3p2 . 

(12)  The  centre  of  gravity  of  the  triangle  is  that  of  three  equal 
masses  placed  at  the  extremities  of  the  diameters,  and 

a  {i  Oi  +  x,  +  *.)F  +  h  (4  Oi  +  y,  +  2/3)}2  +  « fi  <X  t  *,  +  *3)}3  =  i- 

Also,  for  the  second  locus,  ax^x-\- by{y +  czlz  =  l1  ax^x  +...=  1, 
ax3x+...=  1,  square  and  add  and  use  (3),  Art.  276. 

(13)  The  product  of  the  perpendiculars  from  (j^,  yxl  2t),  and 
(—  xv  —  yv  —  zx)  upon  the  tangent  plane  at  (/,  #,  h) 

=P*  []  -  OA  +  %,  +  c^i)2}> 
and  by  (3),  Art.  276,  the  sum  required  =f(3  -  a/2  -  bg2  -  ch2)  =  2p\ 

(14)  By  Art.  258,  for  the  two  asymptotes  through  (f ,  77,  f), 
aX2  +  &//,*  +  cv8  =  0  and  a%\  +  brj/j,  +  c^  =  0,  and  the  condition  of 
perpendicularity  gives  the  equation  of  the  cone. 

(15)  For  any  point  in  the  normal  at  (x\  y\  z'\ 
a\xlx'-A)  =  b\yly-\)  =  c\zlz'-\)  =  p,  and  a3(/>'-l)=...=  o-; 
;.  xlx'=pja2+l  and//ic'=o-/a2+l,  and  fj{x-f)  =  (a- a2)j (p-  a). 

(16)  As  in  Art.  272,  if  (f ,  77,  £)  be  the  middle  point  of  a  chord 
in  direction  (X,  /-«-,  v)  of  the  conicoid  a#2  +  by2  -f  <#*  =  1, 

aXf  +  &A"7  +  cv£=  0,     (1) 
and  at  its  ends  x  —  £  ±  Ar,  &c. ;  at  the  intersection  of  the  normals 
(ap  +  1)  (f  +  Xr)  =  iaP  +!)(?-  *•*")»  Art-  27° ; 

•*•  «?  0  -  P')/*  +  »"  {a  (/>  +  />')  +  2!  =  °>  &c-> 
and,  multiplying  the  three  equations  by  b  -  c,  c  —  a,  a  —  5,  and 
adding,   (b  —  c)a^ /X  +  (c  —  a)  br]jfi-\-  (a  —  b)  cf/v  =  0,   this  and  (1) 
are  the  equations  of  the  locus. 

XXII. 

(1)   Let  lx-]-  my  ■{  nz  —  0  be  a  tangent  plane  to  the  cone,  where 
V\a  -hm'/b  +  n2 /c  =  0  (1) ;  then  at  the  foot  of  the  perpendicular, 
(x  —  a)  1 1 =...=  —  la  —  m/3  —  n^—  [x(x  —  a)  +...)/  0, 

/.  (x—  a)2-f  a  (a:-  a)  +...=•  0  and,  by  (1),  (#  —  a)2/a+...=  0. 
Let  this  curve  be  plane,  and  let  (y  —  /3)2  be  eliminated, 
(x-ay(bla-\)  +  tt-vy(blc-\)  =  a(x-a)  +  l3(I,-f3)  +  y(z-v) 
will  give  two  planes,   when   fi  =  0,   a2j(bja  —  1)  =  72  (1  —  b/c)  ;    if 
(#  —  a)2  or  (3  —  7)*  were  eliminated  the  planes  would  be  imaginary. 
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(2)  Let  a.T8+...=  1  and  =  n2  be  the  two  ellipsoids;  where  the 
enveloping  cone,  vertex  (y,  #,  h)  intersects  the  exterior 

(V  -  l)a  =  (afx  +  bgy  +  chz  -  l)2,   Art.  265, 
.*.  afx+bgy+  chz  =  n2  or  —  (n2-  2),  the  last  will  be  a  tangent  plane  to 
an  ellipsoid  aV  +  ...=  l  at  a  point  (/',  g\  /*'),  if  of  =(2  —  nz)a'f\  &c, 

and  n2  =  (2  -  w2)2  («y>+...)  =  n2  (af*  +  ...), 
.:.  a'/a  =  b'jb  =  c/c  =  nzj{2  -  n2)\ 

(3)  Let  (7,  w,  w)  be  the  direction  of  the  chord  joining  points 
whose  coordinates  arey  g,  h,  and/  +  7r,  g  +  7W?*,  h-±?ir  respectively, 
and  let  $,  <p'  be  the  angles  made  with  the  normals  at  its  extremities, 
p,  p  the  perpendiculars  on  the  tangent  planes  from  the  centre.  By 
Art.  269,  afpy  bgp,  chp  are  the  direction-cosines  of  the  normal  at 
C/i  9)  ^)  5  •'•  C0S(t)lp  =  k'f+  mbg  +  nch,  similarly 

cos<£' \p  =  la  (/+  Ir)  -+  mb  (g  +  mr)  4-  nc  (h  +  nr), 

also  (J? a  +  tvCb  +  n2c)  r  +  2  (laf+  mbg  +  nch)  =  0  ; 

.'.  cos(f>lp  =  —  cos(j>'lp'. 

(4)  By  Art.  271,  the  feet  of  the  six  normals  lie  in  the  two  planes 
Ix  I  a  +...=  1  and  xjal-\-  ...=  —  1,  and  al=a,  —  a\l=  a',  &c. 

(5)  By  Art.  270,  if  /,  g,  h  be  coordinates  of  Q,  xri  yri  zr  those 
of  Pr,  and  (\,  /a,  v)  the  direction  of  OQ, 

ONr=\xr+nyr+vzr,    OPr2-OQ.ONr=xr(xr-f)  +  .:=pr,  Art.  270, 
and  by  the  sextic  equation  2  (pr)  =  2  (a2  +  52  +  c2). 

(6)  Let  the  chord  be  normal  at  (/,  g,  A),  the  other  extremity 
being  (/+\w,  g  +  //,rc,  A  +  vw),  where  A  =  — <?/p,  &c,  and  this  is 
on  the  surface.  .*.  n  (a\2  +  5/z2  +  cv")  +  2  (aA/  +  6yu#  +  cvA)  =  0 ; 

.-.  ay°  +  ..'.=  2n'p-%  a'f>+...=p*,  of'  +,..=  1, ./'+...- r«, 
multiply  the  last   three  by  —  (a-f  &  +  c),  &c-fca  +  a5,  and  —abc, 
respectively,  and  add. 

(7)  As  in  Art.  276,  xx2  +  x?  +  ^  =  a2,  y2+...=  b%  z2  +...=  c2. 

'  .-•  3(<+^  +  <0  =  (^  +  ^2  +  o0(<7«2+2/12/^  +  ^7^), 

and,  for  any  point  in  the  corresponding  conjugate  diameter, 

xlx\=ylyi  =  zlzx:i   •  ■  (2a2-52-c2)^7a2+...=  o.   (i) 

By  (2),  Art,  276,  xxj  a2  +  yyj  b2  +  £z3/c2  =  0  is  a  plane  through 
(^n  2/ij  ^i)  and  (a?,»  #2,  £2),  which  touches  ,£2/a+...=  0,  if 
ccrs7a4  +  Py^V  +  7</c4  =  0,     .'.,  by  (1),  a  =  a2  (2a2  -  62  -  c2),  &c. 

(8)  Three  perpendicular  tangent  planes  to  the  two  conicoids  are 
lxx  +  m^y  +  nxz  -  \l(l2a  +  rn*b  +  w^c)  or  -  (m2b  +  w1*c)/2Z1, 

/3^ +...=...,  and  ?3#+. ..=...  . 
Square  and  add  for  the  first  locus. 
Multiply  by  2/„  2/2,  2/3  and  add  for  the  second. 
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(9)  Transforming  to  the  three  tangents  through  (f,  77,  J)  as 
axes,  x  =  f  +  lx-i  Ty  +  l"z'y  y  =  v  +  &c,  in  the  transformed  equation 
Jet  y'=0  and  z  =  0,  (f  +  /ic')7a  +  (^  +  mx'yib  +  (?+  nx'fjc  =  1, 
has  equal  roots, 

.%  (f/«  +  ^/^  +  r/c-l)(?7a  +  ^75  +  ^7c)  =  (^/a  +  ^/&  +  ^/c)2, 
adding  to  the  corresponding  equations 

(S7«  +  ^7* + f/c  - ])  («_1  +  *_1  +  O  =  f  K  +  V7^2  +  ?7c*. 

(10)  By  (1)  and  (2),  Art.  210,  the  condition  of  perpendicularity 
of  the  generators  through  (/,  g,  h)  is  (b  +  c)  a?f2  +  ...=  0,     (1) 

(/'-/)/«/=!>'  -9)l*>9  =  (h'-h)lch,  and  a(f  «-/>)+„.=  0; 

•••  «7  C/ '  +/)  +  fy  (.?'  +  g)  +  <#  (*'+*)-», 

and(/'-/)/a/=-2(ay2+...)/(ayii+..,)  =  -2/(«+J  +  c)by(l). 

(11)  By  iv.,  Art.  268,  if  (J,  m,  n)  be  the  direction  of  a  generating 
line  (bg*  +  ck2  —  2/)  (6m2  +  cw"4)  =  (6#m  +  c^w  —  Z)2,  and  writing  for 
/,  m,  n  their  values  for  three  perpendicular  generators,  and  adding 
(bg%  cli1-  2/)  (ft  +  c)  =  b"cf+  c2h2+  1  or  bcg2+  bchz  =  2/(6  +  c)  +  1 ,  ( 1) 
which  gives  the  locus  of  the  vertex  (/  </,  A).  The  equation  of  the 
polar  plane  of  the  vertex  is  bgy  •+  ckz  =  x+f1  (2).  The  tangent 
plane  at  (/',  g\  h')  to  b'y2  +  c'z2  =  2x+  a  is  b'g'y  +  c'A'z  =  x  +/'  +  a, 
which  coincides  with  (2)  if  b'g'  =  bg,  cti  =  ch,  and  /'  +  «=/;  also 
b'g'2  +  c'A'2  =  2/ '  +  a,  or  &y  \V  +  cW/rf  =  2/  -  a,  which  is  the  same 
as  (1)  if  cb'  j b  =  be  / &=  b  +  c  =  —  of1,  .'.  the  polar  plane  touches  the 
paraboloid  (b  ■+  c)  (by2/c  +  cz2/b)  —  2x  —  (b-\-  c)"1. 

(12)  For  the  normal  at  (/,#,  /*)>  %=f+af°')  f°r  that  at  (£, tj)  f), 
#  =  £  -f  a£p,  if  these  intersect,  f  — /=  «/o"  —  «£p,  &c. ; 

•••  be{g(S-V-Hv-g)}(Z-f)+-=o. 

(13)  For  the  two  tangent  planes, 

Ix  H-  my  +  nz  =  0,  and  I2 a  +  mrb  +  w2c  =  0,  Art.  257, 
the  equation  of  the  cone  is  the  condition  of  perpendicularity. 

(14)  Let  R  be  the  semi-diameter  in  direction  (X,  /-t,  v),  so  that 
aX2  +  bfju2  +  cj/2  =  iT2,  (\r,  /itr,  vr)  and  (Xr,  /ur',  v/)  the  vertices  of 
the  cone,  .*.  writing  these  for  (/,  g,  h)  in  the  envelope,  Art.  265, 
the  cones  intersect  in  the  parallel  planes 

{(a\x+..,)r-l]  *J(r'2-R*)±{(a\x  +  ...)r-l}*J(r'-R2)  =  0, 

if  jp  ^  p2  be  the  perpendiculars  from  the  centre,  shew  that 

PiP*  =  («^2  +  &  V  +  cvy2B-2  =P\ 

XXIII. 

(1)  For  the  normal  at  (#,  y,  z)  passing  through  (/,  g,  A), 
(x- f)/ax  =  (y-g)/by  =  (z-h)/cz  =  <T~1  suppose,  then  substituting 
in  ax2  +  by2  -f  cs2  =  0,  since  #  (o-  —  a)  =  a/,  &a,  (1) 
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0/!(<7-J7(<r-c)2+...=(Q/2+5.9s+^)(^-^,)(^-^)(^-^)(^-^),(2) 
<r„  <r2,  <j3,  o-4  being  the  values  of  a  for  ^4,  B,  (7,  Z?. 
Let  the  equation  of  plane  ABC  be  ax  +  /^  -f  72  =  1, 

•'•  a/°\/(>i-a)+---=1>  a/0"2/(0"2-«)+---=:1?  and  afaJ(<73-a)  +  •••=1» 
subtracting, 

afa/(al  —  a)  (0^—  a)  +...=  0,  and  afa/(crx  -  a)  (<r3  —  a)  +...=  0,    (3) 

and,  by  (2),  (af  +  ...)(a-aX^-a)(ar3-a)(a-a)=af(a-by(a-c)% 

•'•  q/a/(*1-a)(o,»-a)0v-flf)Qt  ^-^K-0')//^  <*(b-c)2/x4,  by  (l), 

let  a',  /3',  7'  be  written  for  this  and  similar  expressions ; 

.-,  by  (3),  a  (<r- a)  +  /3' (<7-b)  +  j' (<r-c)  =  0  ^nd  a'(«r2-a)+.,.=  0, 

.-.  a'+/3'4-7  =  0,  a'fl+^+7'c=0,  and  ay(&-c)  =  /3'/(c-a)  =  7'/(a-&), 

hence  xja  (b  —  c)  =  yjfi  (c-  a)  =  z4/y  (a  —  b)) 

:.  a(b  -  c)2  a*  +  b  (c-  a)2  &  +  c(a-b)2  y2  =  0. 

(2)  If  the  generators  through  P  be  v  =  0,  w  =  0,  and  v'=0,  w'=0, 
the  equations  of  B  and  A  will  be  of  the  form  vv'  +  ww'  =  0  and 
vv  +  ww'  +  m2  =  0  ;  also,  for  the  conic  S,  v  =  0  and  wW  +  ul  —  0, 
hence  the  generators  meet  the  conic  each  in  two  coincident  points. 

(3)  By  Art.  231,  all  parabolic  sections  are  parallel  to  tangent 
planes  of  the  conical  asymptote,  which  shews  that  P/a  +...=  (), 
Art.  257,  and  the  lines  of  contact  with  the  cone  determine  the  two 
coincident  directions  in  which  the  parabolas  pass  off  to  infinity;  so 
that  if  (X,  //-,  v)  be  the  direction  of  the  axis  a'\/l=b/j,/m  =  cv/n,  (1). 
Let  (|,  77,  f)  be  the  vertex  of  the  parabolic  section  by  the  given 
plane,  (V,  jjl\  v')  the  direction  of  the  chords  bisected  at  right  angles 
by  the  axis ;  .*.  af  X'  +  brj/x'  -\-  cty'  =  0,  and  \X  -f  fxfi  +  vv'  =  0,  or,  by 
(I),  IX /a  4-  mfi'/b  +  nv  /c  —  0,  also  l\'  +  mix  +  nv  =  0,  whence,  by 
eliminating  lX\  m/x',  and  nv ',  (b~l  —  c_1)  af //+...=  0. 

(4)  Using  the  method  of  Art.  271,  the  six  feet  of  the  normals 
from  (£,  77,  f)  lie  on  two  planes  x/a  +  y/b  +  z/c±l  =  0i  if  their 
coordinates  satisfy  the  equation 

(^/a  +  2//5  +  ^/c)2-l-(^7aJ  +  3/2/^2  +  27c2-l)  =  0, 
that  is,  if  f,  77,  f  can  be  chosen  so  that  ap  +  ^  +  ayEO,  but 
since  Z7=  0,  V=  0,  and  TF=  0,  substituting  for  yz,  zx,  and  xy,  we 
obtain  {cf/(c2  -  a2)  -  ^/(a*  -  62)}  x  +...E  0  ; 

.-.  af  (£3  -  c")  =  Z^  (c2  -  a2)  =  c£(a2  -  Z>2). 

(5)  The  feet  of  the  normals  through  (f,  77,  J)  lie  in  the  three 
cylinders,  (b-c)yz=br)Z-c%y,  zx=(j;-c)z-tc%,  and  xy=(^—b)y-\-bv1  (1) 
they  also  lie  in  two  planes,  one  of  which  is  px  +  qy  +  rz  =  l  ;  also 
(px  +  qy  +  rz  —  1)  (y  \bq  +  z / cr  -  2 /p)  -  y2 \b  -  z2  j c  +  2# 

=  (qlcr-\-rlbq)yz-t  pzx  / c?'  +j?##  /  ftg  -  2<?  //>?/  -  2r  /^s  +  2/^  =  0 
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is  true  for  all  the  feet,  if  (f ,  77,  f )  be  taken  so  as  to  satisfy  identi- 
cally the  equation  By  4  Cz  4-  J9  =  0,  obtained  by  substituting  for 
yz,  zx,  xy  their  values  from  (1).  I?=0,  (7=0,  i)  =  0  with  the 
given  relation  are  equivalent  to  two  equations  in  f ,  77,  f. 

(6)  The  equation  of  the  enveloping  cone  is 
(/2/a'24^a+^2/c2-l)(^A2+^a4^/cv- 1)=  (fx/a*+gy/b2+hz/c'-iy, 

if*«o,  (/V^+...-i)(^V«2+//^-i)  =  (/^/«2+.^/^-i7.  (1) 

The  equation  of  lines  parallel  to  the  asymptotes  is 

(g*/b*  +  h*/<?  -  1)  s*/aa  -  tfgxyla*V  4-  (/'/a'  4-  /P/oP  -  1)  y/51  =  0, 

which  are  at  right  angles  if  f*+g*  +  (a2  4  &2)  (A2/c2  -  1)  =  0.  (2) 
If  (f ,  77)  be  the  centre  of  the  curve  (1), 

(J' /a'  +...-  1)  i  =fift/a>  +  gr,/b>  -  1),  &c, 

i  =  V  fZ/a'  +  gy/b'-l  f£/a'  +  gv/b>         J 

/      9     f'/a'+g'/b'  +  K'/c1  -  1      f/a'+iffV  "  h'/c3-  1 ' 

•••,  ^  (2),  v/(f  +  nl  V(/'  +  /)  =  «!  +  y. 

(7)  Let  (f,  77,  f)  be  a  point  in  the  line,  and 

\x  +  fiy+  vz  =  *J(\*ja  +  n*lb  +  v*lc) 

one  of  the  tangent  planes;  ,\  Z\  +  tw/4  +  wv  =  0,  eliminate  v  and  shew 
that  Xx\2  :  ftj/iAj :  vtv2  =  (nrj  —  wif)2  —  n* jb  —  m7 jc  :  &c. 

(8)  For  the  tangent  plane  Xx  +  ny  4-  v«  =  —  (fyu*  +  c*>2)/2\, 
Art  268;   as  in  (7), 

\\9  :  /^  :  i/)v2  =  Zm2  -4  cm2 :  2n  (wf  -  ZJ)  +  cZ" :  2w  (?wf  -  Z77)  4-  Z>Z2. 

(9)  As  in  (5),  (lx-\-my-\-nz)(ylmb+zlnc-2ll)-y'fb-z'lc  +  2x=0J 
also,  by  the  property  of  the  tangent  plane  to  the  cone, 

i(b-  ti)2s  +  &m'-cna«0, 

eliminate  Z,  m,  n  from  the  equations  corresponding  to  5=0,  (7=0, 
D  =  0. 

(10)  Referring  to  the  generators  through  O  as  axes  of  x  and  ?/, 
the  equation  is  xy  4-  (ax  +  by  -t  cz  +  d)  z  =  0,  and  the  tangent  plane 
at  P  is  (y  +  az)  £ -±  (x  +  bz)r)  +  (ax +  by -\- cz  + d)  £+dz  =  0.  At 
Z>,  if  on  0.z,  (jj+az)%=i  —  dz\  at  i£,  (.r+fe)  77  +  cfe  =  0,  £77  is  constant, 
.•.  (y-\-az)  (x  +  bz)  oc  z'=-pz2 ;  if  (ar0,  «/0,  «0)  be  the  centre  of  the  hyper- 
boloid,  y0-\-az0  =  0i)  x0+bzo=0,  and  ax0+byQ+czo+d=0,  shew  that  the 
polar  of  this  centre  with  respect  to  this  cone  is  the  plane  of  xy. 

(11)  Let  (#0,  0,  zQ)  be  the  umbilic  Z7,  0  the  inclination  of  the 
tangent  plane  to  the  plane  xy,  and  let  f ,  77  be  coordinates,  in  the 
tangent  plane,  of  any  point  of  the  section  referred  to  U  as  origin. 
Then  x  =  x0 4  f  cos 6,  z  =  z0—  £  sin 0. 

Since  ax* 4-  c»0*  =  1,  and  tan 0  =  #0  \lajz0  Vc> 

«#*  4  c«*  =  1  4  p  (a  cos20  4-  c  sin*0)  =  1  4  b? ; 
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therefore  the  equation  of  the  section  of  the  enveloping  cone  is 

b  (af2  4  bg*  +  ch2  -  1)  (f  +  rf)  =  (A  +  B%  +  bgrj)2, 
where  A  +  B%  +  bgrj  =  0  is  the  line  in  which  the  plane  of  contact 
is  cut  by  the  tangent  plane,  and  is  the  directrix  of  the  section. 

(12)    Let  (0,  /3,  7)  be  the  vertex,  Pyjb2  +  <yzjc2  =  1   is  the  plane 
of  contact,  intersecting  the  ellipsoid  in  the  plane  of  yz,  where 

(ff/h1  +  -y'/c')/  -  20y  4  V  (1  -  7'/0')  =  0, 

of  which  yv  y2  are  roots ;  at  the  centre  of  the  section 

and  if  a,  V  be  the  semiaxes  of  the  section,  shew  that 

=  b2c2  (Fib2  +  y2/c2  -  1)  (/32/64  +  77c4)/(/33/^  +  77c2)2, 

and  a'2 1  a*  -  1  -  y02/^  -  *02/c2  =  1  -  (/32/62  +  ^/g2)"1  J 

...  a'*l(a'2-b'2)=a*  (£7&»+7y  c*+  h^-ky2)/  {(a2-c2)  F/lf+tf-bWIJ} 

which    is    constant,    since    (1  -f  hb2)  / (a2  -  c9)  =  (1  -  Z;c2)  / (a2  -  b2), 

ix*  the  directrices  are  at  a  constant  distance  from  the  plane  zy. 

XXIV. 

(1)  Take  the  three  confocals  x'/a-\-...=l,  x2/(a  +  k)  +...=1  and 
a?  j(a  +  k')  +...=  1 ;  use  the  form  of  the  tangent  plane, 

Ix  4  my  4  nz  —  \J(l2a  4  m*b  4  w2c), 
and  shew  that  #2  -{-y2  4  z2  =  a  +  6  4  c  4  k  4  &'. 

(2)  In  XXI  (to)  the  coefficients  52  —  c2  &c.  are  the  same  for  all 
the  confocals. 

(3)  Take  (fr  q,  K)  the  given  point,  then  d\  a"2,  a"'2  are  the 
three  roots  of/7p2  4  g2\(p2 -  0*)  4  *"/(/ -  72)  =  1,  so  that 

J*  +  a«  +  a"»  =/>  +  f  +  tf  +  £2  +  7*. 
Add  the  three  equations  similar  to  (J/+  mg  +  nhy  =  a2—  wi2/32  —  w272. 

(4)  Let  m?/  +  ??2  =  l,  ^  =  0  be  the  fixed  line  in  yz^  and  let 
//(a  +  ^)+...=  l  be  one  of  the  confocals;  a  tangent  plane  at 
(f,  77,  f)  meets  the  plane  of  yz  in  the  line  yyl(b  4  k)  4-  £zj(c  +  Jc)  =  1  ; 
.*.  r)  =  m  (b  +  k)  and  £  =  rc  (c  +  A),  and  for  all  the  confocals 
Tj/m—  f/w  =  b  —  c.  If  Ix-h  my  -\-nz  =  0  be  the  plane  of  the  second 
part,  the  three  plane  loci  intersect  in  the  line 

f  \l—  a  =  i)\m  —  b  —  f/w  —  c. 

(5)  The  foot  of  the  normal  at  (f,g,  h)  is  (a—  c)/"/a,  (b  —  c)gjb^  0, 
and  the  polar  with  respect  to  x2 '/ (a  —  c) 4  y2 '/(b  -c)=l  is  xfla+ygjb=l» 
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(6)  Let  P,  F  be  (/,  9i  h)  and  (/',  g\  h'),  the  direction  of  PQ 
being  (Z,  w,  w)  ;  /.///'  =  V{a/(a  +  &)}  &c, 

lf/a+...=  0  and  Z8/a+...=0; 
.-.  J/"/ V{a  (a  +  &)}  +...=  0,  but  if T  =  Z  V{(a  +  A) /a}  &c,  then 

?/7(a+*)+...=0,  r,/(a  +  *)+,.:"cSP/o+..:=l, 
/.  (Z',  ?w',  w')  is  the  direction  of  the  generator  through  P',  similarly 
for  #'. 

Let  (fv9v  hx)  and  (//^  7^)  be  Q  and  £';  .-.///'-/,///,  &c, 

i3'C2-^'2  =  (/-/J2-(/-//)2+...=  ^/2-^12+...=  o. 

(7)  Let  (/,#,  ^)  be  a  point  on  the  ellipsoid  x2ja-\-,..-  1,  (x,y,z) 
the  corresponding  point  on  ^'2/(a  +  ^)  +•••—  1 ; 

.;.  a)>l(a  +  k)=fla=(x'2-f)lk,  &c, 
the  locus  is  the  intersection  of 

aa^//2  -  by2  If  =  a ""  ^  an^  «^2//2  -cz2lh2  —  a-^c. 

(8)  Let  x2ja+...=  1  and  x*/(a  +  Jc)  -f...=  I  be  the  ellipsoid  and 
hyperboloid,  (£,  77,  f)  the  point  on  the  sphere  corresponding  to 
(x,  y,  z)\  then  .//a  (a +  />;).+...=  0,  .'.  f2/(a-f  &) +...=  0. 

XXV. 

(1)  By  Art.  286.    f2  /  a2a'2a"2a'"2  =  1  /a2  (a2  -  Z>2)  (a2  -  c2)  &c. 

(2)  Let  (7,  m,  72)  be  the  direction  of  the  normal  at  (f ,  97,  f)  to 
the  confocal  a;2 /(a  +  k)  +  ...=  1  ;  .'.  Z  =  /of /(a  +  &)  &c. ; 

.*.  ZJ  +  72277  +  72  f=p,  a-f  k  =  pg/l,  b  +  k  =  pr)/m)  &c, 
hence  the  locus  is  the  section  of  the  hyperbolic  cylinder 

(f  jl  —  77/772)  (Zf +  72227  4-  77  J)  =  a—  b 
by  the  plane  (f/Z—  77/772)/ (a-  Z>)  =  (f  /Z—  f/72)  (a  — c),  one  asymptote 
of   the  section  is  f/Z  =  ^/?»  =  f/w  and  the  other  is  in  the  plane 
Zf +  7/277  +  72 £  =  0. 

(3)  The  cylinder  enveloping  u=x2/a+...=  l  is 

(V/a  +  H?lb  +  v'jc)  (x2ja  +  y2/b  +  z2jc  -  1)  =  (\a/a  +  fiyjb  +  vs/c)2, 
or  P  (w  - ■  1)  =  7/ ;  make  r2  =  x2  +  2/*  +  s2  a  maximum  or  minimum, 
subject  to  the  condition  \x  +  /-it/  +  vz  =  0,  and  shew  that 

Pa?  (I  -  a/r2)  =  \v,  &c. ;  /..  X'/(r2  -  a)  +...=  0, 
whence   r2  = -|- (Z>  +  c)  \2+...±  ^,    where   M  depends    only   on  the 
differences  of  a,  b  and  c,  and  if  a2,  /32  be  the  two  values  of  r2,  a2  —  /32 
will  be  the  same  for  any  confocal.     Also 

r2-a  =  i(Z>-a-|-c  -a)  /V+...+  M, 
i.e.  x  :  y  :  z   depend   only  on   the   differences  of  «,  Z>,  c,  and  the 
directions  of  the  axes  are  the  same  for  the  two  confocals. 
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(4)  Let  (/,  g,  K)  be  a  point  P  on  the  ellipsoid  x2/a  +...=  1,  and 
let  the  confocal  hyperboloids  be  given  by  x2/(a  —  &)+...=  1,  when  g 
is  very  small,  the  two  values  of  k  are  given  by 

(b  -  k)  {(c  -  k)f2/a  +(a-k)  tf/c]  +  (a  -  k)  (c  -  Jc)f/b  =  0, 

One  value  of  k  is,  neglecting  #*, 

b+fb'1  {f2/a  (a  -  5)  -  A7c  (b  -  c)}~\ 
and  for  the  focal  hyperbola  a? /a  (a  —  b)  —  »2/c  (ft  -  c)  =  0 ;  .',  the  flat 
hyperboloid  corresponding  to  this  value  of  k  will  be  of  two  or  of  one 
sheet  as/7«  (a  —  b)  >  or  <  h2/c  (b  —  c),  in  either  case  the  normal 
at  P  will  be  nearly  perpendicular  to  the  plane  zx\  for  the  other 
hyperboloid  k  =  cf  /a  +  ah2 / c  nearly,  the  values  of  a  —  k,  b  —  Jc,  and 
c  —  k  being  (a  —  c)/2/a,  (b  —  c)f2/a  —  (a  —  b)Ji2/c1  -*(a  —  c)h*/c9 
nearly,  the  normals  at  P  to  it  and  the  ellipsoid  being  close  to  the 
plane  zx.  If  P  be  actually  on  the  focal  hyperbola,  any  line  per- 
pendicular to  a  tangent  to  the  hyperbola  will  be  a  normal  to  either 
flat  hyperboloid. 

(5)  f/(a  -  b)  -  h2/(b  -  c)  =  1  for  the  flat  hyperboloid, 

/7(a_6  +  £)  +  £7(c-5  +  £)  =  l 
for  the  ellipsoid,  and  by  subtraction, 

k  =f  (b  -  c)/(a  -b)  +  h2(a-  b)/(b  -  c). 

(6)  Taking  the  axes  and  notation  as  in  Art.  301,  the  vertex 
being  on  the  focal  hyperbola,  if  (/,  tw,  n)  be  the  direction  of  a  side 
of  the  cone,  r  its  length  up  to  the  point  of  contact, 

r  {(pxl  +  pfn)/b  -pji/kj  =  1, 
and  the  tangent  plane  to  the  enveloping  cone  is  (xl+ym)/b-zn//i\=0} 
hence  p,  the  perpendicular  from  the  centre  (—  px,  -p2J  —pz)y 

=  {W  +  PJ*)lh  -P9n/k3]  {(I2  +  m>)\b2  +  „VVP ; 
:.  pr={(r  +  ri)lb2  +  n2lk2)-l,  and  (Z2  +  O/ft  =  n*jka  =  1/(5  +  *8)  ; 

;.p2r2  =  bk3. 

^ ;  iib~^]b~-^jk3~i)r  ^1^ 

(8)  Let  6  be  the  inclination  of  the  cyclic  plane  of  x*\cl  +...=  1 
to  the  plane  xy ;  for  the  circular  section  yz  +  x2  sec2#  =  b'\  and 
a?/aa  =  f /(a2  -  c2),  //ft2  =  v9 /(b*  -  c2),  sec20=62(a2-  c2)/a2 (6'2-  c2)  ; 

:.?  +  v2  =  b2-c2. 

(9)  Let  x2la  +  y2/b=  1,  s  =  0  be  the  ellipse,  treat  it  as  a  flat 
ellipsoid,  the  cone  as  an  enveloping  cone,  whose  vertex  is  (f ,  97,  f), 
a  point  in  the  confocal  x2  [(a  +  k)  + y2  l(b  +  k)  +  s2/&  =  1,  (1),  the 
normal  to  which  at  the  vertex  is  an  axis  of  the  cone,  passing 
through  the  given  point  (/,  g,  0)  ; 

™**(f-Z)lf=Ho-y)b  =  -b=fZ+gv-!;2-v2-Z%  by  (i), 

hence  the  locus  is  the  section  of  a  sphere  by  a  plane. 
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XXVI. 

(1)  If  x2  +  y2  +  z2  =  r8  be  a  maximum  or  minimum, 

V3(^-3/)/aJ  =  (^-^V3)/3/  =  (3/  +  ^V3)/^  =  2/r3  =  ^; 

y  -\-  z 

.*.  r2  =  2,    or  -y  =  +  z  =  xjr2  V3  and  2s8  \/3  =  #V 3  -  #3, 

whence  r*  —  1  or  —  | ;  the  focal  ellipse,  referred  to  the  axes,  is 

%x*  +  %yi  —  *»  aild  *ne  focal  hyperbola  x*  —  \z2  =  1,  eccentricities  are 

VI  and  Vf  • 

Aliter,  turn  the  axes  of?/  and  z  through  —45°,  and  then  the  axes 
of  x  and  y  through  0,  where  sin20/2\A>  =  —  cos20=  £. 

(2)  OT-a=f/(«  +  X)2+...,     let  MEf/(a  +  X)3+..., 

2f         dX    1  dv2  2P  4?^2 

a  +  X       di;??21         OT-V|~(a  +  A,)2      a  +  X 
rf'X        2sr2        aV       2f  4fV4         2^2         8£V4  8fV 

df3    ~  a  +  X       a"f  '  a  +  X      (a  +  X)3      a  +  X      (a  +  X)3      (a  +  X)2 

(3)  For  the  circular  section  x  sin  6  +  z  cosd  =pd/d0,  where 

sin  6  :  cos  6  :  1  =  c/3  :  a  %/(y2  —  /32)  :  £7  ; 
by  Art.  286,       Pyx  =  add',     7  V(7*  -  /32)  2  =  ccc" ; 

.'.  cad  a"  +  acc'c"  =  pbyld\d^     and  £?&  =  ac ; 

.•.(a'a-78)(a^-72)  =  (7^/^-^T; 

/.  72  (1  -  a72/^2)  =  a'2  +  a"2  -  2a'a"dld0. 

(4)  Art  312.  Let  (7,  in,  n)  be  the  direction  of  a  normal  at 
(f ,  77.  £)  to  the  confocal  y2  l(b —  k)-l-  z*  /(c  —  k)  =  4  (x  —  &),  of  which 
the  focal  conies  are  y*  —  4  (6  —  c)  («#  —  c)  and  22  =  4  (c  —  h)  (x  —  &)  ; 

(b  —  k)mlrj  =  (c^  &)%/£=  —  \l=  (b  —  c)j(r)jm  —  f/w), 

.*.  mrj  +  rc£=  -  21  (f  -  £)  =  -  2?f  +  P*7/m  +  2lb, 

and  7]\m—  £jn  =  —  2  (b-  c)//, 

shew  that,  when  97  =  0,  f2  =  4  (c  —  5)  (|  —  &)  ;  and  similarly  for  the 
other  focal  conic. 

(5)  Use  Art.  268,  iii.,  and  Art.  312.  Let  '((■,  77,  f)  be  the 
point  where  a  bifocal  line  of  the  paraboloid  y2 jb  +  z'ijc  =  ^x  meets 
a  tangent  plane,  so  that  I  (1%  +  mi]  +  n£)  +  m'b  +  tfc  —  0  (1)  ;  the 
bifocal  line  (x  —  f)/Z  =  r,  &c.  intersects  the  focal  conic, 

z  =  0,  y2=  4  (&  —  c)  (#  -  c)  ;  .*.  (nr)  —  m'Q2  =  A(b  —  c)n  {n (f — c)  —  Zf } ; 
similarly,      (7277  —  mf)2  =  —  4  (b  —  c)  m  }w  (f  —  6)  —  /?;}  ; 

/.  n2  (?  -  c)  +  w2  (£-b)-l  (mr)  +  wf )  =  0,     or,  by  (l),  f  =  0. 

(6)  The  extremities  of  ds  are  given  by  the  intersection  of  the 
curve  ,#2/a +...=  1,  x2j(a—  k)  +...=  1  with  the  two  hyperboloids 

x2j (a  —  k')  -{-...=  1  and  x2 \ (a  —  h'  —  dk')  +,.;=!; 
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but  (a  —  b)(a  —  c)x2  —  a(a  —  k)  (a  —  &'), 

.\  4  (a  -  b)  (a  -  c)  (dx/dk')2  =  a  (a  -  k)/(a  -  k')  ; 

let  (f,  97,  £)  on  the  sphere  correspond  to  (x,  y,  z)  on  the  ellipsoid, 

/.  (a  -  b)  (a  -  c)  f  =  r*  (a  -k)'(a-  k'), 

hence  4  (a  -  b)(a  -  c)  [r2  (dx)2  -  k'  (d% )»}  =  r2  (a  -  &)  (<&')'. 

(7)  Let  (#  -/)  / 1  =  (y  —  g)  \  m  =  (z  —  K)  \  n  =  \  be  the  equation  of 
a  bifocal  chord  through  (/,  g,  h)  in  the  paraboloid ; 

/.  (g  +  m\yib  +  (h  +  m\yic=f+l\, 

and  (m2jb  +  n2lc)\  =  l-2(mg/b  +  nhlc).     (1) 

Since  the  chord  intersects  the  conic,  s  =  0,  y2  j(b  —  c)  =  x  —  ^c, 

/.  (ng  -  mhyj(b  -  c)  =  n2  (/—  Jc)  -  ZrcA ; 

similarly  (rc^  -  mh)2  j(b  —  c)  =  w2  (—  y-f  JZ>)  +  Zm<7  ; 

.*.  (jtg  —  mhyjbc  =  {m2jb  +  n2lc)f—\{m2  +  n2)-  Krngjb  +  nhjc)^ 

whence  (mg/b  -\-nhjc)2  —  l(rrig  jb  +  nhjc)  +  jZ2  =  J, 

or,  by  (1),  (m2/Z>  +  n*jc)  X  =  1. 

(8)  Let  one  of  the  sections  of  the  ellipsoid  #2/a2+...=  1  stand 
on  the  line  (#  — #0)/Z=  (#  — ^0)/w2  =  r,  (#0,  yQl  0)  being  the  centre 
of  the  section  ;   .*.  lx(Jd2  +  rnyjb2  =  0,  and 

(?la°  +  m<IV)r<=l-x:ia<-y:iV; 
if  a  be   the   distance   between   the    centre    and  focus  (£,  rj,  0), 
f  =  a?0  +  Za,  7]=y0+  ma,  and  a2  =  (p2—  c3)  (1  -  x2/d2  —  y2/b2),  where 

p"2  =  P/a°  +  *7B\  Z'/a'  +  rf/b'  =  *.'/?  + tf/V  +  a*//*', 

and  Zf  /a2  +  7nrj/b2  =  oc/p2 ; 
/.  (p*  -  c2)  (1  -  ?/a2  -  rf/b2)  =  a2c2/p2  =  c'p*  (/?/a2  +  mv/b'2)2. 
The  locus  touches  the  principal  section  f  2/a2  +  rf/b2  =  1 ;  shew 
that  it  meets  the  focal  conic  f2/(a2  —  c2)  +  rf/(b2  —  c2)  =  1,  where 
{(^2-c2)7?2^-(a2-c2)^}2  =  0. 

9.    Using  the  notation  of  the  last  problem,  Z,  m  is  known  by 
{l2  (a2-c2)/d2^m2  (U2-  c2)/b2}  (I  -  f  /aa-  J /b*)  =*<?(# /a*  +  mi?/^)*, 

or  by.  {I2  (a2  -  c2)/a2  +  m2  (b2  -  c2)/b'2}  {f/(aa  -  c2)  +  t?7(62  -  c2)  -  1  j 
=  c2  {(Z>2  -  c2)  wi{  -  (a2  -  c2)  Zt?}2/  {(a2  -  c2)  (62  -  c2)  a2Z>2} ; 
/.  f  K  +  *fJbM  <  1,     and  f  j  (a2  -  c2)  +  ^/(Z>2  -  c2)  >  1. 

XXVII. 

(1)  By  Art.  361,  they  are  the  enveloping  cylinders,  whose  axes 
are  parallel  to  the  asymptotes  of  the  focal  hyperbola. 

(2)  By  Art.  366,  if  (Z,  m,  n)  be  the  direction  of  the  line  of 
intersection,  the  equation  of  the  two  tangent  planes  will  be 

(I2 1  a2  +  m2jb2  -  n3/c2)  \x2  +  y2  +  z2  -  (1  +  a2/c2)  zl  +  {d2\b2  -  1)  y2} 

=  a2  (Ixjar  +  my  jb2  -  nz/d'y, 
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intersecting  the  cyclic  planes  where 

(72/a2  +  ...)  O2  +  ?/2  +  z2)  =  a3  Qxja2  +  my /6*  -  nz\<?)\ 

(3)  Let  (.#,  y,  0)  and  (#',  0,  z)  be  the  points  $  and  $',    then 
a*  +  y  =  &" -  c2  +  aV / e'2,  and  rc'a  1  z*  =  -  (52 - c2)  +  a? V / ea ; 

:.  SS">  =  (x-  xj  +  y"  +  s'2  =  O/e'  -  *V/e)2. 
For  the  directrices,  by  Art.  345,  f  -  f '  =  ic/e'2  -  a'/e2  ac  £/S". 

(4)  Let  (/,  0,  A)  be  the  point  in  the  focal  line, 

^/V(a2-^)  =  ^/V(^2  +  c2), 
and  let  Ix  +  my  +  nz  =  0  be  the  equation  of  a  tangent  plane,  where 
a2l2  +  bV  —  c'V  =  0,  (x  —  f)\l  =  y\m  =  (z  —  }iy\n  will  be  the   per- 
pendicular from  (/",  0,  A)  ;  .\  x  (x  —  f)  +  y2  +  a  (s  —  h)  =  0,  (1)  and 
a2  (#  —  /)*  +  6y  —  c2(z  —  h)2  =  0,  eliminating  y, 

since  /2/(a2  -  b2)  =  A2/(62  +  c2), 
we  have  (a2-Z>2)  [x-f-Wfl  (a  -  ^)}=  (^+  <0  Is  -  h+\b2hj{b2^))2 ; 

...  /  {aj  _/_  i  &y/(a'  _  V)}  =h{z-  h +^A/(6H  c% 
.     The  negative  sign  is  inadmissible,  since  it  would  give 

or,  with  (1),  (a-/7-f/  +  (z-£)2==0. 

(5)  If  (f ,  77,  0)  on  the  focal  ellipse  correspond  to  (x,  y,  0)  on  the 
ellipsoid,  f  /(a2-  c2)  =  a2/a2,  rfj^-c2)  =y2/^',  at  the  focus  of  the 
flat  ellipsoid  f  =  \/(a2  -  b2),  .'.  x  =  a^/(d'  -  b2)/  V(V  -  c2). 

(6)  Let  /,  g,  h  be  coordinates  of  P;   at    6r  ^?  =  (1  —  c2/a2)/, 

j-(l-'W*j  at  P' and  <?'  «  =  V(l  -  c"/a2)/,  2/  =  V(l  -<=762)<?; 
hence  P  G'  is  parallel  to  Oz,  Pur  —  P'G'  by  Ivory's  theorem. 

(7)  The  reciprocal  locus  is  that  of  a  point  on  the  sphere,  the 
sum  of  whose  distances  from  two  fixed  points  on  the  sphere  is 
constant.     Prove  the  last  part  by  infinitesimals. 

XXVIII. 

(1)  For  a  central  cyclic  section  let  x  =  x'  cosO,  z  =  x'sin01 
where  b2  cos2#/(62  —  c2)  =  a2/(V  —  c2),  and  for  the  cylinder,  by 
Art.  345,  (a2  -  c2)  a^/a4  +  (b2  -  c2)  tf  \tf  =  1, 

.:x,2la2+y*lb2  =  b2l(b2-<?); 
if  8  be  the  focus   6>£2  cos20  =  a2  (a2  -  b2)l(a2-c2),  for  the  parallel 
section  touching  at  the  umbilic,  OS  cos  6=  distance  of  umbilic  from 
plane  yz. 

(2)  By  Art.  356,  SB  bisects  lQSQ\  LSPR  =  d0°. 

(3)  Let  (rcos</>,  0,  rsin$)  be  the  vertex  V  on  the  focal 
hyperbola,  a  the  radius  vector  in  direction  O  V,  /3  the  semi-diameter 
oi  the  section  (a,  c),  conjugate  to  a,;  a\  b'  semi-axes  of  the  section 
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by  the  plane  of  contact,  p  the  distance  of  its  centre  from  0,  then 

a2  +  /32  =  a2+c2,  pr  =  a\  and  an I  ff=  \-p<  la2=b'2  lb2=(a'2-b'2)  l(/52-V) 

and  a2  cos2<£  +  c  2  sin2<£  =  a  2,  (a—b2)  l  cos2$  —  (&2  —  c2)  *  sin2^>  =  r  2 ; 

the  square  of  the  distance  required 

=  y*l (a*  _  y2)  =  b4  (1  -  a2/r2)/(a2  +  c2  -  b2  -  a2) 

=  54  {cos2<£  /  a2  +  sin2c/>  /  c2  -  cos20  /  (a2  -  62) 

+  sin20/(//-c2)}  /  {(a2  -  52)  sin2(£/c2  -  (b2  -  c2)  cos20/a2), 
reducing  to  b6 \  {(a2  -  b2)  (b2  -  c2)). 

(4)  Let  (xv  yx,  z^)  (a?2,  y^  z^)  be  extremities  of  diameters  con- 
jugate to  the  diameter  of  x*/a  +  y2/b-\-  z2/c=  1,  whose  direction  is 
(7,  m,  n).  The  two  planes  xxl/a-\-..»=0  and  xxi/a+...=  0  are 
conjugate  and  perpendicular,  .*.  x1xJa+...=  Q  and  xxx2/a2  +...=  0  ; 

•'•  *!*,  :  3/i3/2  :  *i*2  =  a*  (*  -  c)  :  ^  (c  "  a)  :  c*  («  ~  &)> 

also  lxl/a-\-...=  01  and  7a;2/a+...=  0,  or  Za  (ft  —  c)/xl  +...=  0, 

eliminating  #,,  the  quadratic  in  y,  :  sx  is  to  be  satisfied  by  an  infinite 
number  of  values ;  .*.  m  or  n  —  0,  if  m  =  0,  F/(a  -  b)  =  n2/(b  —  c). 

(5)  Let  S,  G  be  the  focus  and  centre  of  the  sphero-conic,  SY 
perpendicular  to  the  tangent  at  P,  0  the  vertex  of  the  cone  lCOS=y, 
sin27/(a2  — ^)  =  cos27/(-62+ c2)  ;  and  let  \x  -j-  p,y  +  vz  =  0  be  the 
equation  of  0PF,  where  XV  +  fW  -  rV  =  0, 

ft -(a;  cos 7  —  z  sin 7)  -f  (1/  sin  7  —  X  cos 7)  ?/  =  0  that  of  £03^; 

,\  (fj.x  —  X?/)2  cos27  =  (fiz  4-  vj/)2  sin27, 

(jix  -  A?/)2  4  (Xa  4  py)2  =  (X2  4  p/)  (x2  4  ?/), 

.-.  (fix  -  \y)2  =  x2  +  y2-  vV,  (pz  -  vy)2  =  if  4  f  -  XV  5 

/.  (x2  +  y2-  v2r2)  (b2  4  c2)  =  (/  4  z2  -  XV)  (a2  -  &"), 

(x2  4  y2)  (b2  4  c2)  -  <j/2  4  z2)  (a2  -  52)  =  { v2 (b2 4  c2)  -  X2  (a2 -  52)}  r8  =  &V ; 
...  (^  +  y  +  ^  (p  +  c*  _  a2)  =  z%  (51  4  c2)  _  ^  (a«  _  ^ 

Aliter.  By  spherical  trigonometry,  let  $'  be  the  other  focus. 
S'P+SP=2a,  CY=p,  SY=p',  LCSY=d,  and  let  S'P,  SY 
produced  intersect  in  T,  then  >S"T=2a, 

cos  p  =  cos  7  cos  p  4  sin  7  sin  p'  cos  0, 
cos  2a  =  cos  27  cos 2p'  +  sin  27  sin  2p  cos  0, 
whence  sin2a  =  cos27  +  cos2//  —  2  cos 7  cos/>'  cos/?. 
If  (7,  ?»,  72)  be  the  direction  of  0  Y,  cosp  =  n, 

cosp'  =  I  sin 7  +  n  cos 7,  cos/)'  —  C0S7  cos/)  =  /  sin 7 ; 

.*.  sin2a  =  cos27  (1  -  n2)  +  ll  sin27  ;  /.  a2  =  (b2  4  c2)  (1  - n2)  +  (a3-  J2)  Z2, 

or  (b2  +  c2  -  a2)  (x2  +  y2  +  z2)  =  (^2  +  c2)  z2  -  (a2  -  b2)  x\ 

The  equation  of  the  two  tangent  planes  through  the  line 

x\l  =  y\m  =  z\n  is  (T\a2  +...)  (V/a2  +...)  =  (fo/a2+...)2, 

and  if  they  be  perpendicular,  the  sum  of  the  coefficients  of  x\  y*f 
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and  z2  will  be  zero ;  .-.  (I2 1  a2 ...)  (of2  +  b~2  —  c~2)  =  V\cl  +...,  whence 

(a»  _  c2)  (x*  +  y2  +  zl)  =  ^2  (a2  -  b2)  -  z2  (b*  +  c2) 

is  the  locus  of  the  line,  a  cone  having  the  same  cyclic  sections  as 
the  cone  above. 

(6)  Take  a  section  through  S  perpendicular  to  VS,  S  is  the 
focus  of  the  section,  Art.  372.  Let  tangents  at  P,  P'  intersect 
in  Q,  and  the  third  tangent  intersect  these  in  71,  T\lTST'=\L  PSP; 
and  if  l  TST'  =  90%  PSP'  will  be  a  straight  line,  and  Q  on  the 
directrix. 

Reciprocal  Theorem.  VP,  VP'  two  fixed  sides  of  a  cone,  and 
VQ  any  other  side,  intersect  a  circular  section  inp,  p\  q,  Lpqp  is 
constant. 

(7)  Taking  the  section  as  in  (6),  PSP'  being  a  chord  through  S, 
VS/SP-h  VSjSP'  is  constant. 

Reciprocal  Theorem.  Two  tangent  planes  intersect  in  a  line  in 
a  cyclic  plane,  shew  that  the  sura  of  the  cotangents  of  the  angles 
which  the  cyclic  plane  makes  with  the  two  tangent  planes  is  constant. 

XXIX. 

(1)    1.  Turn  #0y  through  45°,  Sz2  ~(x*  +  tf) +  2  (x2- y^^a2. 

2.  s3-|s-l  =  0,5=l,-i,-i,^-i(3/2  +  ^)  =  «2. 

3.  s  =  -  1,  2  ±  V3,  x2\\  (V3  +  iy  +  y'H  (V3  -  I)2-  *?=  1. 

The  method  of  Art.  415  gives  x  =  z=yl(±*/3  —  1),  for  s=2+\/3; 
it  fails  for  s  =  —  1 ,  but  5  (a?2  +  y2  +  z2)  -  xl  —y2  —  z2-  2xy -  2yz  —  4zx 
=  -2  {.y+i(«4z)}2-| (^  +  z)2=0;  .-.  #  +  z  =  0,y  =  0  are  the  equa- 
tions of  the  axis  corresponding  to  s  =  —  1. 

4.  The  equation  may  be  written  (x  +  y +  z)2  —  z2  =  a2,  shewing 
that  it  is  a  hyperbolic  cylinder ;  and  5  =  0  or  ±  V3  +  1 ;  corresponding 
to  5  =  0,  z  —  0,  and  x  +  ?/  =  0,  for  5  =  +  \/3  +  1 ,  ocs  =  ys  =  z  (s  +  1)  ; 
.\s  =  y  =  s/(±V3-l). 

5.  As  in  Art.  427,  2  (a  +  y  +  4)2-  (2#  -  fa  +  3)2  +  f  (a:-  6)2  =  52, 
the  three  conjugate  planes  intersect  in  the  centre  (6,  6,  — 10). 

6.  s  =  —  1,  1  ±  \/2  ;  for  the  axis  corresponding  to  5,  by  Art.  415, 
xs  —  y  (1  +s)  =  s  (1+5)  ;  as  in  3,  when  5  =  —  1,  #  =  0,  y  -t-  z  =  0,  and 
when  5  =  ±  \/2  +  1,  a?/±  \/2=y  =  z.  Centre  (0,  —  1,  1)  is  on  the 
surface. 

7.  Or  {x  +  i(y  +  z-7)}2  +  l;  (^  +  fz  -  7)2  + §  (z-3)2+d-55=0. 

8.  Or  1 4  (y  —  x)2  —  (z  -f  3y  —  4#)2  =  1 ;  axis  x=y  =  z. 
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(2)  The  equation  is  (a2+  624-  c2)  (x2+  y'+  z'z)  -  (ax  +  by  + cz)*  =  1 , 
Art,  58. 

(3)  s3-(a24&24c2>2+4a'W=0,  one  root  negative,  s'^s^+s'^O. 

(4)  ac  —  b'2  =  (ad  —  b'c) b'/c\  &c,  .*.  the  equation  becomes 
(ax  4-  &'s  4  cyf  4  (W -  b'c)  (b'z  +  c'y)7&'c'  4  a  (2a"  x  +  ...+  d)  =  0} 
a  paraboloid  whose  axis  is  x  =  0,  &'s  +  c'^  =  0. 

(5)  The  equation  is  (a-  l)x*+(2y  +  3z  +  xy+2a"x+...+  d  =  0. 

i.  If  6"=2/3,c"=3/3,(a-l>2-f  (2y+3z+x+j3)2+2{a"-/3)x+d-l32=0, 
a=l,  a  parabolic  cylinder;  a>l,  an  elliptic  cylinder,  or  line- 
cylinder,  or  impossible,  as 

(a"-/3y/(a-l)  +  /32-d>,  =,  or  <0; 

a  <  1,  a  hyperbolic  cylinder,  or  two  planes,  as 

/32  -  d—(a"  —  /3)2/(l  -  a)  is  finite  or  zero. 

ii.  If  a"=/3,  5"=  2/3,  c"=3/3,  and  a=l,  (2y  + 3s  4- *  +  £)*=£ W, 
representing  two  planes  parallel,  or  coincident  if  /3*  =  d, 

(6)  For  a  generator  of  the  opposite  system,  y—a  =  ax,  z  —  a  =  fSy, 
where  —  a  =  ft  (a  4  oca)  ;  .\  3/3  +  s#  +  xy  —  a  (x  +  y  4-  2)  4-  a2  =  0  is 
the  equation  of  the  hyperboloid,  centre  (^a,  \a,  \a) ;  referred  to  the 
centre  and  axes  it  is  xl  —  \(yijczi)  4  £a2  =  0,  the  eccentricity  is  Vf* 

(7)  53  — J,9  +  f  =  0,  s=l,  ^,  -f;  the  corresponding  direction- 
cosines  of  the  axes  are  as  -  \/3  :  1  :  —  1,  0  :  1  :  1,  and  |\/3  :  1  :  —  1, 
those  corresponding  to  s  =  J  are  obtained  from  the  two  factors  of 
w2  —  \  (x2  4  #2  4  z2)  equated  to  zero,  the  result  of  Art.  415  giving 
an  indeterminate  result  in  this  case.  The  focal  conies  are 
y*  —  f  sa  =  1  and  fa?2  4-  |?/3  =  1,  eccentricities  Vf  ana"  Vf« 

(8)  For  the  centre,  x-\pz  —  a  =  0,  y+qz—b=0,  -z+]?x+qy  +  c=0. 
i.  x  (x  —  a)  4  y  (y  —  b)  +  z  (z  —  c)  —  0,  the  locus  is  a  sphere. 

ii.  When  the  centre  is  on  the  surface,  ax  4-  by  -  cz  =  0  and 
x2  +y2+  z2  —  2cz  —  0,  the  locus  is  a  circle. 

(9)  By  Art.  414,  either  V  or  c'=0;  let  b'=0,  then  c'2=(c-a)(c-b), 
the  section  by  the  plane  of  xy  is  a  parabola  whose  axis  is  that  of  the 
paraboloid,  .\  c'2  =  ab  and  c  =  a-\-b]  the  equation  of  the  section  is 
(x^/a  +  y  *Jby  +  2a"x  =  0,  and  that  of  the  diameter  bisecting  chords 
in  direction  (7,  m)  is  (l^a  +  m  \/b)  (x^a  +  y  \/b)  4-  a"l  =  0,  which 
will  be  that  of  the  axis,  if  it  cut  the  chords  at  right  angles,  i.e.  if 
1 1 '\la  =  m/ \Jb]  /.the  equations  of  the  axis  of  the  paraboloid  are 
(a  4  b)  (x\Ja  4-  y  s/b)  4-  a"  \ja  =  0,  z  =  0. 

a 
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XXX. 

(1)  Treating  the  two  planes  as  a  conicoid,  the  bisecting  planes 
are  principal  planes  corresponding  to  the  roots  sx,  s2  of  the  cubic, 
the  third  principal  plane  being  any  plane  perpendicular  to  the  line 
x/A=y/B  —  z/C,  where  A  =  (ad  -  h'c)~\  &c.  Let  (X,,  /*,  v)  be 
the  direction  of  the  normal  to  either  of  the  two  planes,  then  for 
any  point  in  either,  by  Arts.  417,  418,  the  following  equations  hold 
(ax  +  c'y  +  b'z)\+...  =0,  \x  +  fj,y  +  vz  —  0  and  \A-\-  fjbB+vC=0. 

(2)  Let  \,  fi,  v  and  A/,  /jl\  v  be  the  minors  of  the  discriminant 
of  axi+...+  2dyz+...-  a(x2  +  y2  +  s2),  a,  /3,  7  being  the  roots  of 
the  discriminating  cubic  f(s)  =  0.  Since  the  discriminant  vanishes, 
as  in  Art.  391,  XX' =  /iV,  &c,  ,\  AX/2  =  n>^2  =  iV2,  also  l\'=m/ju'=nv\ 
.\  I2 l\=m? / iA=riz /v  =  (\+n+v)~\  and  \+/A+v=/'(a)=(a-j8)(a-7). 

(3)  Let  the  equation  be  /3t/3  4-722+...=  0  by  transformation,  if 
0  be  the  angle  required,  tan|0  =  *J(/3J—  7)  > 

.•.tan«  =  2V(-/3y)/(/3  +  7)  =  2V(- /,//,), 

with  the  notation  of  Art.  413. 

(4)  If  the  line  (f  —  x)j\  —  ...  =r   meet    the   surface   in   two 

.     ..  .        _     f^ocFu  n       d'*u  \       /.  dw         \2 

coincident  points,  2w  IX  ^-^+-"+  "pv  7    7   +•••  J  =  I  a,  -7-  +...  1  . 

Take  three  lines  through  the  same  point  (#,  j/,  2?)  at  right  angles, 
and  add  the  corresponding  equations ; 

\       /dus 

^dx2    '  I   /       \dxj 

(5)  s  =  0  or  a  +  5  +  c  +  V{(«  +  h  +  c)2  -  3  (be  +  m  +  «&)}. 

(6)  Compare  with  (V  +  y2  +  z')  cos2^0  =  (Ix  \<my  +  nz)\  Art.  60. 

(7)  Let  the  plane  be  Ix  +  my  4  ft3  =^>,  the  equation  of  the  cone 
is  p2  (ax2  +  hy2  +  cz2)  —  (Ix  +  my  +  rcs)2  =  0,  which  must  be  the  same 
as  A  (xl  -vy2  +  z2)  -  B  (\x  +  ny  +  vzf  =  0.  Shew  that  7,  w,  or  n 
must  =  0,  unless  a  =  b=c,  and  that  if  m  =  0,  ^  =  0,  and 

/  =  Z2/(a_6)  +  rc2/(c-6). 

(8)  Let  the  transformed  equation  be  ax'2  + /3y2  +  <yz2  =  1,  the 
given  plane  is  x  sja  +  #  V£  +  z  V7  =  1 >  and,  by  Arts.  237,  240,  the 
area  of  the  section  is  it  {%a$y/(a  -f  ft  +  7)}"*  (1  —  J). 

(9)  A  sphere,  whose  centre  is  in  the  axis,  cuts  the  surface  in 
two  parallel  planes ;  the  left  side  of  the  equation  must  therefore  be 
A2  (V  +  y*  +z2  +  2yz  cos  a  +  2zx  cos/3  +  2xy  cos  7}  -  {A(x  ±y±  z)\2 ; 
/.  (cosa±l)/a  =  &c. :  the  four  forms  in  which  (x±y±z)2  can  appear 
are  (x  -\-y-\-  z)2^  (x  +  y-  z)2,  &c. 


!d2u         \       fduV 
:,2u  U-i  +...    =    -H  +,. 
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(10)  The  equation  of  the  cone  referred  to  the  vertex  as  origin 
is  g  (ax2  +  by2  +  cz2)  =  (afx  +  bgy  +  chz)2,  where  a  stands  for 
of2  +  bg2  -f  ch2  —  1 ;  if  s1?  s2,  s3  be  written  for  s  —  era,  s  —  ab,  s  —  ac, 
the  discriminating  cubic  will  assume  the  form 

s1s3s3  +  a2f2s2s3  +  b2g2s3si  +  c2h2s^2  =  0, 
or  a2fl(s  -  aa)  +  b2g2j(s  -  ab)  +  c2A8/(s  -  crc)  +  1  =  0, 
also  af2  +  bg2  +  ch2  =  l  +  (T,  multiplying  the  first  by  <r,  and  adding,  we 
obtain  f\(ax  -  ovf1)  +  g2  \{b~x  -  as'1)  +  K2\(cx  -  as'')  =  1.  By 
Art.  415,  the  direction-cosines  of  the  axis  corresponding  to  s  are 
inversely  proportional  to  a '(s—a-\-b 'c '/a'),  &c,  or  to  bcgh(s—aa),  &c. ; 
they  are  therefore  as  fj(a~l  —  as'1)  :  g]  (b~l  —  as'1)  :  A/(c_1  —  crs'1)  ; 
hence  the  axis  is  a  normal  to  a  confocal  passing  through  (/,  g,  h). 

XXXI. 

(1)  The  equation  is  u2  =  (2m  —  l)(m  —  1),  and  the  cubic  reduces 
to  s3  -  (4m2  +  3)  s2  +  4ra2  (m2  +  2)  s  +  4  (1  -  m4)  =  0.  The  surfaces 
are  m  >  1  or  <  —  1,  ax2  +  Py*  +  7s2  =  +,  an  ellipsoid  ;  m  =  1, 
4#3  +  3?/2=0,  a  line  cylinder  ;  m  <  1  >  J,  ax2+/3y2  —  73*=  — ,  a  hyper- 
boloid  of  two  sheets ;  m  =  ^ ,  ax2 -t-  /3?/2  —  72s  =  0,  a  cone ;  m  <  J  >  —  1 , 
ax2]t+/3y2  —  'yz'2=+y  a  hyperboloid  of  one  sheet ;  m  —  —  1,  4#3  +  3?/2  =  6, 
an  elliptic  cylinder. 

(2)  #2  +  y2  +  z2  —  r2  (ayz  +  bzx  +  cxy)  —  0  gives  two  planes 

(Jx  +  my  +  nz)  (xjl-\-yjmJt  zjn)  =  0, 
equating  coefficients 
-  abcr6  =  (m2  +  n2)  (n2  +  Z2)  (Z2  +  m2)  /  Z2m  V  =  (w/w-fw/wi)?+...-4. 

(3)  The  equation  of  every  surface  of  revolution  through  #  =  0, 
y  =  0  is  of  the  form  n2  (x2  +  y2+  z2)  -  (Ix +my  +  nz)2+  2 Ax  +  2By  =  0, 
and  when  it  passes  through  y  =  a,  z  =  0 ;  n2  —  Z2  =  0,  -4  =  Zma  and 
(n2  —  m2)  a2  -f-  2Ba  =  0  ;  hence  the  equation  becomes 

(I2  —  m2)  (y2  —  ay)  —  2lmx  (y  —  a)  ±  2  (Ix  +  my)  lz  =  0 

or  (Z2  —  m2)  (y2  —  ay±  xz)  —  2lm  [x  (y  —  a)  +  yz)  =  +  (Z2  +  on2)  xz. 

(4)  ax2  +  Z>?/2  +  cz2  must  be  of  the  form 

a  (x2  +  y2  +  z2  +  2yz  cos  X  +  2zx  cos  //.  +  2^?/  cos  v)  —  /3  (Z^r  +  wy  +  722:)% 

.•.  a  =  a  +  /3l2  =  b+ /3m2  =  c  +  /3w2  =  ^w  /  cos  X  =  /3#Z/  cos ^  =  /3Zm  / cos  k 

=  /3Z2cosX/cos/i»  cosv  =  a  cosX/(cosX-  cosyu,  cosv)  &c. 

(5)  5  (cc2  +  y2  +  s2)  —  a^?2  —  by2  —  cz2  is  transformed  to 

s  (x2  +  y2  +  z*  +  2a! yz  +  2b' zx  +  2c'xy)  -  2m  (?/£  +  zx  +  xy), 
each,  when  equated  to  zero,  being  the  equation  of  two  planes ; 
.*.  s3  —  {(sa  - m)2  +  (sZ>'  —  on)2  +  (sc'—  m)'2} s -f  2 (sa'—  m) (sZ>—  m) (5c'—  m) 

k  =  (1  _  a!2  -  b'2  -  c'2  4  2aW)  (s  -a)(s-  b)  (s  -  c)  ; 
equating  the  coefficients  gives  the  results. 
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If  a'  =  V  =  c'  =  J,  a&  +  5c  4-  ca  =  0  and  (a  4-  b  4-  c)8  =  -  \7  a&c, 
whence  s3  -  (a  +  5  4-  c)  s2  4  ^y  (a  +  b  4-  c)3  =  0,  whence  the  three 
values  of  sj(a  -4  b  4-  c)  are  §,  §  and  —  J  ;  .*.  a  =  &  =  —  2c,  &c. 

(6)  s(x2+...+  2dyz+...)-2(l-d)yz-2(l-b')zx-2(l-c')xy 
becomes  a  complete  square  if  s  =  —  1,  and  the  transformed  equation 
must  be  ax%  —  ya  —  z2  =  2cZ,  since  s  (V  +  y2  4-  z2)  —  u  reduces  to  a  com- 
plete square  for  s  =  —  1,  only  when  the  coefficients  of  yl  and  zz  are 
equal.  The  last  term  of  the  reducing  cubic,  being  a  (—  l)a,  gives 
the  result. 

(7)  Let  the  two  discriminating  cubics  be  s3  —  As  —  2B=0  and 
s's  -  A's'  -  2B'  =  0,  where  A=a2  +  b2  +  c%  B  =  abc}&c.:  when  the 
two  conicoids  are  confocal  s''1  =  s'1  +  &, 

.-.  s*  -  A's  (1  +  hsf  -  25'  (1  +  fo)8  =  0, 
and   comparing   the   coefficients   we   have   B'jA  +BjA  =  0   and 

B'-'IA'  +  B'/A^^j. 

(8)  Let  a  —  J'c'/a'  =  5  —  cV/Z>'  =  c  —  a'Z>'/c'  =  5? tnen  tne  equation 
of  the  surface  of  revolution  is  of  the  form 

s(x*  +  y2  +  z2)  +  a'b'c'(xla'  +  ylb'  +  zlc'y  +  2d'x  +  2b"y  +  2c''z  +  d=0i 

and  if  (f,  77,  f)  be  the  focus,  lx  +  my  +  nz-p  =  §  the  equation  of 
the  directrix  plane,  the  equation  is  also 

O-  gy  +  (y--i)y  +  (z-ty--(lx  +  my  +  nz-py  =  Q; 

...  Za'  =  ™Z>'  =  wc'  =  (a'"2  4-  Z>"2  4-  c"2)-*. 
sF  —  —  b'c J  a  =s  —  a  &c.  (1)  ;     .*.  s  =  35  —  a  -  b  —  c. 
s<>Z-£)  =  a"&c.  (2)  and  s(?  +  V2  +  £2-  p2)  =  <?,  (3) 
/.  by  (2)  a'  0?  4-  a")  =  J'  (sV  4-  5")  =  c'  (*f+  c")  =  ^Za' 
=  {<a"f  +  ft"?  +  c"?)  +  <*"2  +  &"2  +  <H  /0>'  +  b"/b'  +  c"/c'), 
and  «y  =  s2  (f  +  972  +  O  4-  25  (a"f  4-  b"V  4-  c"£)  +  a"2  +  b"2  +  c"2 ; 
.*•  by  (3)  5  (a"£  4-  Z>"*?  +  c"f)  +  a"2  +  Z>"2  4-  c"2  =  J  (a"2  4-  b"2  4-  c"2  -  ^). 
The  equation  of  the  directrix  is  sld  (Ix  4-  my  4-  nz  -  p)  =  0,  and 
by  (1)  sZV2  =  -  a  b'c 

and  sZa>  =  i  (a"2  4-  6"2  4-  c"a  -  sd)l(a"la'  +  b"  jb'  4-  c"/c'). 

(9)  Let  a  sphere,  centre  (9,  of  unit  radius,  intersect  the  axes  in 
ic,  ?/,  z,  the  axis  of  rotation  in  A,  and  the  lines  joining  0  to  any 
point  in  its  first  and  second  position  in  P  and  P' ;  let  (Z,  m,  w), 
<7,  m',  n'),  (X,  /*,  v)  be  the  directions  of  OP,  OP'  and  OA; 
/.P'Ax  =  <j>,  lP'AP=6,  AP'  =  AP=a,  and  take  n  the  pole  of 
AP\  then,  by  AP'Ax,  I'  =  \  cosa  4-  sina  sin^l#  cos0,  and,  by  AP^4^, 

Z  =  X  cos  a  4-  sin  a  sin  ^4#  cos  (<£  —  6),  and  cos  n#  =  sin  Ax  sin  0 ; 

.*.  l=\  cos  a4-(Z'  —  X  cos  a)  cos  0  4-  sin  a  cosllic  sin  0,  cos  a=X£'4-/i?ft'4-W, 
and,  by  Art.  24,  cosily  sina  =  /*tw'  -  vm.  Ir,  mr,  nr  and  ZV,  twV,  nV 
are  the  coordinates  of  P  and  P',  r  being  the  same  for  both. 
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Taking  the  conicoid  a.x'I+...+2dyz+...=l,  the  equation  should  be 
unaltered  when  we  write  —  x+2\(kx+fi,y+vz)  or  —  x+2\p  for  a,  &c. ; 
/.  -  Ip  [a\x  +...+  a  (fiz  +  vy)  +...}  +  4p2  (a\2+...+  2a>v  +  ...)  =  0; 

.*.  s  (Xx  +  fiy  +  vs)  e  (aX  +  c'/a  +  6V)  #  +...+..., 
which  gives  the  equation  (1)  of  Art.  418. 


XXXII. 

(1)  A  plane  through  the  vertex  contains  only  two  points  of  the 
curve  besides  the  vertex,  hence  a  straight  line  cuts  the  cone  in  two 
points  only. 

(2)  If  it  could  cut  in  more  than  n  —  1  points,  a  plane  through  it 
and  any  other  point  of  the  curve  would  cut  the  curve  in  more  than 
n  points. 

(3)  Let  P  be  the  point  of  crossing,  Q,  R  points  on  the  two 
branches  near  P,  each  conicoid  of  the  cluster  passes  through  P,  Q, 
and  P,  and  is  touched  by  the  plane  PQR  in  its  limiting  position. 
If  P'  be  a  second  point  of  crossing,  a  plane  through  PP'  and 
any  other  point  contains  5  points  of  the  base,  which  is  possible  only 
when  the  base  is  two  plane  curves. 

(4)  A  conicoid  can  be  drawn  through  the  point  P  common  to 
the  straight  line  and  curve,  six  other  points  on  the  curve  and  two 
others  on  the  straight  line,  so  that  the  line  and  curve  both  lie 
entirely  on  the  conicoid,  Art.  447. 

A  plane  through  the  line  meets  the  curve  in  two  points  besides  P, 
and  the  line  joining  the  two  is  a  generator. 

(5)  The  tangent  plane  at  P  to  each  of  the  conicoids  must 
contain  Q  and  a  point  on  the  curve  consecutive  to  P. 

(6)  Take  A,  P,  (7,  i),  E  for  the  five  points,  and  let  AE  intersect 
the  plane  BCD  in  e,  an  infinite  number  of  conies  pass  through 
P,  6',  D  and  e,  each  being  the  base  of  a  cone,  vertex  A,  of  which 
AB  is  a  generating  line,  similarly  an  infinite  number  of  cones  with 
vertex  B  and  a  generating  line  BA  pass  through  the  five  points ; 
and  each  pair  of  cones  gives  a  cubic  curve  through  the  points.  If 
six  points  be  given  only  one  conic  can  be  drawn  in  each  case. 
JSo  four  of  the  five  points  can  lie  in  one  plane. 

(7)  By  (4)  one  conicoid  can  be  drawn  containing  the  curve  and 
the  line  joining  an  arbitrary  point  0  with  any  point  of  the  curve, 
the  other  generator  through  0  contains  two  points  on  the  cubic 
curve,  the  plane  through  the  two  generators  containing  three. 
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(8)  A  straight  line  L  intersects  the  projection  in  three  points 
only,  since  only  three  points  of  the  curve  lie  in  the  plane  containing  L 
and  0  the  origin  of  projection.  Also,  by  (7),  one  line  through  0 
contains  two  points  of  the  curve  and  their  projections  coincide  in  a 
point  P,  hence  any  line  L  which  passes  through  P  contains  two 
coincident  points  of  the  projection. 

XXXIII. 

(1)  The  plane  cuts  the  curve  at  P,  Q  and  a  third  point  P,  a 
conicoid  can  be  drawn  through  P,  Q,  B>  four  points  of  the  curve, 
the  given  point  S  of  the  chord,  and  a  point  in  BS,  the  curve  will 
lie  entirely  in  the  conicoid,  BS  and  PSQ  will  both  be  generators, 
and  S  the  point  of  contact. 

(2)  By  Art.  451,  the  common  generating  line  counts  for  four 
points. 

(3)  The  given  conicoid  (A)  contains  the  five  points,  let  L  and 
U  be  two  generators  of  the  same  system ;  a  second  conicoid  (P) 
passes  through  the  five  points  and  three  on  X,  and  (A,  B)  is  the 
base  of  a  cluster,  which  is  the  cubic  curve  G  and  the  line  P;  a 
third  (P)  with  (A)  forms  the  base  of  a  cluster  (A,  P'),  which  is 
the  curve  C  and  line  L' ;  four  of  the  eight  points  common  to 
A,  B  and  B'  lie  on  L  and  L',  two  on  each,  .-.  only  four  would 
be  common  to  C  and  G\  unless  they  coincided ;  hence  for  each 
system  of  generators  there  is  only  one  cubic  curve  through  the  five 
points  on  A. 

(4)  Let  the  cluster  be  denoted  by  the  equation 

ax2  +...+  2a  yz  -K..+  2a"  x  +...+  d  +  X  (ax* -f  &y*  +  yz* -  1)  =  0, 
for  any  individual  of  the  cluster  the  centre  is  given  by 
(a  +  Xa)  f  +  c'rj  +  b'£+  a"  =  0, 
c'|+(5  +  X/3)77  +  a'£+5"  =  0, 
and  5'f  +  aV  +  (c  +  Xy)  f  +  c"  =  0 ; 
and  if  the  centre  lies  in  the  plane  Ax  +  By+  Cz  4-  D  =  0, 

AZ  +  Bv+CZ+I>  =  0. 
Eliminating  ff ,  rj  and  f,  the  result  is  a  cubic  in  X.     Hence  a 
plane  intersects  the  locus  of  the  centres  in  three  points  only. 

(5)  The  quartic  curve  lies  on  a  cubic  surface  if  that  surface 
pass  through  13  of  its  points;  a  conic  on  one  conicoid  cuts  the 
curve  in  4  points  and  lies  on  the  cubic  if  7  of  its  points  are  on  the 
cubic,  4  of  which  may  be  of  the  13;  hence  for  each  conic  3  more 
points  are  required,  making  in  all  13  +  3  +  3  =  19,  and  so  fixing  the 
cubic  surface. 
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(6)  For  the  fixed  line,  let  x  —f-Y  lr,  y  =  g  +  mr,  z  =  h  +  nr,  for 
the  normal  to  the  conicoid  ax2  +  by2  +  cz2  =  1,  the  foot  of  which  is 
(5 1  Vi  Oi  f—%+lr~  ai?  —  Oj  &c*  5  eliminating  r  and  p,  we  have 
another  conicoid  on  which  the  feet  lie. 

(7)  If  u  =  0,  u  =  0,  give  the  base,  the  condition  that  u  +  Xu'=  0 
may  be  the  equation  of  a  cone,  gives,  by  Art.  396,  four  values  of  X. 
Let  w'=0  (1),  be  one  of  the  four  cones,  P  the  polar  plane  of  its  vertex 
V  with  respect  to  u  =  0,  the  cone  enveloping  u  =  0  with  vertex  V 
has  four  generating  lines  common  to  it  and  (1),  each  of  which  has 
two  coincident  points,  and  since  these  points  lie  on  both  u  =  0  and 
u  =  0,  the  four  lines  are  tangents  to  the  base,  and  the  points  of 
contact  lie  on  P. 

(8)  Any  plane  through  0,  tbe  origin  of  projection,  contains 
four  points  of  the  base,  therefore  the  projection  of  the  base  is  cut 
by  a  straight  line  in  four  points. 

One  conicoid  of  the  cluster  passes  through  0,  and  the  two 
generating  lines  through  0  each  pass  through  two  points  of  the 
base.  Let  one  of  the  generating  lines  meet  the  plane  of  projection 
in  P,  then  every  line  through  P  cuts  the  projection  of  the  base  in 
two  coincident  points. 

XXXIV. 

(1)  X  (lx2—  my2)  +  fi  (my2—  nz2)  +  v  (nz2-  rw2)  =  0  is  the  equation 
of  any  conicoid  passing  through  seven  of  the  points  and  two 
arbitrary  points. 

(2)  Let  A,  B  and  (7,  D  be  the  points  in  which  the  given  lines 
intersect  the  conicoid,  refer  the  conicoid  to  the  tetrahedron  of  which 
AB,  CD  are  edges,  its  equation  being 

ayz  +  bzx  -I-  cxy  +  axw  +  b'yw  +  czio  =  0  (1). 
The   common  tangent  of  the  sections  by  planes  through  AB 
and  CD  must  be  their  line  of  intersection  given  by  y  =  ax,  w  —  ^z\ 
hence  the  roots  of  the  equation 

aaxz  -f  bzx  +  cax2  +  d/3xz  4-  b'afixz  4-  c'/?22  =  0 
must  give  equal  values  of  x  :  z,  or  the  equation  is 

{2cax  +  (aa.  +  b  +  a/3  +  b'aP)  z}2  =  0, 
and  if  (f ,  17,  £,  co)  be  the  point  of  contact,  eliminating  a  and  /3, 
2cl;r)  -I-  ar)£+  b^i;  +  a'^co  -f  b'rjco  =  0,    or  c^rj  =  c'£o). 
The  equations  of  the  locus  are  (1)  and  cxy  =  czw. 
Near  jD,  neglecting  the  squares  of  small  quantities  #,  y,  z,  the 
tangent  to  the   quartic  curve  at   D  has  the  equations  z  =  0  and 
ax  +  b'y  ■+  c'z  =  0  and   intersects   AB.      Similarly  for  the  points 
-4,  B  and  C. 
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(3)  Take  ABG  the  triangular  section,  OAB,  OBC,  OCA  the 
three  planes,  the  three  conies  in  which  intersect  OA,  OB,  OG  each 
in  two  points.  One  conicoid  can  be  drawn  through  these  six 
points,  and  one  more  point  on  each  of  the  three  conies ;  hence  the 
conicoid  passes  through  five  points  on  each  of  the  conies,  and 
therefore  contains  them  entirely. 

(4)  The  hyperboloid  8  intersects  the  cubic  G  in  the  quartic 
curve  Q  and  the  two  lines  L,  M  of  the  same  system,  see  Art.  458 ; 
8  and  G'  intersect  in  Q\  U  and  M'. 

i.  Let  L,  U  be  of  the  same  system ;  8,  G  and  G'  have 
18  common  points,  6  on  L,  M  and  G\  6  on  L',  M'  and  (7,  .*.  6  on 
8,  Q  and  Q'. 

ii.    Let  L,  L'  be  of  opposite  systems. 

4  of  the  1 8  points  are  intersections  of  L,  M  with  X',  M'7  2  are 
on  Q  and  L\  M\  2  on  Q  and  L,  if,  /.  10  are  on  Q,  Q. 

(5)  Let  G5  denote  a  curve  of  the  5th  degree,  83l  #,  surfaces  of 
the  third  and  second  degree,  L  a  line. 

<75,  L  lie  on  £„  £2;  0'5,  L  on  S„  S',;  S2,  8t  and  8\  have 
12  common  points. 

i.  Let  -L,  L'  not  intersect,  2  points  of  ;S"2  lie  on  I;  2  of  ^3 
on  L' ;  /.  8  on  G6  and  C"5. 

ii.   Let  L,  L'  intersect,  3  lie  on  L,  1! ;  .*.  9  on  (7S,  C6. 

iii.  Let  X,  2i'  coincide,  corresponding  to  5  points,  Art.  451 ; 
•••  7  on  C„  C5. 

iv.  i'  a  generator  of  82l  5  on  L\  2  or  1  more  on  L,  as  U  and  2/ 
are  of  opposite  or  the  same  system  ;  5  or  6  on  (75,  G\. 

v.  L'  a  generator  of  8t,  L  of  /S'/,  9  or  8  on  L  and  Z',  as  they  do 
not  or  do  intersect ;  .*.  3  or  4  on  (75,  (7'5. 

(6)  The  quartic  curve  is  the  intersection  of  the  conicoid  82  with 
a  cubic  surface  $3,  0  an  arbitrary  point  on  S2l  join  0  to  any 
point  P  of  the  curve,  and  let  OQ  be  a  generator  of  #2,  the  plane 
PO  Q  contains  P  and  three  points  on  0  Q  and  $3,  the  projection  is 
therefore  a  triple  point,  and  the  projection  of  the  curve  is  a  quartic 
curve,  as  in  xxxiii.  (8),  which  can  have  only  one  triple  point. 

(7)  Let  u  +  \v  =  0  give  the  cluster ;  when  \  =  X',  let  the  coni- 
coid pass  through  a  third  point  in  AB,  which  is  then  a  generating 
line,  ab  is  a  generator  of  the  opposite  system  to  AB.  As  the  plane 
turns  round  AB7  ab  generates  the  conicoid  u  +  \'v  =  0.  E  is  a 
point  in  the  base,  plane  abE  meets  the  conicoid  (V)  in  a  generator 
EF  of  the  same  system  as  AB,  so  that  EF  is  a  fixed  chord. 
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(8)  The  cubic  surface  must  contain  6  x  3  +  1  =  19  points.  As 
in  (5),  complete  intersection  of  S3,  S2  is  (76,  that  of  #3,  83'  is  G3',  Oa'. 

i.    CJ,  82  give  6  points  generally,  :.  (76,  C6'  give  18  -  6  =  12. 

ii.  When  C3'  E  £',  G2,  L'  a  generator  of  S^  common  to 
&,  S„  £3\  gives  6  points,  Art.  451,  <72',  S2  4  points,  Ce\  G&  8  points ; 
C2  a  section  of  S2,  common  to  82j  $3,  S3',  gives  10,  Art.  452,  L\  82 
gives  2,   <76',  (7e  6  points. 

iii.  When  <73'  =  £',  ilf,  iV',  if  of  the  same  system,  <?3',  82  give 
12  points  as  in  i;  if  one  be  of  opposite  system  G73',  82  give  13; 
.\  (76',  (7  give  6  or  5  points.  L'  a  generator  of  82  gives  6  points, 
Jf'  and  N'  each  2  or  1  point  more  ais  they  are  of  the  same  or 
opposite  system  to  L\  (76',  G&  give  8,  7,  or  6  points.  L',  M'  both 
on  S2  give  12  if  of  the  same  system,  N'  2  or  0  more,  as  of  the  same 
or  opposite  system,  (76',  C6  4  or  6  points ;  if  L\  M'  be  of  opposite 
systems  they  give  11,  and  N'  one  more,  .\  (76',  Ga  give  6  points. 

L\  M\ ,  N'  all  on  82  and  of  same  system  give  18  points,  (76',  (76 
do  not  intersect,  if  one  be  of  opposite  system,  they  give  16  points, 
and  (76',  GQ  give  2  points. 

(9)  Let  X,  M,  N  be  the  cones,  and  let  Z,  M  and  X,  iV  intersect 
in  plane  curves,  planes  intersecting  in  the  common  chord  CD ;  refer 
to  ABGD  where  A  and  B  are  vertices  of  M  and  N.  For  the 
vertex  of  Z,  fa  =  w/3,  7  =  0,  5  =  0 ;  let  Z,  ilf  intersect  in  a.  —  &/3, 
L,  N  in  ft  =  k'a.     The  equations  of  L1  M,  N  are 

(foe -i?i0)(47  +  jBS)+ £78  =  0,  (Ik-m)  /3  (Ay  +  BB)  +  CyS  =  0, 
and  <7  -  wi#)  a  (^7  +  58)  +  GyB  =  0, 
,\  iW  and  N  intersect  in  the  plane  (I  -  mk')  a  =  (lk-  m)  0. 

XXXV. 

(1)  The  tangent  plane  at  (f,  77,  f)  is  as/f  +  y\t)-\-z\%  =3,  the 
volume  oc  £77  f,  .*.  constant. 

(2)  Since  at  any  point  (£,77,  £)  of  the  surface  77?—  a  (77+ f) =077  J/ f, 
for  the  tangent  plane  «f*7?(>/?2+2//V  +  «/?')  =  a  (17?+  £?  +  f?)> 
.*.  the  intercepts  are  fa/a,  *72/tt>  £"7^- 

(3)  Art.  525.  The  normal  at  P  is  the  radius  PG  of  the  gene- 
rating circle,  whose  plane  is  inclined  at  L  0  to  that  of  zx,  draw  PM 
perpendicular  to  the  plane  of  xy,  the  projections  of  GM  and  PG  on 
Ox  are  equal,  .-.  cosa  =  sin 7  cos#,  similarly  cos /3  =  sin 7  sin  0;  the 
coordinates  of  Pare  (c  +  a  sin  7)  cos  a  /sin  7,  (c  +  asin7)  cos  yS/ sin  7, 
and  a  cos  7. 

i.   7  constant,  locus  is  two  circles  parallel  to  xy. 

ii.  a  =  /3,  0  =  i7r,  locus  is  two  circles  in  a  plane  through  Oz 
bisecting  LxOy. 

H 
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(4)  Let  Z,  w,  n  be  the  direction-cosines  of  the  normal, 

F'  O)  +  F'  (a)  dajdx  =  lp,  f  (x)  +/'  (a)  da\dx  =  fo,    &c, 

p  and  <r  being  the  same  for  the  three  direction-cosines,  eliminating 
dajdX)  the  ratios  I :  m:  n  are  found. 

(5)  For  the  projection  of  the  normal  at 

(a  cos  6  sin  a,  5  sin  6  sin  a,  c  cos  a),  got  /  cos  6 -by  \  mid  —  (a8  —  Z>8)  sin  a, 
find  the  envelope,  6  being  the  parameter. 

(6)  In  the  question,  for  a?  +  y*  +  a#  read  #2  +  z/2  +  <?2.  The 
tangent  cone  at  the  origin  is  aV  =  (c*-az)  (0^  +  3/'),  which  becomes 
x*+y**=0  when  a  =  0,  and  3S=0  when  a  =  c.  Writing  r2  for  a;s+3/2, 
and  a  =  c  sin  a,  the  equation  becomes 

(r  T  ^c  cos  a)2  =  c  sin  a  (c  cos'a  /  4  sin  a  -  2), 

the  surface  is  generated  by  revolution  of  two  parabolas  about  the 
axis  of  s,  0  =  (c*~ a2)/4a  is  the  equation  of  a  singular  tangent 
plane. 

(7)  Let  (x— a)ll=(y  — /3)lm  =  (z  —  y)ln=r  be  the  equation 
of  a  tangent  to  the  curve  of  intersection  of  the  surface  with  the 
tangent  plane  aa*z+...=  l]  since  (a,  /3,  7)  is  a  double  point  on 
the  curve,  three  values  of  r  must  be  zero, 

.*.  aa2Z  +  ...=0   and  act?  +  bfirn*  +  cyn*  =  0, 

and  if  (lv  m^  nx)  and  (78,  mt1  n8)  be  the  directions  of  the  tangents 
at  the  double  point, 

lja  :  r721w3 :  ntn9  =  (ft£3  +  cy3)jaa  :  (07s  +  ad3)jb^  :  (aa8  +  Z>/38)/c7 ; 

the  condition  of  perpendicularity  gives  the  result. 

(8)  When  z  is  indefinitely  large,  bxl  vanishes  compared  with 
the  other  terms,  and  the  asymptotic  surface  is  (x  +  y)2  =  az. 

(9)  A  straight  line  drawn  through  any  point  (#,  y,  z)  in  the 
direction  (X.,  /-t,  v)  meets  the  surface  in  two  points  at  infinity  if 
(ax-  l)\  +  by(A  +  czv  =  0  (1),  and  a\2  +  bpu2  +  cv*  =  0;  (1)  gives 
the  asymptotic  plane  containing  all  asymptotes  parallel  to  a  side  of 
the  cone  ax*  +  by2  +  cz2  =  0,  and  the  asymptotic  surface  is  the  cone 
a  (x  —  a"1)2  -f  by*  +  cz2  =  0,  of  which  every  asymptotic  plane  is  a 
tangent  plane. 

(10)  The  directions  of  asymptotic  lines  through  a  point  (#,  y,  z) 
are  given  by  \a/a?+/tf#/;&2-vs/c2=0  (1),  and  Vja^^jlJ'-  v7c8  =  0; 
but,  if  xja—yjb  and  3  =  0,  \/a  =  -  fijb~±vjc \/2,  .-.  all  the 
asymptotes  lie  in  the  plane  (1)  or  #/a -  y/bT  */2zlc—Q. 
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XXXVI. 

(1)  A  corresponding  surface  where  f  =»  x  \ja  &c.  has  the  equa- 
tion (f  +  if  +  f  a)»  -  3  (f  4-  »?2)  -  T  +  i  =  0,  and  is  generated  by  the 
revolution  about  the  axis  of  z  of  the  curve  on  plane  zx, 

(f2  +  O'-3r-?!  +  i=0,  or  (f+r-|)2  =  2(l-n. 
There  are  two  double  points  on  the  axis  of  z  at  £=±(2)~*,  the 
tangents  at  which  are  inclined  at  ±  \tt  to  the  axis;    f=±l  gives 
two   double   tangents.     The   former   generate  on  revolution   two 
conical  points,  the  latter  two  singular  tangent  planes. 

(2)  The  shortest  distance  between  two  consecutive  generators 
is  perpendicular  to  both  and  therefore  to  the  fixed  plane,  the  tangent 
plane  at  a  point  in  the  line  of  striction  contains  the  shortest  distance 
at  that  point  and  the  corresponding  generator,  hence  the  normal  is 
parallel  to  the  fixed  plane. 

If  (f j  17,  f)  be  a  point  in  the  paraboloid  at  which  the  normal  is 
parallel  to  either  asymptotic  plane  x/a^y  ^  =  0,  f  lai:r]lb2=a:±b. 

(3)  Every  straight  line  in  the  plane  x  —  0  meets  the  surface  at 
two  points  at  infinity.     See  Art.  519. 

(4)  The  plane  y  =  mx  intersects  the  surface  in  another  plane 
z  —  a  +  {z  —  b)  m2  —  0.  The  section  by  the  plane  y  =  /?  touches  the 
line  z  —  b  where  x*  =  0,  and  z  —  a  is  an  asymptote,  the  curve  lying 
between  the  two  lines  z  =  a  and  z  =  b.     When  z  is  infinite  alone, 

4J»  +  y  =  0. 

(5)  By  turning  the  axes  of  x  and  y  through  45°  the  equation 
assumes  the  simpler  form  z  (2xi ±b2)  +  2axy  =  0.  Both  surfaces  can 
be  generated  by  a  straight  line  moving  parallel  to  yz  and  intersecting 
the  axis  of  x ;  for  an  infinite  value  of  #,  the  generating  line  is  in 
the  plane  of  xy ;  for  if  z  =  —  my,  m  =  0  when  x  =  0  or  00  . 

With  the  upper  sign  m  has  a  maximum  value  a\b  sj2. 

With  the  lower  sign  as  x  changes  from  0  to  go  the  generator 
twists  from  the  plane  xy  through  180°,  crossing  the  plane  of  xz 
where  a  =  bj*J2. 

(6)  Write  the  equation  (w-c)2=4i;,  the  equation  of  the  tangent 
plane  is  (f  - x)  [u-c-2  (u-  x)}  -f  ...=  0, 

or  Z(2x-u- c)+...=  2 (x2+y*  +  z2)  -(w  +  c)w  =  u8-  ^v-cu-cu-ct. 

2  {(2y-u-  c)(2z  -u  -  c)}  =  (u-  c)2 -  4tu(u  +  c)  +  3  (w  +  c)2  =  4cf, 

(2x -u -c)  (2y-u-  c)  (2z-u-c)  =  Sxyz  +  2c (u2- c8)  =  4c2 (u -  c) ; 

.*.  the  sum  of  the  intercepts  =  c. 

(7)  Let  the  equations  of  a  generator  of  the  surface  be  x—mz-^ ay 
y  =^nz  +  b)  where  m,  n,  a,  and  b  are  functions  of  one  parameter  #, 
the  variation  of  which  gives  rise  to  the  different  positions  of  the 


52  PROBLEMS   XXXVI,   XXXVII. 

generator.  Show,  by  taking  planes  through  each  of  two  consecutive 
generators  parallel  to  the  other,  that  their  shortest  distance  is 
(AmAb  ~  AnAa)j\/{(Am)2  +  (An)2  -  (mAn  -  nAm)2} ; 
Am  =  dm  +  ^d*m  +  %d3m+... ;  and  similarly  for  Aw,  Ac?,  and  Ab] 
.*.  AraAb  —  AnAa  =  dmdb  —  dnda  +  i (dmd'lb  +  dbd2m  —  dnd^a  —  dad*ri) 
-f  terms  of  the  following  order  higher  than  the  third ;  the  denomi- 
nator is  of  the  first  order,  and  by  the  data  dmdb  -  dnda—  f(6)(Ad)* 
is  zero  for  all  values  of  0,  :.  dmd>ib-\-dbd2m—dnd'ia  —  dad2n  —  01  and 
the  numerator  is  of  the  fourth  or  higher  order,  whence  the  theorem, 
which  is  due  to  Bouquet. 

(8)  Let  P  and  Q  be  (0,  0,  c)  and  (Zr,  wr,  c),  where  Imc  =  a ; 
shew  that  the  tangent  plane  at  Q  has  for  its  equation 

(z  —  c)  Imr  =  c  (f  —  wa)  (mx  —  ly)  (1) ; 

and  at  the  surface 

(z  —  c)  xy  =  c  {lm  (V  +  y*)  —  (I*  +  w2)  xy]  =  c(lx  —  my)  (mx  —  ly)  ; 

hence,  where  the  tangent  plane  meets  the  surface 

xy  (I2  —  m2)  —  Imr  (Ix  —  my), 

a  hyperbolic  cylinder,  the  section  by  the  plane  (1)  is  the  hyperbola  $ 
the  tangent  to  the  section  at  P  lies  in  the  plane  Ix  —  my  =  0. 

(9)  Let  z  +  c  —  0,  be  the  equation  of  the  horizontal  plane,, 
(? )  Vi  ?)  the  luminous  point,  referred  to  the  axes  of  the  ellipsoid 
x*]a2  +  y2 \b2  +  z'/c2  =  1.  Putting  z  —  —  c  in  the  equation  of  the 
enveloping  cone,  vertex  at  the  luminous  point,  we  have  for  the 
shadow  the  equation 

(fK  +  V"IV  +  r/c2-  1)  (x'la?+tflb>)  =  (xt-ja'  +  ynlV  -  f/c  -  1)". 
In  order  that  the  shadow  may  be  circular,  £  or  77  must  vanish ;  let 
f  =  0,  the  equation  becomes 

(v/ft,+?*/^-i)^/a,+(r/^-i)*'/»,+2a/c+i)y»/*,=(c/c+i),i 

equating  the  coefficients  of  x2  and  y*y  (^jc2  —  1)  (a2  —  b2)  =  rf. 

rj  =  0  would  give  an  ellipse  within  the  ellipsoid.  The  square  of 
the  radius  is  dl  (?/c+  l)/(f/c—  1),  which  is  independent  of  b  for 
a  given  height  of  the  luminous  point. 

(10)  The  plane  Ix  -f  way  +  nz  =  l  touches  the  given  conicoids, 
if  I2 a  +  m*b  +  n*c  =  1  and  ZV  +  w*6'  +  nV  =  1 ; 

.-.  Z,(0cos"0  +  a'sin*0)+...=  l, 
shewing  that  the  plane  touches  the  third  conicoid. 

XXXVII. 

(1)  The  tangent  plane  to  the  torse  must  contain  tangents  to 
both  circles,  which  must  therefore  intersect  in  Ox ;  let  their  equa- 
tions   be    x  cos  6  -f  y  sin#  =  a    and    x  cos  <f>  -f  z  sin  <f)  =  c,    so    that 
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a  sec  9  =  c  sec</>  (1)  ;  for  the  plane  containing  both, 

x  —  a  sec  6  +  y  tan  6  +  z  tan  $  =  0, 
and,  when  cc  =  0,  sin#?//a-f  sin0z/c=  1,  which  is  a  tangent  to  the 
conic  y7/3  +  «77=l  (2),  if  £  sin20/a2  +  7  sin20/c2  =  X,  or,  by  (1), 
(/3  +  7)  sin20/a3  +  7  (a2  —  c2)ja2c2  =  1 ;    hence  for  all  values   of   0, 
7  =  —  (3  =  a*c*l(a*  —  c2)  and  the  torse  touches  (2). 

(2)  Writing  p2  for  x'£  -  z'\  the  equation  reduces  to 

3/(pT2a)  =  (p  +  a)2(±4a-p), 

/.  every  real  section  parallel  to  zx  consists  of  rectangular  hyper- 
bolas, the  extremities  of  the  transverse  axes  lie  in  the  curves, 

%yl  (x  +  2a)  =  (x  T  a)2  (4a  +  x\ 
which  have  conjugate  points  where  x  =  ±a  and  y  =  0,  the  corre- 
sponding hyperbola  being  a  conjugate  line  in  zx, 

(3)  The  section  of  the  asymptotic  cone  by  the  plane  at  infinity 
lias  a  double  point,  the  tangents  at  which  are  the  inflexional 
tangents,  and,  by  Art,  475,  the  surface  generally  touches  that  plane. 

(4)  By  Art.  517,  \2  =  ±yitv,  and  the  inflexional  asymptotes  are 
the  intersection  of  the  planes  ±  2x\  —  yv  —  z/j,  =  0,  and  conicoids 
6A.V  -  (yv  +  2zpy  +  3«V  *  2«2^a  =  °>  an(*  where  they  intersect 
(yv  —  zfif  $  4a3A,2  =  0.  Hence  the  hyperboloid  of  one  sheet  gives 
real  and  that  of  two  sheets  imaginary  inflexional  asymptotes. 

(5)  The  equation  of  the  polar  plane  of  a  point  (/,  <7,  A),  being 
fx/(a  +  k)  +  gyj(b  +  k)  +  &&/(c  +  k)  =  1,  involves  one  parameter, 
therefore,  by  Art.  484,  it  envelopes  a  tor3e.  The  foot  (f,  ??,  t)  of  one 
of  the  six  normals  from  (/,  #,  h)  to  the  confocal  x2\(a  +  A;')  +...=  1 
is  given  by  («+&')(£-/)/? =...=...=  p,  .-.  f  (a+&'-p)=/(a+#')  &c, 
and  the  tangent  plane  at  (f ,  77,  f)  is  fxj(a  +  k'  —  p)  +...=  1,  which 
is  one  of  the  polar  planes  enveloping  the  torse. 

(6)  The  equation  of  the  tangent  plane  to  one  of  the  confocals 
x*j(a  +  k)  +...=  1  is  lx  +  my+nz=  {/3a  + m2&  +  w2c  +  &(Z3  +  wi3  +  w2)}*, 
and  the  tangent  plane  to  the  torse  is  common  to  all  the  confocals, 
.'.  ll  H-  ml  +  n2  =  0 ;  let  m  =  il  cos  (/>,  n  =  il  sin  0,  a  point  in  the  edge 
of  regression  is  the  intersection  of  three  consecutive  tangent  planes, 
and  its  coordinates  satisfy 

x  +  iy  cos <f>  +  iz  sin  (/>  =  (a  r-  5  cos2<£  —  c  sin2<£)* 
—  iy  sin  0  +  iz  cos</>  =  (ft  —  c)  sin  <f>  cos  <f>  (a  —  b  cos2</>  —  c  sin2<£)"*, 
and  —  iy  cos  0  —  is  sin  <£  =  (&  —  c)(cos2<£— sin2<£)(a— 5  cos2$— c  sin20)_i 

—  (b  —  c)3  sin20  cos2<£  (a  —  5  cos20  —  c  sin*0)~*. 
The  coordinates  of  the  projection  on  the  plane  yz  are  given  by 

—  iy  =  (b  —  c)(a  —  b)  cos3$  (a  —  b  cos2<£  —  c  sin2$)~*, 

is  =  (6  -  c)  (a  —  c)  sin3$  (a  —  b  cos2(f>  -  c  sin2<£)~S 
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•'•  [y  V(&  ~a)]^  +  [z  *J(p  ~  a)}^  —  (J*  ~~  c)\  which  is  the  evolute  of  the 
focal  conic  y  j(b  —  a)  +  £\{c  —  a)  =  1. 

(7)  The  plane  x+y-hz  —  2  is  a  triple  tangent  plane  containing 
the  lines  of  intersection  with  the  coordinate  planes.  Transferring 
the  origin  to  the  point  (1, 1, 1),  the  equation  is  yz  +  zx  +  xy  +  xyz  =  0, 
the  new  axes  lie  entirely  in  the  surface,  and  are  generating  lines 
of  the  conical  tangent  yz  +  zx  +  xy  =  0,  but  not  double  lines  on  the 
surface.     For  the  last  part,  if  (#,  y9  z)  be  the  point  of  contact, 

I :  m  :  n  :  p  =  yz  —  1 :  zx  —  1  :  xy  —  1 :  2  (x  +  y  +  z  —  3), 

but  (zx-l)(xy-  l)  =  x(x  +  y  +  z-2)—x(y  +  z)  +  1  =  (#-1)8, 

.-.  4.joT2mn  —  (x  —  Vfjix+y  +  z  —  3)a,  &c, 

.*.  (ran)*  +  (w?)*  +  (Im)*  =  ^p. 

(8)  Take  0  for  the  origin  and  the  normal  for  the  axis  of  #,  the 
equation  of  the  conicoid  will  be 

ax2  +  by2  +  cz2  +  2a  yz  +  2&'z#  +  2c'iC2/  4-  2a"^  =  0. 

Let  the  equations  of  a  chord  in  the  plane  of  xy  be  z  =  0  and 
cue  +  $y  =  1,  /.at  the  extremities  of  the  chord 

ax2  +  %2  4-  2c'a;y  4-  2a".z  (oa;  +  @y)  =  0, 
which  gives  the  tangents  of  the  angles  subtended  at   0  by  the 
segments,  ,\  a  +  2a"a  =  Cb9  where  G  is  the  given  constant ;    simi- 
larly if  y  =  0  and  ax  -t-  73  =  1  be  the  equations  of  a  chord  in  zx, 

a  +  2aV  =  Gc. 
Shew,  by  turning  the  axes  Oy,  Oz  through  any  angle,  that  b  +  c 
is  unaltered,  .\  a  +  a'  is  constant. 

(9)  Take  x3  +  y*  =  a3  for  the  circle,  and  the  axis  of  x  in  the 
position  of  the  generating  line  when  in  the  plane  of  the  circle ;  for 
any  point  in  the  generating  line,  when  it  has  revolved  round  the 
tangent  through  an  angle  0, 

x  —  {a-\-z  cot0)  cos20  and  y  =  (a  +  z  cot0)  sin 20  (1); 
all  the  generators  pass  through  Oz,  the  line  in  which  the  surface 
intersects  itself;    the  tangent  plane  at  any  point  (0,  0,  h)  in   Oz 
is  inclined  to  the  plane  zx  at  an  angle  20,  where  h  —  —  a  tan0. 

As  in  Art.  494,  for  the  projections  of  the  shortest  distance  which 
is  perpendicular  to  consecutive  generators  (0)  and  (0  +  d6\ 

cos20&c  +  sin20oy+    tan0Sz  =  O)  ,. 

and  -sin20  8a>,+  cos20%-£  sec20Sz  =  0J ^" 

also,  by  (1),  writing  r  for  a  +  z  cot  0, 

8x  =  -  2r  sm26d9  +  Br  cos20,  %  =  2r  cos20  J0  +  Sr  sin20 ; 

.-.  by  (2)  tan  0  3*  +  oV  =  0,  2rd0  -  J  sec'0  Zz  =  0, 

and  Sr  =  cot  0  Sz  —  z  cosec30  6?0,     .*.  tan  0  8z  =  z  dd, 

whence  2r  =  s/sin20,  or  2y  =  z. 
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(10)  Prove,  as  in  Art.  495,  i,  that 

—  a*x  sin  a  +  b2y  cos  a  —  (—  c)%z  =  0, 
also  cfix  =  cos  a  +  (—  c)*z  sin  a,    bhj  =  sin  a  —  (-  cfiz  cos  a, 
whence  z ;   and  the  second  result  comes  from  z  being  a  maximum. 

(11)  Q,  the  polar  plane  of  P,  (/,  g,  #),  with  respect  to  the 
confocal  xl\(a  +  k)  +...=  1  (1),  intersects  the  torse  in  the  line  whose 
equations  are  xf\{a  +  h)  +...=  1  and  #//(a  +  &)2+...=  0  (2),  in 
which  Q  intersects  the  consecutive  polar  plane  ;  let  (a,  y\  z)  and 
(x'\  y\  z")  be  two  points  B'  and  B"  in  this  line,  the  polar  line 
of  B'B"  with  respect  to  (1)  is  the  intersection  of  xx  /(a+Tc)  +...=  1 
and  xx"l(a-{-k)  +...=  1 ;  or,  since  R'  and  R"  are  points  in  (2), 
(x-f)x'[(a  +  k)+...=  0  and  (x-f)x"l(a  +  k)+...=  0;  if  (Z,  m,  n) 
be  the  direction  of  this  polar  line  I :  m :  n  =  (y'z"—zy")(a+Jc)  :...:... , 
but  by  the  second  equation  of  (2), 

y'z"  -  zy"  :...:...=// (a  +  A;)9 :...:..., 

.-.  Z  :  ra  :  n=fl(a  +  k)  :  g l(b +  k):hl(c+ k)- 

hence  polar  line  of  P'P"  is  perpendicular  to  Q,  and  its  equations  are 

(a  +  k)  (x  -/)//=  (*  +  *)  (V  -ff)ld  =  (c  +  k)  (t  -  K)lh,  _ 
.-.  the  quadric  cone  generated  is  (b  —  c)fl(x—f)+...=  0,  which  is 
satisfied  by  (a  +  kx)  (%  —/)//=...  =  ...,  the  normal  to  any  confoca! 
through  P,  and  obviously  by  lines  through  P  parallel  to  the  axes. 

XXXVIII. 

(1)  Take  for  the  conicoid  ax1  +  by3  +  cz*  =  1,  the  polar  of  0> 
(/,  g,  h),  is  afx  +  bgy+chz—\,  that  of  P,  (f,  ??,  f),  a!jx+briy-\-c&  =  ]J 
by  the  condition  of  perpendicularity  a?fi;-t-b3g7)  +  c'>h%=0,  a  plane 
diametral  to  chords  whose  direction-cosines  are  proportional  to 
a/,  bg,  ch. 

(2)  Take  AB,  CD  of  the  fundamental  tetrahedron  for  the 
common  generators,  the  equations  of  the  two  hyperboloids  will  be 
ayz  +  bzx  +  cxw  +  dyw  —  0  and  a'y^  +...=  0;  a  generator  of  the 
opposite  system,  whose  equations  are  y  =  \x,  w  =  fizf  will  be  common 
to  the  two  hyperboloids,  if 

a\  -f  b  +  CfM  +  ^/a  =  0  and  a'X  +  b'  4  c'/u.  +  J'X/a  =  0 ; 
there  will  therefore  be  two  such,  and  the  four  intersections  with 
AB  and  CD  will  be  the  four  points  of  contact. 

(3)  Let  A  be  the  point  in  which  the  four  lines  intersect,  and 
let  a  conicoid  pass  through  the  arbitrary  points  on  three  of  the 
lines,  and  one  of  the  points  P  on  the  fourth  line,  cutting  it  in  a 
second  point  P' ;  the  polar  plane  of  A  with  respect  to  this  conicoid 
cuts  the  fourth  line  in  a  point  P,  then  AP,  AB,  and  AP'  are  in 
harmonic  progression,  and  P'  is  therefore  not  an  arbitrary  point. 
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Hence  tbe  only  conicoids  which  satisfy  the  conditions  are  cones 
passing  through  the  four  Hues,  and,  as  particular  cases,  pairs  of 
planes  each  containing  two  of  the  four  lines. 

(4)  lzx  +  myw  =  0  is  the  form  of  the  equation  of  the  conicoid 
referred  to  ABCD,  tetrahedral  coordinates.  The  polar  plane  of 
the  centre  of  gravity  (J,  J,  J,  J)  is  Ix  +  my  +  Iz  +  mw  —  0,  which 
meets  A  G  and  BD  where  x  +  y  +  z  +  w  =  0. 

(5)  The  equations  of  the  tangent  cones  at  A  and  B  are 

mzw  +  nwy  -f-  ryz  =  0  and  Izw  +  wwa;  +  rxz  —  0, 
w?.0  +  rz  =  0  is  the  equation  of  a  common  tangent  plane,  ly  —  mx  =  0 
is   that   of  the  common  plane   section,  containing  the   edge    CD 
opposite  to  the  common  line  AB.     The  six  plane  sections  meet  in 
the  point  x\l  —  y\m  —  z\n  =  'w\r, 

(6)  For  the  centre  lz-\-mw  =  nz  +  rw  =  lx  +  ny  =  mx  +  fy,  whence 
xl(r  —  ri)=yl(l--m)==zl(r  —  m)  =  wl(l-n).  If  the  centre  be  at 
an  infinite  distance  x-\-  y  +  z  +  w  —  0.  For  the  line  joining  the 
middle  points  (^,  ^,  0,  0)  and  (0,  0,  -J,  J),  x  —  \  =  y  —  \  —  —  z  —  —  w, 
:.  x  =  y  and  z  —  w^  and  the  line  lies  in  the  surface  when 

l  +  rn  +  n-i-  r  =  0. 

(7)  The  equation  of  the  tangent  plane  at  (V,  y\  z\  w)  is 

I  (y'x  +  £3/)  —  m  (w'z  4-  s V)  =  0.     (1) 

i.  At  the  points  (0,  y\  0,  w)  and  (a/,  0,  z',  0)  in  Bt),  A C, 
for  the  tangent  planes  ly'x  —  mw'z  =  0  and  Ixy  —  mzw  =  0,  and  the 
line  of  intersection  is  on  the  plane  x  +  y  +  z  +  w  =  0, 

.-.  y  J  m  =  —  w  1 1  =  1  /  (m  —  Z)  =  #'  /  772  =  —  z'  J 7, 
and  x  —y\  z'  =  w\  or  the  centre  is  in  the  line  bisecting  AB  and 
<7Z>,  see  (6). 

ii.  At  P  and  Q,  lx2  =  ly2=m.z2  =  mw2 ;  .*.  by  (1),  for  the  tangent 
planes,  (x  +  y)  >Jl±(z-\-  w)  \/m  =  0,  shewing  that  they  are  parallel. 

(8)  It  should  have  been  stated  in  the  problem  that  a  is  the 
intersection  of  the  tangent  planes  at  I?,  (7,  -D,  and  similarly  for 
&,  c,  and  d. 

Tangent  plane  at  A,  ny  +  mz+  I'w  =  0,     (1) 

B,   nx  +  lz  +mw  =  0,     (2) 

(7,  mx+ly  +w'w=0,     (3) 

jD,  l'x-\-m'y  +  riz  =  0.     (4) 

i.  Each  of  the  points  a  and  &  lies  in  the  planes  (3)  and  (4),  and 
therefore,  eliminating  x,  in  the  plane  (W  —  mm')y-  mnz-\-l'riw  =  Q, 
which  contains  A.  Also  where  Aa,  Bb  intersect,  B  is  in  the  same 
plane,  unless  a  and  b  coincide,  hence,  except  in  this  case,  //'  =  mm\ 
the  same  condition  as  that  for  the  intersection  of  (7c,  Dd. 
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When  a  and  b  coincide,  (I),  (2),  (3),  and  (4)  are  simultaneous 
equations,  the  same  as  when  the  centre  is  on  the  surface ;  thus  the 
surface  is  a  cone,  a,  6,  c,  d  in  the  vertex. 

ii.  When  the  surface  is  not  a  cone,  abed  is  a  tetrahedron  and 
W  =  mm  —  nri . 

(9)  If  the  surface  were  ruled  the  tangent  plane  at  D  would 
intersect  the  surface  in  two  real  lines,  /.  x\l-\-y\m  +  z/n  =  0  (1) 
and  lyz  +  mzx  +  nxy  =  0  should  give  real  values  of  x  :  y)  but  the 
roots  of  x3 jT  +  y' i m*  -f  xyjlm  =  0  are  impossible. 

The  centre  is  given  by  sjl  —  xjl2  =  sjm  —  y/m*  =...,  where 
s  —  x\l-\-y\m  +  %\n-irw\r,  whence,  if  x  +y  +  z  +  w  =  0, 

s(l  +  m  +  n  +  r)l(r  +  mi  +  n3  +  ri)  =  (4:S-s)l(l+m-\-  n  +  r). 

The  intersection  of  the  tangent  plane  at  D  with  ABC  by  (1) 
satisfies  the  equation  xjl  +  yjm  +  s/n  +  u;/r  =  0;  similarly  for 
A,  B,  and   C. 

XXXIX. 

(1)  Let  SA  be  a  perpendicular  from  #,  the  origin  of  recipro- 
cation, Art.  554,  and  let  a  be  the  point  which  corresponds  to  the 
plane  of  the  circle.  Join  S  to  P  any  point  in  the  circle,  and  draw 
ap  perpendicular  to  &P,  and  aQ  parallel  to  SP  meeting  AP  in  Q. 
A  plane  through  ap  perpendicular  to  SP  corresponds  to  P  and  is  a 
tangent  plane  to  the  cone  reciprocal  to  the  circle,  and  aQ  is  a 
generating  line  of  the  cone  reciprocal  to  that  cone ;  and  since  the 
locus  of  Q  is  a  circle,  the  plane  perpendicular  to  SA  is  a  cyclic 
plane,  and  aS  is  therefore  a  focal  line  of  the  cone  reciprocal  to 
the  circle. 

(2)  The  trace  of  the  reciprocal  of  the  conic  section  on  its  plane 
is  a  circle. 

(3)  Take  the  section  APB  cutting  the  focal  line  VS  of  the 
cone  in  S.  By  XXVII.  (4)  the  locus  of  the  feet  of  the  perpen- 
diculars from  S  on  the  tangent  planes  is  a  circle ;  hence  the 
reciprocal  of  the  cone  with  respect  to  S  is  a  circle  in  the  plane 
corresponding  to  F,  which  is  therefore  parallel  to  APB.  Since  P 
is  in  the  plane  containing  &,  and  the  point  corresponding  to  that 
plane  is  in  VS  at  an  infinite  distance,  the  plane  corresponding  to  P 
is  a  tangent  plane  to  the  circular  cylinder  whose  generators  are 
parallel  to  VS]  and  this  cylinder  cuts  the  plane  in  a  circle,  the 
reciprocal  of  APB  with  respect  to  S,  which  is  therefore  one  of 
the  foci. 

(4)  The  reciprocal  theorem  is  that  if  a  conicoid  circumscribe 
a  tetrahedron  ABGD,  and  the  tangent  planes  at  A  and  B  intersect 
the  opposite  faces  in  two  lines  which  lie  in  the  same  plane,  and 

I 
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therefore  intersect,  then  the  same  will  be  true  for  the  two  lines 
corresponding  to  G  and  D. 

ayz  +  bzx  +  cxy  +  dxw  +  eyw  +fzw  =  0 

being  the  equation  of  the  conicoid,  where  the  tangent  plane  at  A 
meets  BCD,  cy -\-hz  -t-dw  =  0  and  x  =  0,  and  for  the  line  corre- 
sponding to  B,  ex  +  az  -f  ew  =  0  and  y  =  0  ;  the  two  lines  intersect 
if  b\a  —  d\e>^  which  is  also  the  condition  that  the  other  two  line3 
intersect. 

(5)  The  polar  of  (f ,  77,  f)  with  respect  to  the  auxiliary  conicoid 
will  be  a  tangent  plane  to  the  surface  aa;24-...=  l,  if  its  equation 
(b%  +  c'rj)x  +*...=  1  coincide  with  ax'a?-K..=  1,  where  ax'2  +...=  1 ; 
.*.  b%  +  c'rj  =  a#',  &c. 

(6)  Let  p  be  the  distance  from  the  origin  of  the  point  (f,  rj,  f ) 
corresponding  to  the  tangent  plane  lx  +  my  +  nz=p, 

:.  %x  +  r)y  +  ty  =  pp  =  ac\ 

but  (3/2  —  lax)  /  f  =  (#£  —  2a?/)  /17,     ,\  ^x  -\-  rjy  =  0  and  §s  =  ac, 

A  s?*7  +  «(?'  +  *?3)  =  0,   or    cf  17  +  ?  (I2  +  V2)  =  0. 

(7)  Let  (y,  a,  ^)  be  the  point  0,  (7,  m,  w)  the  direction  of  one 
of  the  lines  OP,  and  let  ax2  +  by2  +  cz2  =*1  be  the  given  conicoid. 
The  equations  of  the  reciprocal  of  OP  are 

qfx+...=  l  and  alx+...=  0  (1). 

Show  that  the  condition  of  perpendicularity  is 

fll  +  g'lm  +  k'ln  =  0  (2),  where /'//==  J*1 -c^&c.  (3); 

hence  the  lines  OP  lie  on  the  cone  f  j(x  —  /)+...=  0. 

The  envelope  of  the  lines  (1),  subject  to  the  condition  (2),  has 
equations  *J(f'ax)  -+•  \l(gby)  \  *J(h'cz)  =  0  and  afx  -f  ...=  1 ;  if  this 
be  a  parabola,  its  projection  on  the  plane  xy  will  be  so  also,  and 
the  condition  is  / ' \f-Vg ' \g  +  h' 'jh  =  0,  which  is  true  by  (3). 

(8)  Let  a  plane  be  drawn  perpendicular  to  the  common  focal 
line  through  any  point  S  in  it,  S  will  be  a  common  focus  of  the 
three  sections  of  the  cones,  and  the  reciprocals  with  respect  to  S 
in  the  plane  of  the  sections  are  three  circles,  whose  radical  axes 
meet  in  a  point,  therefore  the  intersections  of  the  common  pairs 
of  tangents  which  correspond  to  these  lie  in  a  straight  line ;  hence, 
since  the  common  tangent  planes  of  the  cones  contain  these  tangents, 
the  theorem  follows. 

(9)  (f,  Vi  £>  ft))  being  the  pole  of  the  tangent  plane  at 
(x\  y'y  z,  w')j  i*x  +  rjy  —  t,z-  cow  =  0  is  identical  with 

y'x .+  xy  —  hw'z  —  kz'w  =  0,  and  xy'  =  hz'vf. 
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XL. 

(1)  Since  the  minor  axes  are  equal,  the  products  of  the  perpen-* 
diculars  on  parallel  tangent  planes  from  the  common  focus  S  are 
equal  in  the  two  surfaces ;  also  the  powers  of  the  two  spheres  which 
are  the  reciprocals  of  the  surfaces  with  respect  to  S  are  equal, 
therefore  S  lies  in  the  plane  of  the  circle  in  which  the  spheres 
intersect.  The  reciprocal  of  this  circle  is  the  cylinder  enveloping 
each  of  the  two  surfaces,  and  S  is  the  focus  of  the  section  of  the 
cylinder  by  the  plane  of  the  circle. 

(2)  Let  E  denote  the  conicoid,  E'  its  reciprocal  with  reference 
to  S;  then  there  correspond,  (i)  to  A,  B,  G  in  E,  three  tangent 
planes  to  E'  at  right  angles,  (ii)  to  the  envelope  of  the  plane  ABC, 
the  locus  of  the  intersection  of  perpendicular  tangent  planes,  which 
is  a  sphere  concentric  with  E\  see  prob.  XXII.  (8),  (iii)  to  S  and 
its  polar  plane  with  respect  to  E,  a  plane  at  infinity  and  its  pole,  the 
centre  0.  Reciprocating  back,  the  envelope  of  ABC  is  the 
reciprocal  of  the  sphere,  viz.  a  spheroid,  whose  focus  is  S  and 
directrix  plane  the  plane  corresponding  to  0,  which  by  (iii)  is  the 
polar  plane  of  S  with  respect  to  E. 

(3)  Reciprocating  with  0  for  the  origin  of  reciprocation,  we 
have  for  V,  a  plane ;  for  the  cone,  a  conic  in  that  plane ;  for  the 
tangent  planes,  points  on  the  conic;  for  VP}  VQ  and  VBf  chords 
of  the  conic ;  for  P,  Q  and  jR,  planes  through  those  chords  mutually 
at  right  angles;  for  the  envelope  of  PQR,  the  locus  of  a  point 
from  which  three  perpendicular  lines  pass  through  the  perimeter 
of  the  conic. 

If  the  equations  of  the  conic  be  ax1  +  by*  =  1,  z  =  0,  that  of  the 
locus  will  be,  by  XVI.  (12),  ax2+by'z-\-  (a  +  b)  z*  =  1 ;  the  envelope 
of  PQR  is  the  reciprocal  conicoid. 

(4)  The  tangent  plane  at  (x\  y\  z\  w)  has  the  equation 

I  (my'  +  nz'  -+■  rw')  #+...=  0, 
which  must  be  the  same  as  that  of  the  polar  a%x+..»=0  of 
(?>  Vy  Ki  a))? tDe  point  in  the  reciprocal  corresponding  to  the  tangent 
plane;  ,\  I  (my  +  nz  +  rw)  \  ag  =... ;  for  af  /Z-|-^/?n+...  write  S, 
show  that  Ix  :  my' :  nz' :  rw'  =  S -  3af  \l :  S—  Sbrj/m  :  ...,  and  that 
af*'+...=  0,  /.  '^2-3{(af/024(^/w)2+...}=0. 

(5)  See  Art.  525.  Let  0  Y  be  perpendicular  on  a  tangent  to 
the  generating  circle  in  any  position,  and  take  Q  in  0  Y  such  that 
OQ.OY^R*  \  then,  if  6  be  the  inclination  of  OF  to  the  plane 
of  ary,   OY=a+  ccos#,   0  Ql  =  r2  -f  z\  and   OQ  cos  Q  —  r, 

.-.  a2(r3  +  s2)  =  (i23-cr)2    (1)  and  r2  =  x*  +  y\ 

The   reciprocal   surface   is  generated   by  the  revolution  of  the 
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hyperbola  (1)  about  Oz,  which  it  intersects  where  z  —  E1)^  near 
which  point  let  z  =  B2/a+%-  substituting  in  (1)  and  neglecting 
f2  and  r%  cr  +  a£=  0  ;  hence  the  angle  of  the  conical  tangent  at 
the  multiple  point  is  2  tan-1  (a/c)  =  7r  —  2  tan"1  (cja). 

(6)  Let  (f ,  77,  f)  be  the  pole  of  the  tangent  plane  at  (x\  y\  z') 
with  respect  to  the  point  (a,  /3,  7),  .\  (£  -  a)  (x-  a)  +...=  i22  and 
(ax  +  c'y'  +  b'z) x  +...=  1  are  identical  equations,  hence 

f -a  =  (a#'  +  cy  +  &y)/)  &c.  (1), 
and  i2'  +  a(£-a)+...=  />  (2),    .-.  x' (£ -a)  +...=  />  (3). 

Eliminating  3/'  and  2'  from  equations  (1), 

pAx'  =  A(^a)+G'(v-0)  +  B'(^-y)&cn  Art.  391; 

the  result  follows  from  (2)  and  (3). 

(7)  If  (a,  /?,  7)  be  a  point  on  a  focal  conic,  the  reciprocal 
surface  of  the  last  problem  will  be  a  surface  of  revolution,  Art.  564, 
hence,  by  Art.  414, 

&a?  -  A-  (&y<x-  B')  (&a$  -  C)l(&fa  -  A')=...~...     (1), 

and   B'C'-AA'  =  a'Ay 

/.  {A/3y  +  a  (A'ol- B'/3- C'y)  +  a'}  / (&/3y  -  A')  =...=.... 

When  the   equations  (1)   become  indeterminate   in   particular 

cases,  as   when   the   surface  x2 ja  +  y^jb  +  zl /c=  1    is   given,    the 

second  form  of  the  condition  for  a  surface  of  revolution  in  Art.  414 

must  be  used. 

(8)  When  the  reciprocal  of  prob.  (6)  is  a  sphere, 

Aa8--4  =  A/38-£=A7'-<7,  and  A#y=.4',  Aya=B',  Aa/5=C"; 
.-.  Aa'-A^B'C'IA'  -A  =  Aa'/A\  so  that  A' ja!  =  B'\V  =  C ]c\ 
which  is  the  condition  that  the  original  conicoid  be  one  of  revolution, 
and  (Act3  -  A  +  B)  (Aa*  -  A  +  C)  =  A2/3y  =  A\ 

XLI. 

(1)  Since  the  vertex  of  any  cone  passing  through  the  inter- 
section of  the  two  conicoids  must  lie  in  the  common  generator,  the 
fundamental  tetrahedron  required  in  the  article  does  not  exist. 

(2)  u  + 1;8  =  0  and  u 4- v*  =  0  are  the  forms  of  the  equations  of 
the  conicoids  touching  that  for  which  m  =  0;  and  they  intersect 
where  v  =  ± v. 

(3)  The  equations  must  be  of  the  forms  m  +  w  =  0,  m  +  W=0, 
u  -f  vw"  =  0 ;  the  conicoids  intersect  where  v  =  0  and  w  =  w'  =  to". 

(4)  Referring  the  conicoids  to  the  tetrahedron  ABCD,  their 
equations  are  Ix1  -}-  my*  4-  nz'  +  rw*  =  0  and  l'x7  +  my*  +  riz*  +  rw*  =  0) 
and  that  of  the  cone  whose  vertex  is  A  is 

Qm!  -  I'm)  y*  +  (In  -  Vn)  z[  +  (7/  -  Vr)  w*  =  0. 
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The  tetrahedral  coordinates  of  points  in  the  plane  BCD  are 
proportional  to  the  triangular  coordinates  in  that  plane  referred  to 
the  triangle  BCD, 

(5)  Refer  to  the  tetrahedron  whose  angular  points  are  the 
vertices  of  the  cones  determined  by  the  eight  points,  the  equations 
of  the  conicoids  being  Ix*  +  my2  +...=  0  and  I'x*  +  my*  +...=  0] 
A, :  fju  will  determine  a  paraboloid  if  (7A,+  ryw,)_1+(mX,+m'/A)-1+.,.=0, 
giving  three  values. 

(6)  Let  \u-\-ijlv—0  be  one  of  the  cluster,  (/,  g,  h,  k),  (f,  #',  h\  &') 
two  points  P,  Q  in  the  fixed  line ;  let  U=  0,  V—  0  be  the  polars 
of  P  with  respect  to  w  =  0,  v  =  0,  and  let  17'  =  0,  V'  =  0  be  the 
polars  of  Q ;  the  equations  of  the  polar  with  respect  to  Xu  +  fiv  =  0 
are  \U+i*V=0  and  \U'+pV'  =  0,  .\  UV'=VU',  a.n&  U,  U\  &e. 
are  linear  functions. 

(7)  Using  the  form  of  the  general  equation  of  a  sphere  in 
Art.  588,  since  the  sphere  touches  AB,  z  —  0  and  w  =  0, 

gives  equal  values  of  x  :  y,  .*.  &pq  =  (p  4-  q  -  c2)',  whence  c  =p*+  q*, 
similarly  c  =  r*  +  5*. 

Geometrically,  The  sphere  touches  the  edges  internally,  or 
three  externally  and  three  internally ;  the  three  tangents  from  each 
angular  points  are  equal,  the  result  follows. 

(8)  Each  of  the  non-intersecting  lines  containing  three  points 
must  lie  entirely  in  the  surface,  which  cannot,  therefore,  be  a  cone ; 
let  AB,  CD  be  these  generating  lines  of  the  surface,  P,  Q  the 
other  two  points ;  a  plane  containing  AB  and  P  meets  CD  in  some 
point  D,  and  DP  meets  AB  in  some  point  P,  .\  DB  containing 
three  points  is  a  generator,  similarly  A  C  containing  Q  is  a  generator. 

Referring  to  the  tetrahedron  ABCD}  the  equations  of  any  two 
surfaces  containing  the  eight  points  are 

lyz  +  nxw  =  0  and  Vyz  +  rixw  =  0, 
and  those  of  the  polars  of  (f ,  77,  f,  u>)  are 
I  (J£y  +  r\z)  +  n  (wx  -f  %w)  =  0  and  V  ({y  + 172)  +  w'  (a>£  +  f  w?)  =  0, 

and  these  will  be  fixed  if  either  £=0,  77  =  0,  or  o>  =  0,  £  =  0,  that 
is,  when  (f,  77,  f,  o>)  lies  in  ^1D  or  BC. 

(9)  The  equation  of  a  conicoid  containing  .4P  and  CD  is 
lyz  +  mzx  +  nxw  +  ry w  =  0,  and  if  the  plane  Ax  +  By  +  Cz  +  Dw  =  0 
is  a  tangent  plane  at  the  point  (f,  97,  f,  a>),  its  equation  must  be 
the  same  as  (mf  +  nco)  x  +  (l£+  rco) y  +...=  0  ;  hence  prove  that 

f  :  rj  :  ? :  »  =  Cr-Dl:  Dm  -  Cn  :  4r  -  £n  :  JB»i  -  Al, 
and  ^£  +  £77  +  <7£+Z>a>  =  0, 

shewing  that  the  condition  of  touching  a  plane  is  a  linear  equatioa 
between  £,  m,  rz,  and  r. 
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XLII. 

(1)  Using  the  equations  of  XLI.  (4) ;  for  the  centre  of 

(l\  +  l'p)  a?3+...=  0,  Z\+  Z'/x,  =  pj x,  m\-\-mp,—  pjy^  &c., 

and  the  four  cones  are  found  by  eliminating  X  and  p,  from  any 
three  of  the  four  equations. 

(2)  As  in  XLI.  (8)  AB,  CD  of  the  fundamental  tetrahedron 
may  be  taken  as  generating  lines  containing  six  of  the  points,  and 
A  G  as  a  third  generator  containing  the  seventh  point,  the  equation 
of  the  conicoid  being  of  the  form  lyz  -f  nxw  +  ryw  =  0 ;  for  a  para-;, 
boloid  the  condition  is  Z  +  w  =  r,  and  any  two  paraboloids  intersect 
where  y  (z  +  w)  =  0,  10  (x  +  y)  =  0,  giving  the  three  generators  anc| 
a  fourth  fixed  line  s  +  w>  =  0,  #  +  y  =  0  at  infinity. 

(3)  Using  tetrahedral  coordinates,  the  equation  of  the  conicoict 
is  mzx+nxw+ryw  =  0,  and  the  first  bisecting  plane  is  x— y-z+w=-Q^ 
the  pole  being  (f ,  77,  £,  a>),  this  must  be  the  same  as 

(m%-\-  nco)  x  +  reoy  +  ini;z  -f  (n£  +  rrf)  w  =  0, 

whence  f  :  97  :  f  :  &>  =  —  r  :  rn  +  n  :  w  +  r  :  —  m, 

and  the  pole  lies  in  the  second  bisecting  plane  x- y  +  z  —  w=*0. 

(4)  Let  M—0  be  the  equation  of  the  tangent  plane  at  an 
umbilic  U  of  a  conicoid,  the  equation  of  the  conicoid  will  be 
S—M*  =  0i  where  8  is  the  equation  of  a  sphere,  8—M*  =  L*  will 
be  that  of  a  conicoid  touching  the  former  along  the  section  by 
jL  =  0;  where  M=Q,  8—L\  and  if  P  be  any  point  of  the  section, 
PM  perpendicular  to  the  intersection  of  M=Q  and  Z  =  0,  Lex:  PM 
and  8=PU\  :.  PUcc  PM. 

(5)  When  w  =  0,  the  equation  must  be  the  equation  of  twa 
planes,  and  as  in  Art.  91  the  points  of  intersection  satisfy  the 
equations  ex  +  by  +  a'z  =  Q  and  b'x  +  ay  +  cz  =  0,  from  which  the 
result  follows. 

(6)  Let  three  conicoids  of  the  cluster  be 

u  =  ax7  +  ...+  2fyz  +,..+  2pxw+...=  0, 

v  =  aV+...=  0,  w  =  a'V+...=  0, 

and  let  -4#  +  By  +  6r2  +  D10  =  0  be  the  polar  of  (#',  y\  z'}  «/),  the 
same  for  each  conicoid  of  the  cluster, 

.-.  (ax  +  hy'  +  gz' 4- pw) \ A  =  &c. 
and  two  similar  equations,  which  9  equations  cannot  generally  be 
satisfied  by  the  6  ratios  x  :  y  :  z'  :  w   and  A  :  B  :  C  :  D. 

If  (0,  0,  0,  1)  and  w  =  0  be  the  pole  and  polar  which  are  fixed 
for  all  the  conicoids,  p^  q,  and  r  vanish  for  each  of  the  three 
conicoids,  and  the  intersections  of  the  conicoids  lie  in  two  quadric 
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cones  given  by  (ax*  +  by1  +  cz2  +  2fyz  +  2gzx  +  2hxy) jd  =...=..., 
whose  vertex  is  at  D,  so  that  the  seven  points  must  lie  on  the  four 
lines  of  intersection  of  these  two  cones. 

(7)  Let  a,  @,  7,  S  be  the  lengths  of  the  tangents  to  the  sphere 
from  A,  B,  C,D;  the  tetrahedral  coordinates  of  the  points  of  contact 
with  AB  and  CD  are 

£/(<*  +  £),  «/(«  +  £),  0,  0  and  0,  0,  8/(7+  8),  7/(7+  3), 
and  ax  =  /3y,  yz*=8w  are  planes  containing  both;  ,\  ax=/3y=ryz=Sw 
is  a  point  which  lies  in  the  line  joining  the  points  of  contact  of 
AB  and  CD,  similarly  for  the  other  opposite  edges. 

(8)  The  polar  of  the  centre  (f,  rj,  £,  o>)  is  at  an  infinite 
distance,  so  that  l^  =  mr)  =  n^=rco,  and  the  centre  of  a  paraboloid 
being  at  an  infinite  distance  ^-\-rj  +  ^-\-co  =  0»  The  paraboloid  will 
be  hyperbolic  or  elliptic  as  the  equations  lx2+...=0  and  x+y+z+w=0 
give  a  real  or  imaginary  curve,  shew  from 

Ix2  +  my*  +  nz2  +  r(x-\-  y  +  zy  =  0, 
that  {(l  +  r)xJc  r(y  +  z)}2  =  lmnr(y\n  —  z\m)2. 
The  equation  of  b'c'a  is  a?  =  ^  or—  x-\-y  +  z  ±w  =  0,  which  is  a 
tangent  plane  at  a  point  whose  coordinates  are  proportional  to 
—  r1,  rrf1,  n~x,  r_1.  Similarly  for  the  planes  cab,  a'b'c  and  abc 
omitted  in  the  statement.  The  equation  of  the  plane  bcb'c  is 
x  —  y  -  z  +  w  =  0,  also  a  tangent  plane,  the  point  of  contact  being 
given  by  l~l,  —  rrf1,  —  rC1,  r-1.  The  plane  in  which  the  three  points 
of  contact  with  cab,  a'b'c,  and  abc  lie,  has  the  equation 

—  Ix  +  my  +  nz  +  rw  =  0. 

The  four  lines  mentioned  in  the  problem  all  lie  in  the  plane 
Ix  +  my  +  nz  +  rw  =  0. 

(9)  Let  ABC  of  the  fundamental  tetrahedron  be  the  plane 
containing  five  points  and  therefore  a  fixed  conic,  w  —  0  and 
Ix2  +  my2  +  nz2  =  0  ;  let  D  be  one  of  the  two  points,  so  that  the 
equation  of  the  conicoid  will  be 

Ix2  +  my2  +  nz'2  +  2w  {Xx  +  fiy  +  vz)  =  0     (1)  ; 
the  second  point  gives  a  linear  equation  between  X,  /jl,  and  v. 

Let  J#  +  2?y  +  Cz  +  Dw  =  0  be  the  equation  of  a  tangent  plane 
to  (1)  at  (x,  y ,  z ,  w),  so  that 

Ix  ■+  \w'  =  pA,    my' +  fiw' =  pB,   nz  +  vw  =  pC, 
\x  +  fiy'  +  vz  =  pD,    and    Ax  +  %'  +  Cz'  +  Dw  =  0  ; 
find  x,  y ,  and  2'  from  the  first  three  equations,  and  by  the  last  two 
shew  that  p  (A\\l+...-  D)  =  w' (\2 /1  +  ...) 

and  p(^2/Z-K..)  =  i//(^\/Z+.. .-!)), 
giving  the  quadratic  equation 

(A\ll+...-Dy  =  (A2ll+...)(\2ll+...). 
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Each  of  the  given  tangent  planes  gives  a  quadratic  equation 
"which,  combined  with  the  linear  equation  above,  supplies  four 
systems  of  values  of  A,  /*,  v. 

XLIII. 

(1)  This  property  holds  for  any  four  spheres,  Art.  137. 

(2)  The  equation  of  the  circumscribing  sphere  is,  Art.  587, 
dyz  +  ffzx  +  c*xy  +  d'xw -f  bnyw  +  c'2zw  =  0     (1). 

The  centre  0'  is  given,  Art.  589,  by  the  equations 

fy  +  Vz  +  a"v>  =  2iT, 

ex  +  dz  +  b'2w  =  2P'3, 

b*x  +  dy  +  cnw  =  2R'\ 

a"x+b"y  +  c"z  =2B"\ 

The  square  of  the  distance  from  0'  to  any  point  P,  (£,  rjy  f,  &>), 

—  d*  (x  —  f )  (w  —  a))  — ... . 

The  coefficient  of  f  is  ca#  4  b2z  +  a'27^,  =  2P'2, 

/.  OP2  =  -  P'3  +  25'"  (f  +  77  +  f+  «)  -  a2*??-  b2tf  -  ... . 

Thus,  if  P  be  (9,  (Bjp^  P/<?0,  •••)  the  centre  of  the  inscribed 
sphere,   O'O2  =  B'2  -  B2  (d  lq0ro  +  ...). 

(3)  Taking  the  four  points  as  the  angles  of  the  fundamental 
tetrahedron,  the  equation  is  of  the  form 

ayz  +  bzx  +  cxy  +  (ax  +  5y  +  c'z)  ?#  =  0. 

The  equation  of  any  plane  through  the  intersection  of  the  tangent 
plane  at  A  with  the  face  BCD  is  of  the  form 

ax  4-  cy  +  bz  -f  aV'  =  0, 

for  any  plane  containing  the  line  corresponding  to  P, 

ex  +  fiy  +  az  +  5'w?  =  0, 

and  when  these  coincide 

V  \d  —  a\b,   .*.  aa  =  W  =  cc  =a  suppose. 

Let  At  +  By  +  Cz  +  Bw  —  0  be  the  equation  of  a  tangent  plane 
at  (V,  3/',  £',  w) ;  proceeding  as  in  XLIL  (9) 

2abcx  =  —  aaw  +  pa  (—  Aa  +  Bb+  (7c),  &c, 

and  from  the  equations  x' j a  +  y'jb  +  z\ c  =  pDja-  and  Ax  +  ...  =0 
we  obtain  the  quadratic  equation 

(Aa  +  Bb  -f  Cc  -  SabcD/a)2  =  3  (2Bb.  Cc  +...-  AW  -."..)- 

The  three  given  tangent  planes  give  three  equations  of  the  second 
degree  in  a,  b}  c,  and  therefore  eight  conicoids. 
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(4)  As  in  Art.  588,  the  equation  of  any  sphere  is 

(px  +  qy  +  rz  +  sw)  (x  +  y  -f  z  +  w)  —  aiyz—...—  d2xw  —  ...—  0J 

which    becomes  px2  +  qy2  +  rz2  +  svjz  =  0  (1),    if  the   fundamental 
tetrahedron  be  self-conjugate  with  respect  to  the  sphere ; 

.*.  q+r=a%  &c.  (2),  whence  2p-\-  a2  =  b2  +  c2  and  2p  +  c"  =  b*  +  a'2, 
...  a*  +  a"  =  b2  +  b'2  =  c*  +  c'2,  also  p  =  bc  cosBA C=  a'b  cos  GAD  (3), 
hence  the  projections  of  AB  and  AD  on  AG  are  each  equal  to  AN, 
A  G  is  therefore  perpendicular  to  the  plane  BND,  and  so  to  PZ>. 

Equations  (2)  shew  that  only  one  of  p,  q,  r,  s  can  be  negative, 
and  by  (1)  one  must  be  so ;  let  p  be  negative,  therefore,  by  (3), 
and  since  also  p  =  cd  cos  BAD,  each  of  the  angles  at  A  is  obtuse. 

The  sphere  meets  AB  in  P  and  P',  where  px*  +  qy*  =  0  and 
p  +  q  =  c\  ;.q>-p,  AP\BP  =  sj(-p\q)~ AP '  j  BP ',  .\  A  is 
within  the  sphere,  which  does  not  intersect  BD,  DC,  or  GB\ 
:.  P,  C,  D  are  without  the  sphere. 

If  B  be  the  radius^  0  the  centre,  by  Art.  588  DO"'-B%  =  s)  and, 
by  Art.  101,  DO'  =  s  -  (p'1  +  q'x  +  r"1  +  s"1)"1. 

(5)  Let  ax2  +  by1  -f  cz*  +  dw*  =  0  be  the  equation  of  the  conicoid, 
Pv  P2,  P3,  P4  the  angular  points  of  a  second  tetrahedron,  and 
a:^  #!-..,  £,•-••]  ^s--->  #4»«-  their  coordinates.  The  polar  of  P2 
contains  Pt,  P3  and  P4 ;  .*.  a^3  +  ...  =  0,  axsx^  +...=  0,  and  similarly 
axixi-\-...=  0.  If  P2,  P3,  P4  be  given,  these  determine  the  ratios 
a:b:  c:d.  Also  x^  yr..  are  given  by  axixl +...*=  0,  aay*^ +...=  0, 
and  acr4£c1+...=  0,  .*.  Pt  is  not  in  an  arbitrary  position. 

(6)  Let  the  tetrahedron  satisfying  the  conditions  be  the  funda- 
mental tetrahedron  for  four-point  coordinates.  The  tangential 
equations  of  the  two  conicoids  will  be 

Z7e  aqr  +  brp  +  cpq  +  dps  +  b'qs  -f  c'rs  —  0   and    V=  Aqr  +  ^4'/?5  =  0 ; 

using  the  notation  of  Art.  568,  and  the  condition  H(\U  +  /jlV)  =  0, 
see  Art.  392,  for  determining  the  invariants, 

A'  =  A*A",  Q'  =  <2AA'(Ad  +  A'a) 

<t>  =  (Ad  +  A'a)2  +  2AA'  (ad  -  W  -  cc), 

0  =  2  (Ad  +  Ad)  (ad  -  W  -  cc% 

whence  0'  (4A'4>  —  0'2)  =  8A'80  is  true  for  any  other  fundamental 
tetrahedron. 

(7)  The  tangential  equations  of  the  two  conicoids  are  »*/ 1+ . .  .= 0 
and //?'+. ..=  0,  /.  A'  =  (I WnV)"1, 

0'  =  (k'nV')'1 4  (Z  Wr')"1  +  (I 'mnrj'  +  (I'm'h'r)-*, 
,     4>=  (ZwmV)_1-f-...,     0  =  (Vmnr)~x  -f . . .  . 

If  we  write  Z',  wi',  w*,  r  for  ?,  w,  w,  r  and  Z"/J,  m'/m,  ri*\n,  r'*jr 
for  Z',  m',  ?2',  r\  the  new  values  of  A',  0',  &c,  will  be  the  old  ones 
multiplied  by  hnnrjl'mn'r'^  .*.  the  same  relations  as  before  hold 
between  these  invariants. 

K 
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(8)  Referred  to  another  tetrahedron  with  parallel  faces  the 
equation  is  I  (x  +  a)2  +  m  (y  +  /3)2  +  w  (z  -f  7)*  +  r  (w  +  S)2  =  0,  which 
when  made  homogeneous  must  have  no  terms  in  x\  y2,  a2,  and  w2. 

hence  Z(l+2a)  =  w(l  -f  2/3)  =  k  (1  +  27)  =  r  (1  +  28) 

=  -  /a2  -  m/32  -  «73  -  r£3  =  A;, 

.-.  2a  =  £/Z-l&c,    :.  M  +  lty/l-  l)*+...=  0, 

.\  k2  (T1  +  w"1  +  n1  +  r"1)  -4&+Z  +  ra  +  w-fr  =  0, 

giving,  with  the  condition,  two  real  values  of  k. 

(9)  Taking  the  tetrahedron  as  the  fundamental  one,  the  equa- 
tions will  be 

Ue  ax2  +...+2dyz  +...+  2a  xw  +...=  0, 

VEOix'  +  /3y'  +  vz2  +  8w2  =  0. 
This  merely  interchanges  the    U  and   V  of  Art.  568,  thus  0'  is 
replaced   by  0,  which   consequently  =  aP+  /3Q  +  <yR  +  BS  in  the 
notation  of  that  article,  and,  as  shewn  there,  vanishes. 

(10)  The  equations  of  the  two  conicoids  must  be  lza+myw=0 
and  nyz  +  rxw  =  0,  shew  that  the  discriminant  of 

fjinyz  -f-  Xlzx  -f  firxw  +  Xmyw  =  0  is  f*4n*r*  4-  \*Fm*  —  2X2fi2lmnrj 

.\  4>'2  =  4ZWnV  =  4AA'. 

XLIV. 

(1)  axdx+...—  0  and  bxdx+...=  0  give  the  ratios  dx:dy:dz 
or  fj  —  x  :  r}  —  y  :  %  —  z.  The  tangent  line  at  x  —  y  =  z  is  the  inter- 
section of  the  tangent  planes  a£  +  brj  +  cf=  af1  and  b% -\-cq-\-a%=x~1. 

(2)  3/2  +  2ax  =  4a2,  a;3  +  z2  =  2a:r,  take  the  differentials  and  write 
/,  g1  h  for  x,  3/,  2,  #  — /  for  cfo,  &c. 

For  the  normal  plane  dx  :  dy  :  dz  —  g  :  —  a  :  —  (,/—  a)  gfh. 

(3)  Ja;  :  ofy  :  dz  =  (b  —  c)  a//  :  (c  —  a)  bjg  :  (a  —  b)  cjh. 

(4)  Let  7  be  the  constant  angle,  (r,  $)  the  projection  of  any 
point  of  the  curve  ;  cot  7  =  dr  cosec  a  ]rd<f>. 

(5)  Let  z  =  ct,  x  =  rcost,  y  =  r  sin  t,  r2  (cos2£/a2  +  sin2£/&2)  =  ]. 
Near  the  point  (a,  0,  0)  let  x  =  a  4-  £,  then  neglecting  terms  of  the 
order  of  ?/3  2^\a  =  -  y2  \b2  and  y\a  =  z\c\  :.  the  direction-cosines  of 
the  osculating  plane  are  as  0  :  dzd*!* :  —  dyd2%  =  0  :  c  :  —  a ;  similarly 
for  the  point  (0,  5,  ^7rc)  the  direction-cosines  are  as  c  :  0  :  —  b. 

(6)  Take  P  as  the  origin  and  the  axes  as  in  Art.  651,  PQ  =  s> 
QN:  PQ  —  PM=  s3/6po- :  ss/6p*  =  p  :  <r,  neglecting  higher  powers. 

For  the  projection  of  the  tangent  at  Q  on  normal  plane  at  P, 

(y  - s2l2p)  s2l2p<r -  (?-  s3/6po-)  */p  =  0, 

Or    ^5/2(7  -  ?=  53/4/)(T  -  53/6/3(7  =  S3/  12/90", 
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the  shortest  distance  of  the  tangents  is  equal  to  the  perpendicular 
from  the  origin  on  this  line  =  ^  QN. 

(7)  Let  p  be  the  radius  of  curvature,  x\  x  the  first  and  second 
differential  coefficients  of  x  with  respect  to  t. 

s'2  =  4  (a*  +  b2?),     s"  =  2b2t  (a3  +  bHJK 

(8)  With  the  notation  of  Art.  634,  p"z  =  x"2 '  +  y'"2  4-  z"\  :.  where 
p  is  a  maximum  or  minimum  #'V"+...=  0,  also  scV-f  ...=  0;  the 
direction-cosines  of  the  tangent  to  the  locus  of  the  centre  of  curva- 
ture are,  by  Art.  637,  proportional  to  x  +  p2x'"y  y  +  p2y'"9  z  +  p*z"  > 
and  those  of  the  principal  normal  to  x\  y\  z". 

(9)  Take  the  axes  as  in  Art.  651.     2p  =  x2\y  ultimately. 
i.   Turn  the  axes  of  y  and  z  through  an  angle  a,  so  that 

y'  =  y  cosa  +  z  sin  a,  and  x2jy  =  x2/y  cosa  =  2p  seca  ult. 
ii.   Turn  the  axes  of  z  and  x  through  an  angle  a,  so  that 
x'  =  x  cos  a  +  &  sin  a,  and  z'*  ly  =  x2  cos? a  jy  =  2p  cos2 a.  u\L 

XLV, 

(1)  The  planes  in  which  the  curves  lie  are  2=0,  #=y,  #+?/+*=a. 
The  only  points  of  the  curve  in  z  =  0  are  the  points  at  infinity 

in  the  lines  x  ±y  =  0. 

The  equations  of  the  normal  planes  at  (a?,  y,  f)  to  the  curves 
in  x—y  and  #  +  y  +  £  =  a  are 

(g  +  n-  2x)  (x  -  a)  (2z  +  x)-(£^z)(2x  +  z-a)z  =  0, 
and 
(2z+x)(y+z)  f  -  (2z+y)  (x+z)  r)  +  (x-y)  z£=  (x-y)  (Sz'z+yz+zx+xy). 

(2)  A  principal  normal  is  in  the  plane  of  two  consecutive 
elements,  if  therefore  two  such  normals  intersect,  three  consecutive 
elements  lie  in  a  plane,  and  therefore  the  whole  curve. 

Let  lx  +  my  +  nz=p  be  the  plane  in  which  the  curve  lies, 
,\  -  la  sin  0  -f  ma  cos  0  +  nf  (0)  =  0,  .\  la  sin  0  -  ma  cos  0  +  nf"  (0)  =  0 ; 
.-.  /".'  (0)  +/'  (<9)  =  0,  and/(0)  =  A  +  B  sin  (0  +  a). 

(3)  If  a  be  the  angle  at  which  the  helix  cuts  the  generating 
lines  of  the  cylinder,  x  =  a  cos  <£,  y  =  a  sin  0,  and  </>  =  0  give  the 
position  of  the  generating  point  before  unwrapping;  ad(f>  =  ds  sin  a, 
and  dz  —  ds  cosa,  .*.  £  =  s  cosa,  and  the  point  is  in  the  plane  of  xy 
and  in  the  tangent  to  the  circular  base,  at  a  distance  from  the 
point  of  contact  =  a$,  the  arc  of  the  circle  from  which  it  may  be 
supposed  to  have  been  unwrapped. 
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(4)  Using  the  notation  of  (3),  by  Art.  636,  prl=arl  sin'a,  and  by 
Art.  637  the  coordinates  of  the  centre  of  curvature  are  —  acot2occos$, 
—  a  cot'a  sin  <£,  and  a$cota;  giving  a  helix  on  a  cylinder,  radius 
acot'a,  which  will  be  the  same  cylinder  as  for  the  given  helix 
if  a  =  |7r. 

(5)  With  the  equations  of  Art.  597,  that  of  the  normal  plane  is 

—  xBin0+y  cos  0  +  nz  =  tfa6\     (1) 
at  the  edge  of  the  polar  developable,  which  is  the  intersection 
of  three  consecutive  normal  planes, 

—  x  cos  0  —  y  sin  0  —  n'a,     (2)     and  x  sin  0  —  y  cos  0  —  0 ; 
.*.  z  r=2  nadj  x  =  r  cos  0,  y  =  r  sin  0,  r  =  —  n'a. 

For  the  equation  of  the  polar  developable,  eliminate  0  from  (1) 
and  (2). 

(6)  By  XLIV.  (6)  the  equation  of  the  projection  of  the  shortest 
distance  is  17+  fs/2<r  =  0,  hence  the  angle  made  with  the  binormal 
is  5/2<7,  which  is  half  the  angle  of  torsion. 

(7)  Using  the  figure  for  Art.  603,  if  the  element  Bbe  of  the 
polar  surface  turn  about  Bby  until  it  is  in  the  plane  of  Aabt 
r  and  q  will  coincide. 

Bq  =  r,  Uq~p,  v '(f  - p*)  =  BU,  LVBU^dsja,  BU.lVBU=dp. 

(8)  By  Art.  658,  the  differential  equation  of  the  line  of  greatest 
slope  is  cydx  —  (x%  +  y%  4-  ex)  dy  —  0,  and,  if  x  —  r  cos  0,  y  =  r  sin  0, 
cd0  +  dy  =  Oj  .'.y  +  c  tan-1  (yjx)  =  constant. 

XLVL 

(1)  Let  PQ,  QB,  fig.  2,  be  two  elements  of  the  curve  in  two 
plane  facets  PQL,  BQL  of  the  torse,  from  B  draw  Rr  perpen- 
dicular to  the  plane  PQL,  Qr  is  the  second  element  of  the  curve 
on  the  developed  torse.  Draw  RM  perpendicular  to  PQ  produced ; 
PQ  is  perpendicular  to  Rr  and  BMy  and  therefore  to  rM\  the 
radii  of  curvature  of  the  curve  on  the  torse  and  the  plane  curve  are 
zzLrQM:  lRQM=rM:  RM=  cos RMr,  LRMr  being  the  angle 
between  the  planes  PQR  and  PQL. 

(2)  For  the  curve  2z  =  <J(x2  +  y%)  =  r,  .*.  for  the  tangent 

x%  +  yv  ~  %r ?=  ^  ~  ^rz  —  0>  and  axi  +  tyv  ~  2?=  2z ; 
for  the  trace  on  xy}  xg  +  yrj^O,  (a  —  b)x^  =  r-y 

.:  (a-  J)f*  =  ±V(F  +  v')- 

(3)  x  —  r  cos0,  y  =  r  sin  (/>,  r  =  a  sin#,  z  =  a  cos#,  ad0=ds  cos/3, 
rd<j>  =  ds  sin/3,  and  writing  x  for  dxjdsy  &c, 

cry'  -  yx  sb  r80'  =  r  sin  /3,  ,\  #y"  —  ya:"  =  r'  sin  /3 ; 
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also  x2  +  y*  =  r*,   .'.  xx"  -f-  yy"  =  rr"  +  r'2  —  a;'2  —  y'2  =  r  (r"  —  r<£'2)  ; 

"2     i         "2  /     "  _1'2\2     ■         '2    —2      *      2  /D 

.*.  a;    +  3/    —  (r   —  7*9  )  +  r  r    sin  p, 
and  writing  a  for  r,  0  for  <£,  z"2  +  r"2  =  (d612)2 ; 
...  3>"  +  y*  +  s"*  =  r"3  sin4/3  -  2rV1  sin2/3  +  a"2  cos4/3  +  rV  sin2/?, 
r'  =  cos  /3  cos  0 ;   .\  r"  =  —  a"1  cos3/3  sin  0,  and  r"  /  r  =  —  a-1  cos2/3 ; 
.-.  p"3  =  a"2  (sin4/3  cosec20  +  2  sin2/3  cos2/3  +  cot2<9  sin2/3  cos2/3  +  cos4/3) 
=  a"3  (1  +  sin2/3  cot26>). 

fi  =  0     the  curve  is  a  meridian,  p  =  a ; 

/3  =  i<7r  the  curve  is  a  parallel,     p  =  a  sin  0. 

(4)  Let  a  be  the  common  pitch  of  the  helices ;  any  helix  having 
a  pitch  \ir  —  a  cutting  the  generating  lines  in  the  opposite  direction, 
will  cut  all  the  former  helices  orthogqnally. 

(5)  Let  (X,  /-t,  v)  be  the  direction  of  the  normal  to  the  plane 
containing  the  perpendicular  and  the  central  radius  at  (#,  #,  z) ; 

.*.  \x  +  py  4-  vz  =  0    and   \ax  -f  fi by  +  vcz  =  0, 

also  Xdx -\-  fidy  -hvdz  =  0] 

shew  that  A.  :  p,  :  v  =  (b  —  c)jx  \  (c  —  a)/#  :  (a  —  5)/z ; 

.'.  (5  —  c)  c?.r/#  +  (c  —  a)  dyjy  -f  (a  —  b)  dz\z  =  0. 

(6)  As  in  XLIV.  (6),  the  shortest  distance  is  (8s)3/12pc7,  and 
by  Art.  643  or  656,  a  —  p  cos2a  =  ar  sin  a  cos  a. 

(7)  With  the  axes  used  in  Art.  651  the  equation  of  the  plane 
is  |  cos  a  +  rj  cos/3  4-  f  cos  7  =  0,  at  the  projection  of  P,  (#,  y,  z), 
(f— #)/ cos  a  =  (?;-#)/ cos /3==  (£-2)/ cos  7  =  — x  cos  a— 3/  cos/3  — 2;  cos  7; 

.*.,  neglecting  s3,  f  =     5  sin2a  —  cos  a  cos/3  s2/2p, 
rj  =  —  s  cos  a  cos/3  4  sin2/3  s2/2p, 
f  =  —  §  cosa  COS7  —  cos/3  COS7  s2/2p. 
The  direction-cosines  of  the  tangent  at  0  to  the  projection  are 
I  =  sin  a,  m  =  —  cot  a  cos  /3,  w  =  —  cot  a  cos  7 ; 
nrj  —m%=  —  cosa  COS7  s2/2p  sin  a, 
Zf—  ng  =  —  cos/3  cos  7  s2/2p  sin  a, 
mf  —  Z77  =  —  cos27  52/2p  sin  a ; 
.*.  the  perpendicular  from  P  on  the  tangent  =  cos  7  s2/2p  sin  a, 

OF*  =  F  +  r/24-f2  =  s2sin2a; 
.*.  the  radius  of  curvature  of  the  projection  at  0  =  p  sinsa/cos7. 

(8)  By  Art.  610,  the  angle  of  torsion  of  the  curve  is  equal  to 
the  angle  of  contingence  of  the  locus  of  the  centre  of  spherical 
curvature,  .\  ds  jpx  =  dsjcr^  also  dsjp  =  ds  jax. 
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(9)  The  locus  of  the  extremities  of  radii  of  a  sphere  drawn 
parallel  to  the  tangents  to  the  curve  is  a  small  circle,  hence  the 
tangents  are  inclined  at  a  constant  angle  to  the  radius  drawn  to  the 
pole  of  the  small  circle. 

(10)  In  the  figure,  p.  251,  a  circle  goes  round  BVUq; 
;.LUB<i  =  LUVq. 

XLYII. 

(1)  Take  P,  Q,  B,  8  any  four  consecutive  points,  0  the  fixed 
point ;  P,  Q,  P,  0  and  Q,  P,  S,  0  lie  in  the  plane  QBO}  which 
must  therefore  contain  every  point. 

Prove  that 

xdxKf-^-ydylV-^t&IQt-ift^p,     (1) 
and  that 

y  (x*  - y2)  d2y  +  z(x2-  z2)  d2z  =  3  {(xdx)2  +...}-  x2  {(dx)2  +...},  (2) 

but  (y2  -  z2)2  =  ±a4  -  x*  -  2y2z2  =  x2  (2a2  -  Zx%\ 

since     2  (y2z2  +  z V  +  x2y2)  =  a4  -  \c?  =  |a4 ; 

/.  (x dx)2  +. . .  =  p2  (2a4  -  fa4)  =  ±a,y, 

and  (dx)2  +. . .  =  p2  (6a*  -  3a2)  =  3a'V, 

and  by  (1)  and  (2)  x2yz  (dzd2y  -  dy  d2z)  =  p3  }|aV  -  3aV} ; 

.*.  xyz  {x  (dz  d2y  —  dy  dlz)  +...}=  0, 

hence  the  osculating  plane  passes  through  the  origin. 

Note.  That  the  intersection  consists  of  plane  curves  appears  by 
the  solution  of  the  equations,  for,  eliminating  z,  we  obtain 
x2  +  y2  —  \a2  =  ±xy;  .*.  x2  +  y2  —  z2  =  ± 2xy,  and  x  +y  +  z  =  0. 

(2)  Let  VA,  =  c,  be  the  perpendicular  on  the  line  AP  from  the 
point  where  the  vertex  comes,  LAVP=  0,  and  let  2a  be  the  angle 
of  the  cone ;  take  Vz  for  the  axis  of  the  cone  VA  in  the  plane  zx, 
0  coseca  is  the  angle  between  the  projections  on  xy  of  VA  and  FP, 

VP=  c  sec  0,    s  =  c  tan  0,     #  =  c  sec  0  sin  a  cos  (0  cosec  a), 

y  =  c  sec  0  sin  a  sin  (0  cosec  a),     z  —  c  sec  0  cos  a. 

Prove  that  d2xjds2  =  —  (c  sin  a)-1  cos8a  cos30  cos  (0  coseca), 

d2y/ds2  =  —  (c  sin  a)"1  cos2a  cos30  sin  (0  coseca), 

d2z  I  ds2  =     c"1  cos  a  cos30, 

and  thence  that  p  —  c  tana  sec30  cc  FP3. 

(3)  For  the  osculating  plane  at  (a  cos  0,  a  sin  0,  f) 
(x  -  a  cos  0)  (cos  0?"  +  sin  6? ) 

+  (3/  -  a  sin  0)  (-  cos  0f '+  sin  0?")  +  (*-?)  °  =  °, 
writing  J',  f"  for  a^/dfl  and  d2^\dQ2  \  and  for  the  normal  section 
2  sin0  =  y  cos0 ;  hence,  if  \,  /a,  cos  7  be  the  direction-cosines  of  the 
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line  in  question,  \/cos0  =  yL6/sin#  =  —  a  cos 7/^"; 

.-.  £"  =  acot7  and  £=ia  coty0*  +  A0  +  B. 
For  the  developed  curve  if  X  =  a0,  a£=  \  cot7X2  -f  AX  +  aB. 

(4)  In  fig.,  p.  251,  VU=ds",  AB=ds  ultimately,  and  if  p,  R 
be  the  radii  of  curvature, 

dp  =  VUsm  UVq,    dB  =  AB  sin  UBq,    dp  =  dR, 

and  L  UVq  —  L  UBq,     :.  ds"  =  ds. 

(5)  Let  Oz  be  the  axis  of  the  cylinder,  and  let  the  centre  of 
the  circle  be  in  Ox,  s=a$,  x  =  b  cos0,  3/ =  5  sin  0,  z  —  a  cos(£, 
a  sin  (p  =  b0 ;  prove  that,  by  Art.  636, 

p~*  =  b~2  cos4<£  +  a~2  sin2<£  +  a-2  cos2<£. 

(6)  Let  l^+mrj  +  n^O  be  the  equation  of  a  horizontal  plane; 
the  direction-cosines  of  its  intersection  with  the  tangent  plane  at 
(x,  y,  z)  are  as  nyjb2  —  mz\c\  &c, 

.*.  dx  (nyjb2  —  mz/c2)  +  dy  (Izjc2  —  nx/a2)  +  dz  (mx/a*  —  ly  /52)  =  0, 
and  xdxfd*  4-  ydyjb2  +  zdzjc*  =  0; 

hence,  if  u  —  lxj a* +..«,  dx\{l\pl  —  uxja2)  =...=p'2dsl  \/(l  —  p2u2)  ; 
cos\/r  =  lpx/a2 +...=  pu)    hence,  if  dyfr/dx  be  a  partial  differential 
coefficient  of  ifr, 

—  sm \jrd-ylr/dx  =  Ipja2  —  w#p3/a*  =  V(l  —p2u2)dxjds  xp/a*. 

(7)  The  equation  of  the  normal  plane  is 

2a  (f  cosd-rj  sin 6)  +  cf  =  J  (16a2  +  3c2)  cos20  +  §c8. 
From  the  two  consecutive  normal  planes,  if  16a2  4-  3c2  =  b2, 
2a  (f  sin  0  +  77  cos  0)  =  b*  sin 20, 
2a  (f  cos  0  -  77  sin  0)  =  26*  cos 2(9, 
.-.  c?=  §c8  -  f Z>2  cos20  =  6  (4a2  +  c2)  -  3&3  cos20, 
a£  =  b2  cos30,     ar;  =  &8  sin30,     .-.  £S  -f  *?s  =  (62  /  a)§. 
The  curve  is  the  intersection  of  two  cylinders,  one  on  a  base 
with    four   cusps   in   the    plane   xy,  the  other  on  a  semi-cubical 
parabola  in  the  plane  zx. 

The  two  curves  are  similar  if  &2/4a3  =  52/c2,  or  c  =  2a. 

XLVIII. 

(1)  Let  the  normal  at  P  to  the  generating  parabola  meet  the 
directrix  in  L,  and  draw  PN  perpendicular  to  the  directrix ;  the 
radius  of  curvature  of  the  parabola  =2  SP.PLjPN=  2PL  =  twice 
the  radius  of  curvature  of  the  perpendicular  normal  section. 
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(2)  ir'^p^cos'a  +  p'^sin'a  and  B'~1  =  p'1  sin8oc-f  p"1  cos2a, 

.\  B~l  cos2a  -  B'1  sin2a  =  p~l  cos  2a. 

(3)  Where  x  —  y^z^  each  —a\^  =  h  suppose,  let  cc  =  J  +  f, 
y  =  b  +  v,  z  =  b+£  Shew  that  ultimately  b(£-y-2Z)  =  S?  +  '2&, 
the  perpendicular  on  the  tangent  plane  =  (3f2  +  <2t,rj)jb\J^  and 
£?  +  ?72  +  J"2  =  2^  +  4^5'+ 5  f2,  .*.  the  diameter  of  curvature  of  the 
normal  section  through  (f ,  77,  £) 

=  2p  =  b  V6  (2T,8  +  4^?+  50/(3?!  +  2fr), 
where  p  is  a  maximum  or  minimum  the  roots  of 

2aV3^-4(p-aV3)^-(6p-5av/3)?2  =  0 
are  equal,  ,\  4  (p  -  a  V3)2  +  (6p  -  5a  \/3)  2a  V3  =  0, 

or  2p2  +  2pa  V3  -  9a2  =  0. 

(4)  Let  R  be  the  radius  of  curvature  of  the  normal  section 
through  the  given  tangent,  then,  by  Meunier's  theorem, 

B  cos ^  =  p',  <p,  .*.  cosi/r/p'  =  cos20/p  +  sin20/p'. 

(5)  Shew  that 

p-1  +  p'-1  =  p-3(P^(w  +  ?;  +  W;)-(^tt+...+  2FWrw'+...)} 

and  ^  ?  =*  ^  -  p  (0i*  +  JW  +  W),  &c 

(6)  Taking  the  axes  as  in  Art.  678,  the  projection  of  the 
indicatrix  is  given  by  2z  =  ra?  +  2sxy  +  ty2 ,  where  r  =  —  t 

(7)  Shew  that  log  (—p)  =  (wi  —  1)  (log#  -  log z), 

.*.  —rlp  =  (m-  1)  (a;-1  —  ^_1),     s/p  =  (ra  —  1)  as"1. 
At  an  umbilic  s/pa  =  r/(l  +  jt?2),   .'.  —  s-1  (1  -f^2)  =^?  (V1  —  ^f1), 
/.  p  =  —  xjz1  similarly  a  =  —3// z,  .\  x  =  y  —  z  =  alS1/m  =  b. 
Near  the  umbilic,  let  x  =  b  +f ,  y —  b -\  y^  z  =  c  +  £, 

,.    ..V3  P-Hy'  +  r       JV3 
.*.  p  =  limit  —  -z ~-  = -  . 

(8)  By  Art.  718  Cor.,  pp'  =  (1  +  o;2/a2  +  //62)2 a&. 

(9)  If  (?,  W2,  w)  be  the  direction  of  a  normal,  prove  that 
n2  =  I2  +  m2,  or  cos2#  =  sin20 ;  the  integral  curvatures  are  as  the 
surfaces  of  a  unit  sphere  cut  off  by  a  plane  distant  1  /V2  from  the 
centre. 

(10)  This  follows  from  Art.  296,  since,  for  one  of  the  confocal 
hyperboloids  through  the  point  of  contact  of  any  of  the  planes 
mentioned  in  the  problem,  1c  is  constant. 
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XLIX. 

(1)  The  general  condition  is  U* (v  +  w)+...-  2VWu-...=  0. 
JShew  that  this  reduces  to 

(y-z)(V2  +  W2)-aVW-2xU(V-W)  =  0, 
and  that   V2  +  W2  =  2x*  +  a2  (3/  +  z)\   VW=-x\ 

xU(V-  W)  =  -2ayz{2x2-a(y-z)}, 

•*•  (y  - z)  i2^  +  a\y-  *02} + ax*  +  %<*<yzxl  =  o ; 

multiply  by  y  —  zy  .*.  2?/V  +  (y  —  z)4  -  yzx2  -  8^V  =  0. 

(2)  Let  a,  /3  be  the  semi-axes  of  the  central  section  parallel  to 
the  tangent  plane  at  any  point  of  the  curve,  and  R  the  radius  of 
the  sphere,  then  a/3p  =  abc,  a2  +  /32  +  i22  =  a2  +  52  +  c2,  hence,  by 
Art.  720,  PP'  =  a2j32lf  x  f\  p  +  p'  =  (a2  +  /32)/p  cc  f\ 

(3)  With  the  axes  of  Art.  678,  2z  =  x*j p+y* / p.  Let  the 
generators  be  inclined  at  an  angle  a  to  Ox,  and  let  R,  R\  p,  p'  be 
the  radii  of  curvature,  then,  ultimately,  2Rz  ==  (jc  sin  a  -  y  cos  a)2 
is  the  equation  of  the  enveloping  cylinder,  and 

xl I p  4-  yl I p  =  (x  sin  a  —  y  cosa)2/-B 

must  give  equal  values  of  a? :  3/ ; 

/.  R\pp  —  sin2a/p'  +  cos8a/p, 

and   jS' -1  =  cos'a /  p  +  sin2a \p  =R\pp . 

(4)  At  an  umbilic,  prove  as  in  XLVIII.  (7)  that  p  =  —  x/z, 
q  —  -y\z,  and  thence  that  x%\ah  =  yljbh  =  zi/cb  =  (a  +  b  -f  c)"1; 
shew  also,  by  comparing  the  tangent  planes  to  the  surface  and 
sphere,  that  at  their  point  of  contact  xl / alR  =  y\ \ MR  =  z% \  c*R. 

The  point  of  contact  is  an  umbilic  if  RT1  =  a  +-  b  +  c. 

(5)  As  in  (2)  pp'  =  a2/32//  =  aW//. 

(6)  The  integral  curvature  is  the  whole  surface  of  the  unit 
sphere  less  the  two  portions  included  between  the  two  sheets  of  the 
cone  reciprocal  to  the  asymptotic  cone  =  47ra/V(a2  +  c2). 

(7)  This  is  to  find  the  envelope  of  a  plane  x^/ai-yrjlb-^  sf/c  =  0, 
subject  to  the  conditions  x2  ja-\-y2  jb  •\-zijc=\^ 

and  x'il(a  +  k)+y*l(b  +  k)  +  z2l(c  +  k)  =  1, 

its  equation   is   (a  +  k)  f2  ja  +  (b  +  k)rj2 jb  +  (c  +  h)  f*/c  =  0,    which 
gives  a  surface  meeting  the  ellipsoid  in  a  sphere. 

(8)  Let  the  line  of  curvature  be  the  intersection  of 

x*/a+...=  1  and  xl\{a  —  U)  +...=  1, 
so  that  y*(b-a)lb(b-k)  +  z'2  (c  -  a)jc  (c  -  h)  =  1, 
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and  let  a  be  the  inclination  of  a  circular  section  to  the  plane  of  xy ; 
take  77,  £  the  coordinates  in  the  cyclic  plane  of  the  projection, 
y  =  rj  and  z  —  f  sin  a,  and  b  (a  —  c)  sin2a  ^=c(a  —  ft);  shew  that 
£*l(k—c)—7]zl(b—k)  =  hl(a-b),  a  conic  the  square  of  half  the  distance 
of  whose  foci  =  b(b-c)l(a  —  b);  for  the  umbilics  (a  —  c)z'2=c(b-c) 
and  for  their  projection  J 2  =  s'2  cosec2a  =  b(b- c)l(a  —  b). 

(9)  At  every  point  «#=rcos0,  ?/  =  rsin#,  z  =  a0,  shew  that 
p  =  —  asin0/r,  q  =  acos0lr-j  then  the  equations  of  the  normal  are 
r(f-rcos0)-asin0(f-a0)  =  O,  r(^-r sin<9)  +  acos0(£-a0)=O;  (1) 

.'.  f  cos  0  +  77  sin  0  =  r,  r  (£  sin  0  —  97  cos  0)  =  a  (f  —  a0).  (2) 

For  the  lines  of  curvature  consecutive  normals  intersect, 

/.  -f  sin  0  +  77  cos  0  =  dr/d0,  (3) 

r  (f  cos  0  +  77  sin  0)  +  (f  sin  0  —  77  cos  0)drjd0  —  -  dl ; 

.*.  (drjd0y  =■  r*  +  a2,  and  so  r/a  =  sinh  (0  +  7). 

By(l)p2  =  (a*lr2+l)(£-a0y  =  (d'  +  ryia%  by  (2)  and  (3), 
whence,  if  r  be  constant,  p2  will  be  constant. 

(10)  Let  the  equations  of  the  helix  be 

x  =  a  cos  0,   y  —  OL  sin  0,   z  =  a0  tan  a, 

and  let  the  tangent  at  a  point  P  meet  the  cylinder,  radius  J,  in 
the  point  Q,  where  x  =  b  cos  0,  y  —  b  sin  <£>, 

,\  (b  cos  ^  —  a  cos  0)  /  —  sin  0  =  (b  sin  0  —  a  sin  0)  /  cos  0  =  z  cot  a  —  a0, 

hence  Z»  cos  ($  —  0)  =  a  =  Z>  cos/3,  <j)  =  0  +  /3,  z  cot  a  —  a0  =  b  sin/3. 

For  the  osculating  plane,  which  is  a  tangent  plane  to  the 
surface,  a?  sin0-?/  cos  0  +  z  cot  a  —  a0  =  O  (1)  ;  and,  for  the  equation 
of  the  surface,  eliminate  0  from  (1)  and  the  equation 

x  cos0  +  y  sin0  =  <2  (2). 

Take  (x  -f  $x,  y  +  hy,z  +  Sz),  corresponding  to  0  +  50,  a  point 
in  the  direction  perpendicular  to  the  generating  line,  so  that 
—  Bx  sin  0  +  By  cos  0  -f-  Bz  tan  a  =  0,  (3)  then  2p  the  principal  finite 
radius  of  curvature  is  the  limit  of 

{(Bx)2  4-  (By)2  +  (Bz)2}  /  (&»  sin  0  -  By  cos  0  4-  Ss  cot  a)  sin  a. 
By  (1 )  and  (2),  or  by  the  equation  of  the  tangent  to  the  helix  at  P, 
x  =  —  (z  cot  a  —  a0)  sin  0  +  a  cos  0, 
y=     (z  cot  a  —  a8)  cos0  -f  a  sin  0, 
shew  that  &c  =  u  cos  0  +  v  sin  0,  S^  =  u  sin  0  —  v  cos  0,  where 
w  =  -(>cota-a0)S0+|a(S0)2,  t?  =  -&scota  +  i(s  cota-a0)  (S0)2}, 
.-.  by  (3)  Bz  tan  a  =  J  (a  cot  a  —  a0)  (B8)2  —  Bz  cot  a, 
.-.  at  Q  (Bx)' +  (By)2 +(Bz)2  =  b2  sin2 /3(B0)2  ultimately, 
and  Bx  sin  0  -  By  cos  0  -f  £2  cot  a  =  J5  sin  /3  (S0)a, 
.\  p  =  a  tan  /3  cosec  a. 
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L. 

(1)  The  squares  of  the  semi-axes  of  the  central  section  parallel 
to  the  tangent  plane  at  (a,  /3,  7)  are  given  by  aV/(l  —  ar*) +•••=(), 
Art.  237,  and  at  the  centres  of  curvature  which  are  in  the  normal, 

(x  -  a)/aa  =  (y-  &)jb&  =  (s  -  7)/ 07  =  -  r\  Art.  721, 

/.  x  =  a  (1  -  ar2),  y  =  ft  (1  -  br2),  t  =  7  (1  -  cr'2), 

and  (a?  -  a)2  a/*  +  (y  -  /3)2  /%  +  (z -  7)2  7/s  =  0. 

(2)  Transfer  the  origin  to  (x,  y,  *),  and  writing  f  -f- a?,  17 +  y 
for  a;,  3/  and  ;?f +  ^  +  (r{2+ 2sf?7  +  ^2)...+  ^  for  s,  the  resulting 
equation  must  be  identically  true  neglecting  powers  of  £,  r\  higher 
than  the  second ;  equating  the  coefficients  of  £2,  (•  17,  ^2  to  zero,  each 
term  of  the  given  result  is  —  b'x  —  ay  —  cz  —  c". 

(3)  4  (1  +f  +  a2)  (rt  -  s*)  =  {(1  +  <?2)  r  -  2^  +  (1  +/)  *}*, 
let  r  =  a  (1  +_p8),  *  =  >S  (1  +  ^2),  s  =  7^ ;  prove  that 

4  (1  +/+  2*)  «/3  =  (1+/ )  (1+2")  (a + $T  -  W  («  +  £)  7  +  ¥  W  =  °> 
thence  that  (1  +  p2  +  £2)  (a  -  /3)2  +  p'tf  (a  +  £  -  27)3  =  0,  .'.  a  =  j3  =  7. 

(4)  Prove  that  the  expression  for  pp  in  Art.  718,  Cor. 

=  \bc  (1  +  4?/2/&2  +  4s2/ c2)'  =  \bcx'\p\ 

(5)  Shew  that  the  angle  between  the  tangent  and  the  axis 
of  x  =  d,  that  dsjdd  the  radius  of  curvature  =«  cot#,  and  that  the 
normal  cut  off  by  Ox  =  y  sec  6  =  a  tan  6.  Hence,  the  specific 
curvature  is  a~'\ 

(6)  The  integral  curvature  is  the  portion  of  the  surface  of  the 
unit  sphere  included  between  two  parallel  planes,  whose  distances 
from  the  centre  are  cos  a  and  cos/3. 

(7)  Along  the  curve  of  contact  the  normals  are  perpendicular 
to  the  tangent  planes  of  the  cone,  hence  the  horograph  is  formed 
by  the  reciprocal  cone  whose  vertical  angle  is  it  —  2a. 

(8)  Let  PQR  be  consecutive  points  of  a  line  of  curvature, 
Pp,  Qq,  Rr  lines  of  curvature  lying  in  parallel  planes ;  normals  at 
P  and  Q  intersect  in  0,  at  Q  and  R  in  0',  the  plane  POQ  is 
perpendicular  to  the  tangent  at  P  to  Pp,  and  therefore  to  the  plane 
of  Pp,  QO'R  is  perpendicular  to  the  plane  of  Qq,  hence  POQ  and 
QO'R  lie  in  the  same  plane,  which  proves  the  theorem. 

(9)  For  the  paraboloid  pz'1  =  x~\  qz'1  —  —  y~x,  and  writing  p,  q 
for  p,  q  in  the  last  two  surfaces,  viz.  r±r'  =  constant  (1), 

xf~l ±  (x  +  pz)  r'1   and  yr'1  ±  q'zr'~l  =  0,  whence  pp'  +  qq  +  1  =  0, 

and  if  p\,p\  be  the  two  values  of  p,  p\p\  +  q\q\  +1=0. 

By  (1)  the  second  theorem  is  true. 
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(10)  Let  the  given  line  (x  —  oi)ll=(y-l3)lm=(z  —  y)ln  =  r 
intersect  the  conicoid  afja+y2 jb  +  z  jc=  1  (1),  where  r  =rx  and  r  ; 
if  the  normals  at  these  points  intersect,  they  and  the  given  line  will 
lie  in  one  plane  A  (x-oC)ll  +  B(y-  ft)lm  +  G(z  -7)/n  =  Q, 

.*.  A(a  +  lrl)lal+...=  0   and   A  (a  +  Zr8)/a^  =  0, 

hence  v.A\al-\- fiBjbm  +  yC jcn  =  0, 

A\a  4    P/6    +    C/c    =0, 

and     J.      +    B       +    (7        =0, 

/.  (b-c)all+(c-a)film  +  (a-b)yln  =  0     (2), 

and  this  condition  is  the  same  for  all  the  confocals. 

Let  a  chord  PR  of  a  confocal  to  the  conicoid  (1)  touch  it  in  Q. 
If  the  normals  at  P  and  R  intersect,  those  at  the  two  points  which 
ultimately  coincide  in  Q  will  also  intersect,  that  is,  PQ  will  be  a 
tangent  to  a  line  of  curvature  on  (1).  The  two  conditions  to  be 
satisfied  are  (2)  and  (a2/a+...—  1)  (I2 /a +...)  =  (7a/a-h..)2,  giving 
four  directions  for  PQ. 

LI. 

(1)  The  consecutive  point  to  P,  (#,  0,  «),  must  be  on  the 
normal  section  perpendicular  to  the  given  principal  section,  the 
radius  of  curvature  of  that  normal  section  is  b*lp,  Art.  72Q,  an4 
the  centre  of  curvature  (f ,  0,  f)  is  in  the  normal  at  P, 

/.  (f  -  x)  a2\x  =  (?-  0)  c2  /a  =  -  52, 
hence,  since  #3/a2  +  s2/c2  =  1,  the  locus  required  is 

a2f  I  (a2  -  b2)2  +  c2f  7(Z>2  -  c2)2  =  1.     (1) 
At  an  umbilic  the  two  centres  of  principal  curvature  coincide  in 
a  point  on  the  evolute  of  the  principal  section.     Shew  that  the 
equation  of  the  normal  at  an  umbilic  is 

a%ls/(a2  -  Z>2)  -  cf  /  V(&2  -  c2)  =  VO2  -  c3), 
and  hence  that  the  normal  touches  the  ellipse  (1)  as  well  as  the 
evolute. 

(2)  By  Art.  7 10  (3),  since  u  =  v  =  w  =  0, 

shew  that  wVys  =  ax2  (y  +  2),   £fo  =  a?/2,  &c, 
.%  VW:WU:  UV=x2:y2:z\ 

(3)  Let  P6r  be  the  normal  at  P  to  the  generating  curve,  yjr  its 
inclination  to  the  axis,  then  p .  PG  =  a2, 

.*.   2/  cosec  ^  a  cfdyfr  /  Js   and  ydy  =  a?  sin  >/r  cos  -v/r  efyr, 

.\  y*  =  a2  sin2i/r  +  52   and  yp  =  a2  sin^r,  where  b  is  constant. 

If  ^r  =  0  when  y  —  0,  then  5  =  0,  .*.  p  =  a2  singly  =  a. 
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(4)  Let  consecutive  generators  cut  Ox  in  P  and  P',  OP  —  x, 
OP '  =  x  +  cfo,  and  let  P' Q  =  r  be  the  distance  of  a  point  Q  near  P ' 
on  the  generator  P'Q]  the  coordinates  of  Q  are 

f  =  x  +  &r  +  r  cos  (0  +  80),     77  =  r  sin  (0  +  86)  cos  (i/r  +  8\Jr), 
f  =  r  sin  (0  +  86)  sin  (^  -f  8yfr). 

The  equation  of  the  tangent  plane  at  P,  containing  P'  and  the 

generator  through  P,  is  f  cos  i/r  —  rj  sin  -v/r  =  0,  the  perpendicular  on 

it  from  Q  =  r  sin  (0  +  86)  8f,  and  P#2  =  (8x  +  r  cos  0)2  +  r2  sin2<9  ult., 

.-.  2p  =  limit  of  {(&c)3  +  2r8x  cos  6  +  r2)jr8^r  sin0, 

.-.  (dxjdfy  +  2  (cos  ddx  J df  -  p  sin  0)r/Si/r  +  (r/S^)2=  0, 

which  has  equal  roots,  when  p  is  a  maximum  or  minimum, 

.'.  (cos  6 t+l)dx I dyfr  =  p  sm  6. 

(5)  Let  P,  (r,  0,  2),  be  a  point  in  the  generator  PP,  (r  +  8ry 
0  +  80,  z  +  8z)  a  consecutive  point  Q\  for  the  tangent  plane,  which 
is  RPQ  ultimately,  f  —  z  =  rj  dzjr  d6  =  r)r~xf (6),  where  77  is 
measured  perpendicular  to  PRz ;  the  perpendicular  from  Q  on  the 
tangent  plane  for  which  77  =  (r  -f-  Sr)  8#,  neglecting  terms  of  the 
third  order,  and  writing  u2  for  r*  +  {/"'  (0)}\  is 

{r  &?  -/'  (0)  (r  +  Sr)  80}  w"1  =  {\rf  (0)  (80)2  -f  (6)  8r80}  u\ 

;.  W-V  =  limit  of  {(8ry  +  u2 (80)*}  J [rf" (0)  (80)* -2f' (0)  8r80], 

hence  (drjdO)2  +  2/'(0)  pux  dr)d6  +  u*  -f"  (0)  rpu1  =  0 

gives  equal  values  of  drjd0,  when  p  is  a  maximum  or  minimum, 

(6)  By  Art.  718,  Cor.,  pp'  =  (1  +  f  +  2*)7(r*  -  s3), 

pz~x  +  cc"1  =  0,     rz~x  =  ^ Va  +  a;-2  =  2x~%     sz  ~x  =  pqz'2  =  i^"1, 

(r*  -  s2)  z-2  =  3^-y2,     (1  +  p'  +  ^)  a""  =  x~*  +  3f 3  +  z\ 
The  equation  of  a  tangent  plane  at  (x,  y,  z)  is 

therefore,  if  «r  be  the  perpendicular  from  the  origin, 

9ct-2  =  af3  +  y~2  +  z~%  and  pp  =  Ja;ys2.8lCT"4oc   gt~4. 
At  an  umbilic,  by  Art.  719,  z  =  y  =  2  =  (a5c)J, 
/.  3ot~2  =  af 2,     pp'  =  Sx2  =  3  (afcc)f . 

(7)  The  normals  at  points  in  the  curve  of  contact  of  a  circum- 
scribing cylinder  are  perpendicular  to  the  direction  of  the  axis, 
hence  the  horograph  for  each  portion  is  a  great  circle. 

Hence,  the  horograph  for  each  of  the  eight  portions  of  the 
ellipsoid  cut  off  by  the  curves  of  contact  is  a  spherical  triangle. 
Let  ABC  be  one  of  these  triangles,  P,  Q,  R  the  poles  of  PC,  CA, 
AB  on  the  hemisphere  containing  the  opposite  angles,  and  let  the 
angles  Q  OR,  R  OP,  PO  Q  be  a,  /3,  7 ;  the  angles  of  the  triangle 
ABG  will  be  it  -  a,  ir  -  /3,  ir  -  7 ;  the  integral  curvature  of  the 
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corresponding  portion  of  the  ellipsoid  will  be  2ir  —  a  —  @  —  7 ;  the 
remaining  portions  of  the  lunes  will  be  /3  +  7  —  a,  7  +  a  —  /3,  and 
a+/3  -7;  their  sum  being  27r,  which  is  the  area  of  the  hemisphere. 

(8)   If  (#,  if,  z)  be  an  umbilic,  the  radii  of  curvature  of  all 
normal  sections  through  it  will  be  equal. 

The  equation  of  the  tangent  plane  at  (a?,  3/,  z)  i3 

ax2  (|  -  x)  +  by2  (v~y)  +  cz2  (f  -  z)  =  0, 
and  the  perpendicular  upon  it  from  an  adjacent  point,  whose  coordi- 
nates are  £c  +  \s,  y  +  fis,  z  +  vs,  is  (ax2\  +  ...)sj\/(a2x4'  +...), 
but  a  0  +  s\)3  +  &  (3/  +  s/1,)3  +  c  (3  +  sv)3  =  k2 ; 
.*.  (W\  +...) s  +  (a#X2  +...) s2  +...=  0, 
hence  the  radius  of  curvature  of  the  corresponding  normal  section 

=  1  limit  s*  V(«V  +•••)/ (ax^2  +  •  •  •)  5*> 
which  is  independent  of  the  direction  (\,  /*,,  v)  if  ax  =  by  =  cz=*  <r, 
where  cr3  (a-2  +  b~*  +  c~2)  =  F,  giving  the  umbilic. 

For  the  normal  at  the  umbilic  (f  —  era-1)/ cr2a_1  =...=... ; 

.*.    al*  =  br)  =  c£  =  <r\ 

and  this  must  intersect  the  normal  at  a  consecutive  point,  whose 
coordinates  are  aa~x  +  s\  ab~l  +  s/-t,  crc-1  +  sv, 

(V  —  cr)  a"1  —  s\       (V  —  o-)  &"1  —  s/jl       (V  —  <r)  c~l  —  sv 

~a  (aa~l  +  sXf  b  (ab'1  +  s/1,)2  c  (cc*  +  *v)*    ' 

&//.  —  a\  ci>  —  a\ 

""'  2c  (a\  -  fy*)  +  5  (aV  -  &V)  =  2<r  (a\  -  ci/)  +  5  (aV  -  cV)  ' 

whence  aX  =  6/x,  or  aX  =  cv,  or  s  (a\  +  &/<&)  =  s  (aX  +  cv),   i.e.  b/j, = cv, 
which  give  the  three  directions  required. 

(9)  The  polar  of  (/,  0,  0)  with  respect  to  one  of  the  confocals 
cc8/(a +  &)+...=  1,  \^  fx  —  a  +  k^  hence  the  locus  of  the  points  of 
contact  has  the  equation 

xlf+y*l(fx-a  +  b)  +  z'l(fx-a  +  c)  =  l;    (1) 

corresponding  to  the  point  (0,  g,  0),  the  equation  is 

^l(gy-b  +  a)+ylg  +  z"l(gy-b  +  c)^l;     (2) 

subtracting,  we  have  the  two  factors 

i.     gy-b-fx  +  a  =  0, 

ii.     (fx  -  a  +  b)  xjf+  (gy  -b  +  a)ylg  +  z*  =  0. 

Case  i.     *//+y/#  +  z2\(fx-a-\r  c)  =  1, 

or  x2  +  y'z  +  z2  -(a  —  c)  x\f—  (b  —  c)  yjg=fa  —  a  +  c  or  gy  —  b  +  c, 

which  gives  a  circular  section. 

(7ase  ii.     x2  +  y2  +  z2  -  (a-b)  (xjf  -  y  jg)  =  0, 
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and,  by  eliminating  z2  from  (1)  and  (2), 

(c-a){^-(a-&)//}4(^ 

whence  the  remainder  of  the  intersection  is  a  sphero-conic. 

To  prove  that  the  surfaces  (1)  and  (2)  cut  orthogonally  at  the 
circular  sections,  shew  that,  writing /#  —  a  =  a=gy  —  b,  the  direction- 
cosines  of  the  normals  at  (x,  y,  z)  are  as 

r-9"~  «"/(»  + o)' :  *\fg  :  2«/(<r  +  c)/, 
and  2jfg  :  ^-./-"-^/(a  +  c)'  :  2zl(<r  +  c)g. 
Note,   The  book  makes  the  theorem  too  general. 

(10)  At  the  line  of  separation  the  product  of  the  principal  radii 
of  curvature  changes  sign,  .*.  rt  —  s2  =  0,  and  one  of  the  radii  becomes 
infinite,  Art.  718.  Take  the  origin  at  any  point  of  the  line,  Oz  the 
normal,  xOz,  yOz  planes  of  the  principal  normal  sections,  the 
equation  of  the  surface  near  the  origin  is 

2z  =  ax2  +  lxz  +  3cx2y  +  Sdxy2  +  ey*, 

since  the  coefficient  of?/2  vanishes;  shew  that  rt  —  s*  =  3a  (dx  +  ey)  + 
terms  of  higher  order,  hence  dx  +  ey  =  0  gives  the  tangent  to  the 
boundary ;  the  tangents  to  the  lines  of  curvature  are  Ox  and  Oy, 
therefore  they  are  not  generally  tangents  to  the  boundary. 
The  inflexional  tangents  are  x2  =  0,  and  therefore  coincide. 

LII. 

(1)  Let  the  equation  of  the  surface  be  z=f{p),  where  p'=x2+^2, 
the  condition  gives  (1  -f  q2)  r  —  2pqs  +  (1  4  p2)  £  =  0,  deduce  from 
this  that  /'  00  +  Pf"  00  +  {/'  (p)}>  =  0, 

and  rf {/•<>)}-/* --»P-[1+- If  0»)H, 

whence  /'  (p)  =  c/ V(/oa  —  c0?  where  c  is  constant ; 
/.  s  +  a  =  clog{p/c  +  V(p7cJ-l)}  and  2p/c  =  e^^  +  e"^^. 
Geometrically,  the   catenary  is   the  only  curve  for  which   the 
normal  is  equal  to  the  radius  of  curvature  in  the  opposite  direction. 

(2)  Fig.  3.  Let  PQ,  QR  be  small  elements  of  the  plane  curve, 
P,  Q  being  points  on  consecutive  generating  lines  of  the  torse,  QS 
the  generator  through  Q",  produce  PQ  to  T  and  draw  MET 
parallel  to  QS,  QM  perpendicular  to  RT-,  turn  QMRT  about  PS 
to  the  position  QM'R'T'  in  the  facet  of  the  torse  consecutive  to 
PQS.  LRQT  and  lR'QT  are  ultimately  the  angles  of  contingence 
of  the  plane  and  bent  curves,  draw  Rt  perpendicular  to  QT  and  join 
R',  t,  therefore  Rtj  QR  =  QRjp,  and  R'tj  QR'  =  QR'jp, 

also  MM'jQM  =  RR'jQR  sin 6  =  QR  sin0/i2, 

and  since  R't2  =  Rt2  +  RR'\  and  QR'  =  QR  ultimately, 

p'-2  =  /9-2  +  sm40ir2. 

(3)  Let  consecutive  generating  circles  cut  Ox  in  P  and  Q, 
OP=Xj  OQ  =  x  +  p86-  the  tangent  plane  at  P  contains  Ox  and 
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the  tangent  to  the  circle  (P),  hence  its  equation  is  z  cos0+y  sin0=O ; 
take  a  point  R  in  the  circle  ( Q)  near  §,  in  fig.  4,  let  Qy\  Qz'  be 
parallel  to  Oy,  Oz,  and  let  LQCR  between  the  radii  OR,  CQ  be  $, 
if  y\  z'  be  coordinates  of  P, 

y  =  CQ  sin  (0  +  80)  -  OR  sin  (0  +  30  +  ft, 

z  =  CQ  cos(0  +  80)  -  OP  cos(0  +  8(9  +  ft), 

the  perpendicular  from  P  on  the  tangent  plane  at  P 

=  (r  +  3r)  {cos  80  -  cos  (30  +  0)}  =  Jr  (2080  +  ft)  ultimately, 

and  PP2  =  (>80)2  +  (r(£)2; 

.*.  p  the  radius  of  curvature  of  the  normal  section  through  PR 

=  limit  of  {(pB6)2  +  (rft2} \r  (2080  +  ft)  ; 

when  p  is  a  maximum  or  minimum, 

(p80)2  -  2pr0S0  +  (r2  -  rp)  ft2  =  0 

gives  equal  values  of  80  /  (j>,  :.  p2  (r  —  p)  =  pV. 

(4)  Let  P,  Q,  fig»  5,  be  adjacent  points  on  the  circle  corre- 
sponding to  yfr  and  -v/r  +  8>/r,  ^>P,  qQ  the  corresponding  generators, 
on  qQ  take  a  point  .5  near  Q,  and  let  QR  =  s]  let  the  axes  of 
x  and  y  be  OP  and  OD  perpendicular  to  OP. 

The  equation  of  the  tangent  plane  at  P,  containing  pP  and  the 
tangent  to  the  circle  at  P,  is  (x  —  a)  cos0  —  z  sin  0  —  0. 

At  P,  #  =  {a +  5  sin(0  +  80)}  cos  8^,  z  =  s  cos(0  +  80),  hence 
the  perpendicular  from  P  on  the  tangent  plane  at  P  is 

a  (1  —  cos  8i/r)  cos  0  -  5  sin  80,  neglecting  s  (8t|r)2, 
also  PP2  =  (a8>|r)2  +  52; 
.-.  p,  the  radius  of  curvature  of  the  normal  section  through  PP, 

=  limit  of  {(aSyfr )2  +  s2} /  {a  cos  0  (8^)2  -  2s80}, 
for  the  principal  curvatures, 

s2  +  2ps8>|r  d0/<fyr  +  (a2  -  ap  cos  0)  (8^)2  =  0 
gives  equal  values  of  s/3\Jr, ,-.  p3  (d0jdy^)2  —  c^^ap  cos  0. 

(5)  Let  P^  be  the  common  normal  at  P,  and  let  Pr,  Py  bisect 
the  angles  between  the  normal  sections  of  curvature  a  +  ft  and 
a'  4-  ft' ;  shew  that  the  equations  of  the  two  surfaces  are 

2z  =  (x  cos  ^(o-\-y  sin  4<t>)2(  a  +  ft)-f  (#  sin Jw— y  cos  -Ja>)2( «  —  ft)+. . . 

and  2z  =  (#  cos  Ja>— y  sm  ^w)2  (a +b')+(x  smj}M+y  cos  ^co)2  (a  —  ft')+... . 

At  the  curve   of  intersection  Ax2 +  2Bxy  +  O?/2+...=  0,  where 
^l-0=2(ft-ft')cosfc>,  ^+  0=2  (a -a),  2P=2  (ft  +  ft')  sin©; 

if  tan$x,  tan$2  be  the  values  oiyjx  given  by  Ax2-\-2Bxy  +  Cy*  =  Of 

prove  that  (4  +  0)2  sec2  (<£2  ~  ft)  =  (4  -  O)2  +  4P2, 

.-.  (a  -  a')3  sec20  =  (ft  -  ft')2  cos2o>  +  (ft  +  ft')2  sinV 
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(6)  Take  the  same  axes  as  In  (4),  and  let  S  be  a  point  in  q  Q 
near  q,  qS=s,  POp  is  the  tangent  plane  at  p}  and  the  perpen- 
dicular on  it  from  S=  s  sin  (0  +  80)  sin  8\jr, 

pS*  =pq2  +  2pq .  5  cos  (0  4  89)  +  s\ 

where  pq  =  a  cosec20  80  ultimately. 

Shew  as  in  (4)  that  the  principal  radii  of  curvature  are  given  by 

(p  sin  0  dyjr/d0  —  a  cosec20  cos  0)2  =  dl  cosec4#, 

and   dy]rjd0  =  cosec0i   :.  p1P2  =  —  &  cosec20,  the  same  as  at  P. 

(7)  Take  the  point  P  in  the  plane  of  zx^  and  let  the  two' 
generators  cut  the  principal  circular  section  in  Q,  Q  subtending 
an  angle  2a  at  the  centre.  The  direction-cosines  of  PQ  are  as 
since :  —  cosa  :  1,  and  if  (X,  fjb,  v)  be  the  direction  of  the  normal 
at  any  point  of  PQ,  \  sin  a  —  ja  cosa  -f  v  =  0,  hence  the  part  of  the 
horograph  corresponding  to  PQ  is  on  a  great  circle,  inclined  to 
planes  xy  and  zx  at  angles  \ir  and  0,  where  cos  0  =  cos  a  /\/2,  the 
horograph  of  the  portion  included  between  PQ  and  the  planes  zx,  xy 
is  a  spherical  triangle  whose  spherical  excess  E  is  \ir  -f  \it  4-  0  —  7r, 
.\  sin2P  =  —  cos2#  =  sin2a,  but  A  =  atana,  therefore  the.  integral 
curvature  required,  the  surface  being  anticlastic, 

=  - 2E  =- sin1  {h*Xa*  + It*)}. 

(8)  By  Art.  718  (3)  (1  +  <f)  s  -  pqt  =  (l-f  p')  s  -  pqr, 
.'.  pq  (r  —  t)  +  (q2  —  ^2)  s  =  0,  the  first  integrals  of  which  are 

x-yplq=f(plq)     (1),     ^    z  =  <t>(/  +  q2)     (2). 
For  a  surface  of  revolution  z  =  F(x*-\-yz), 

p  =  ixF1  (J  +  f),     q  =  ZyF'  (ff  +  y% 
•'•  PU  ~  $x  =  0,  satisfying  (1)  when  f(ipjq)  =  0, 

and  /  +  $2  =  4  (x<  +  t/'O  [P'  (>3  +  ff)¥  =  p1  (*),  satisfying  (2). 

(9)  At  the  point  z'  =  rn,  tan"1  (#'/#'),  #'  =  r'cos0',  ?/  =  r'sin#', 
shew  that  p  —  —  m  sin  #'/?•',  q  —  m  cos  #'/?•',  hence  that  the  equations 
of  the  normal  are 

x  —  r  co$0' =  (z  —  m0')m  sin0'/r,    y  —  r'  sin#'=  —  (z  —  m0')m  cos#'/r', 

or  x  cos  0'  +  y  sin  0'  —  r\  x  sin  0'  —  y  cos  0'  =  {z  —  m0')  m \ r. 

Let  x  =  r  cos  0,  ?/  =  r  sin  #,  then  r  cos  (0  -  0')  =  r',  and 

y  sin  (0  -  0')  =  —  ?#  (s  —  m&) \r  ; 

therefore,  eliminating  r',  r2  sin 2  (0  -  0')  =  —  2m  (z  —  md'), 

and,  if  (.r,  ?/,  2;)  be  the  point  of  intersection  of  consecutive  normals, 

?-2cos2(<9-  (9')  =  -m2  =  ?;<!cos2w,   .-.  0'=0-a), 

:.  z  =■  m&  +  \m  tan 2  (0  -  0')  =  m  (0  -  a>)  +  \m  tan  2a>. 

(10)    Let  (I,  m,  n)  be  the  direction  of  the  generator,  (\,  yu,  y) 
and  (V,  //,  j/')  those  of  the  tangent  planes  at  A  and  i>,  and  ^>,  p' 
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the  perpendiculars  on  them  from  the  centre,  so  that  from  the  con- 
ditions of  the  problem  Z2+  X2+  V2=  1,  <£c.  But,  by  Art.  720,  writing 
a  2  for  a,  &c,  the  specific  curvature  at  A=jf  ja2ff2,  and  its  square 
root  is  plaffcc  p2  cc X2di  +  fx2b2  -  vV,  and  the  sum  of  the  square 
roots  of  the  specific  curvature  oc  (X2  +  V2)  a2 4-...  cc  (I  -  Z2)a2+..., 
which  is  constant  for  the  same  generator. 

LIII. 

(1)  When  the  cone  is  developed  into  a  plane,  the  part  of  the 
geodesic  which  surrounds  the  cone,  and  is  terminated  by  the  multiple 
point,  forms  the  base  of  an  isosceles  triangle,  and  the  angle  at  the 
vertex  is  2/3,  where  2/3/  =  27rZ  sin  a ;  but  cos2a=J,  ..  sina  — J, 
hence  2/3  =  -^7r,  and  the  two  branches  are  each  inclined  at  iir  to 
the  generator  through  the  multiple  point. 

(2)  The  principal  normal  of  the  curve  coincides  with  the  normal 
to  both  surfaces  at  every  point. 

(3)  By  Art.  762,  pD,  which  is  ac  at  the  umbilic,  is  the  same 
at  the  extremity  of  the  mean  axis,  therefore  D  at  that  point  =ac(b) 
and  is  inclined  to  the  plane  of  a,  b  at  an  angle  0,  for  which 

iT2  =  a"2  cos20  +  c-2sin20,  or  I2  =  a2  sin20  4  c2  cosv0, 

/.  b2  +  k  =  (V  +  />)  sin20  +  (c2  +  h)  cos*0, 

or  6  is  the  same  for  all  the  confocals,  hence  the  geodesies  all  touch 
one  of  the  planes  z  =  ±x  tan  6. 

(4)  Follows  from  Art.  770,  since  the  mean  axis  bisects  the 
geodesic  passing  through  it  and  opposite  umbilics. 

(5)  If  dx  be  the  angle  between  consecutive  principal  normals 
to  the  geodesic,  by  Art.  647,  (d%  /  ds)*  =  p~*  +  a~* ,  but  dx  is  also 
the  angle  between  consecutive  normals  to  the  surface,  whose  equa- 
tion may  be  written  2z  =  x'jpl  +  y2/p2  ultimately,  whence 

P  =  *IPv   <l=y\P»   and  sec2(^)  =  l+^2/p12  +  ?/2//)22, 

•••  {dxy  =  x2lp2^y2lp:  =  {ds)'\^6ip^  sin^/O, 

and  p~2 -f  a"2  =  cos2d  jp2  +  sin20//^2,  also  p'1  =  cos2^//?,  +  sin20//>2, 

from  which  eliminate  6. 

(6)  Fig.  6.  Let  Act,  Bb^  Cc  be  consecutive  generators  of  the 
torse,  PQ,  QR  elements  of  the  geodesic  in  the  facets  aAb,  bfic, 
so  that  LPQb  =  LBQR\  £PQb  =  f,  lQBc  =  ylr^dyjr,  ABjd^  =  p^ 
AQ  =  t,  BE  =  t  +  dti  :.  (t  +  pdf)  s\n\lr  =  (t  +  dt)  s,m(f  +  d\jr), 

:.  pdyp-  sin^lr  =  t  cos yjrdyjr  +  dtsm  \js. 
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(7)  The  geodesies  make  equal  angles  with  the  lines  of  curva- 
ture, and  if  ^0  be  the  inclination  of  an  umbilical  geodesic  to  the 
line  of  curvature  corresponding  to  kl  of  Art.  764, 

k9*cafl6  +  k**\n*i6=*b%  or  (k;  -k2)  cos 6  =  2¥ - h2  - Ay, 
where  k*t  k*  are  the  roots  of 

a*l<?  (a2  -  ¥)  +  ifjlr  (b2  -  h2)  +  </c2  (c2  -  k2)  =  0. 
Let  Z>2  -  k*  =  h0  b2  -  k2  =  h2,  then  (/j1  -  \)  cos  d  =  lix  +  \,  and 
(hx  +  Ji2)2  tan2tf  =  —  4thji2)  where  hx,  h2  are  roots  of 
(c*_  tf + h)  k  x*l  a2  +  (a1-  b2+  h)  h  zj  6l  +  (c2-  b2+  h)  (a2-  ¥  +  li)  tfj  b2 = 0, 
.-.  \  +  \  =  (b2  -  c2)  x2j a2  -  (a2  -  62)  s2/c2  -  (a2  +  c2  -  2Z>2)  yl\V 
-  ^  +  y«  4  s*  _  (^  +  c2  -  62)  (V  /  a2  +  ?/7  Z<2  +  3*J  /  c2), 
and        A,*,  =  -  (a2  -  52)  (b2  -  c2)  #2  /  62. 

(8)  With  the  notation  of  Art.  751,  p(  =  x,  0  =  inclination  of 
the  geodesic  to  the  generating  Tine  crossed,  p~l  =  p.~l  sin20,  and 
<t-1  =  p~l  cos  0  sin  0,  .'.  a/  p  =  ta,n0. 

LIV. 

(1)  Let  x  =  0  be  the  plane  of  the  geodesic  curve;  since 
x"jU=y"IV=z"IW,  Art.  740,  and  x"=0,  either,  i.  y"  =  0  and 
3"  =  0,  .\  #'/«'  is  constant  and  the  geodesic  rectilinear,  and  therefore 
a  generator;  or,  ii.  Z7=0,  that  is,  the  surface  is  cylindrical. 

(2)  For  an  umbilical  geodesic  pD  =  ac,  and  at  the  mean  axis 
p  =  b,  .*.,  in  Art.  751,  pl  =  ci~ \b%  p2  =  c2  jb,  and  b2  =  c2  cos1 6  + a*  sin20. 

(3)  The  condition  gives  d2  +  c2=2b2 ;  for  any  umbilical  geodesic, 
Art.  764,  k2  cos20  -f-  k2  sin20  =■  b2,  and  for  any  point  in  one  of  the 
circular  sections 

r  =  &,  .-.  k2  +  k2  =  a2  +  Z>2  -f  c2  -  r2  =  2&a  and  (^  -  k2)  cos  20  =  0. 

(4)  With  the  notation  of  Arts.  784, 785,  tanift)'=??r2tan|/3  =  7?r1 
and,  if  02  be  the  inclination  required,  cot|0.,  =  m  cot  Jo>'  =  m2. 

(5)  Let  O  be  the  centre  of  the  unit  sphere,  and  suppose  i> 
indefinitely  near  to  A,  the  generating  line  through  A  of  the  torse 
along  AB  is  parallel  to  the  intersection  of  planes  perpendicular  to 
Oa  and  Ob,  and  therefore  perpendicular  to  the  tangent  to  ab  at  a, 
similarly  for  the  torse  along  A  C. 

(6)  Let  LQPQ'  =  2a,  LUPV=2@,  and,  with  the  notation  of 
Art.  764,  let  h2  determine  the  line  of  curvature  on  which  P  lies, 
.*.  k2  cos2a  +  k2  sin2a  =  X2  a  constant,  Art.  766,  for  all  positions  of  P, 

also  k2  cosa$  -f  k2  sin2/3  =  If, 

:.  cos2a  :  cos2/3  =  \2  —  k2 :  b2  —  k2,  k2  being  constant. 


84  PROBLEMS  LI V.,  LV. 

r 

(7)    With  the  notation  of  Arts.  751,  764 
a~l  =  sin  6  cos  0  (p  j  k*  —p  \  k*)  and  k*  cos2#  +  k*  sin2#  =  q\ 
.-.  sin^/(<Z2-^)  =  cos2^/(/C-  <f)/ 
,\  (*/  -  Z^2)  sin  0  cos  6  =  V{(/<2  +  V)  £  -  24  -  V^2}- 
Let   (9^  be  the  semi-diameter  D  and    OR  —  B'  conjugate  to 
POQ,  q,  q    perpendiculars  on  the  tangents   at   R  and   Q  to  the 
section  Q  OR,  .-.  &/  +  7s2  =  Z>2  +  Z>'2  and  kfa  =  Bq  =  B'q\ 

and    (V  4  V)  22  -  J4-  Wr  2*  (^+  #'*)  "  2  -  ^  =  2?  (#"  -  ^ 

*•  (V  —  V) sm  ^ cos  ^ = yP' cos  (<?>  #')■ 

Let  p  be  the  perpendicular  from  0  on  the  tangent  plane  at  Q, 
q  is  perpendicular  to  the  osculating  plane  of  the  geodesic,  which  is 
parallel  to  the  plane  containing  OQ  and  p\  :.  A'  =  A"  cos(p,  q), 
where  A'p  =Ap,  also  p  =q  cos(p,  q)  and,  by  spherical  trigono- 
metry, cos(y,  q)  ==  cos  (j/,  ^')  cos(<7,  g)  ) 

•'•  flr_1  =  £"2^'  cos (Sli  9.1 1 k?k*  =zp  cos (g,  5') / q'B 

=pcos(/,  q)jpD  =  A"<ios(p\  q)\AD  =  A\AD. 

(8)  {Shew  that C^y-  =  —£-> -  =  -^  =  -  |  (r*0')  =  -«*", 

.'.  (V  +  a2)#'  is  constant,  cos^  =  r',  sin-v|r  =  \/(>2 -}- a')  0' ;  the  tangent 
plane   contains   the   generator   and  the  tangent  to  the  geodesic, 

.\  tan  $  =  r&  \z  =  r/a,  sec(£  =  V(/2  +  az)ja. 

(9)  Let  (x  -  cc)2-f  (^/  -  /3)2+  (3  -  7)'=  i?2  be  the  equation  of  the 
sphere,  .*.  (x  —  a)  x"  +  (y  —  P)  y"  +  (z  —  7)  z"  =  —  a;' 2  —  y  2  -  5;' 2  =  —  1 , 
hence,  Art.  740, 

(a -a)  U+(y-(3)  V+(z-y)  W=p(U2+  V>+  W% 

:.  p  is  the  perpendicular  from  (a,  /S,  7)  on  the  tangent  plane. 

Geometrically.  The  osculating  plane  at  P  is  the  plane  of  a 
small  circle  of  the  sphere,  whose  radius  is  the  radius  of  curvature 
of  the  geodesic,  and  whose  centre  is  at  the  same  distance  from  the 
tangent  plane  as  the  centre  of  the  sphere. 

(10)  Let  r,  r\  r"  be  the  distances  from  the  axis  of  the  angles 
A,  />,  G  of  the  geodesic  triangle,  OA,  OB,  OC  meridians  through 
these  angles,  then,  by  Art.  761, 

r'  smOBC=r"  smOCB,  r"  &mOCA  =  r  smOAC, 

and  r  smOAB  =  r  sm  OB  A, 

.-.  sin  OB  C  sin  0  CA  sin  OAB  =  sin  OGB  sin  OA  C  sin  OB  A. 

LV. 

(1)  By  Art.  778,  for  an  umbilical  geodesic  /v'siir^-f-  k"co$r^6=b, 
where  k'  and  k"  are  given  by  the  equation 

(c  -  k) y9lb  +  (b-  k)  i. I c+(c-  k)  (b  -  k)  =  0, 
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\  tziY±6  =  -(/c'-b)l(k,-b)  =  -7i"lh'  and  tan20=-  tfi'li" l(h' +h")\ 

ti  and  h"  being  the  roots  of  (c  —  b  —  h)y'2  \b-  liz2\c\li  (Ji  +  b-c)  =  Q, 

.*.  K  +  h"  =  2x  —  b  +  c)  —  h'h"  =  (b  -  c)  y2 \b, 

(2)  Writing  X2  for  q2  in  Art.  764,  h2  cos20  +  */  sin20  =  \2, 

...  (/,; _ 7^)*  sin*0  cos20  =  (/,-,2  +  h;)  X2  - X -  k*k* 

=  (a2  +  &2  +  c2  -x2-y2-  z2  -  Vs)  X2  -  a262c2  //, 
and  /^^V-1  =/  (/c  -  k*)  sin 0  cos  0,  Art.  751. 

(3)  With  the  notation  of  Art.  774,  for  two  perpendicular 
geodesic  tangents  to  the  same  line  of  curvature,  k2  +  k2  =  2^25 
where  x2  \  (a2  —  <f)  +  y2  \  (^  -  £a)  +  s3/  (c2  -  ^2)  =  1  is  the  equation  of 
the  hyperboloid  which  determines  the  line  of  curvature ;  if  r  be  the 
distance  of  the  point  P  from  which  the  tangents  are  drawn, 

a2  +  b2+c2  =  k*  +  k2  +  r2  =  2q2  +  r2 ; 

and  if  one  of  the  principal  sections  of  the  hyperboloid  be  a  rect- 
angular hyperbola,  2q2  —  bz-\-  c2,  c2-f  a2,  or  a2  +  b'\  .*.  r2  =  a2,  //,  or  c2, 
hence  P  must  be  one  of  the  extremities  of  the  greatest  or  least  axis, 
or  it  must  lie  on  one  of  the  central  circular  sections. 

(4)  Shew  that  yx"  -  xy"  =  0  or  r2&  =  c, 

.-.  1  =  x'2  +  y"2  +  z2  =  r'2  +  r2&2  +  4aV3  /  r6 

. .  c2?Y'2  06  +  4a°)  =  r8  +  4aGc;2. 

(5)  Let  the  equation  of  the  right  conoid  be  z=f(yjx)i  prove 
that    for    the    geodesic    xx"  +  yy"  =  0 ;    and    since    q  —  xx'  +  yy', 

dq I ds  =  x2  +  y'2  =  (da / cfc)2,  .*.  dq / dcr  =  da / cfo. 

(6)  As  in  Art.  764,  cos20  £2_2  +  sin2 (9  kv~2  =  D"2 ; 

if  6  =  Jtt,  p  (V  +  h;'2)  oc  ^Z)~2  a:  f. 

(7)  As  in  LIV  (8)  smf  =  V(V  +  a2)  0'  =  cj<s/(r*  +  a2),  let  r„ 
r2l  ra  be  the  values  of  r  at  A,  B  and  (7,  and  c,,  c2,  c3  the  values 
of  c  for  the  geodesies  jBC,  C.4,  ^4i?,  then  sinax  =  c2/V{0'12  +  a2), 
sina2  =  c2j^(r*  +  a2),  and  sin  a,  /c2  =  sina2/c3.     Similarly 

sin£1/c3  =  sin£2/cl  and  sinyje^sinyje,. 

(8)  The  direction  of  a  geodesic  at  the  point  P(#,  y,  2)  of  an 
ellipsoid  x2 \ a2  -y  y2 \b2  +  zl \ 62  is  (V,  ?/',  «'),  where  x'  =  dxjds^  &c. 
The  equation  of  the  perpendicular  tangent  plane  is 

X'X  +  y'y  +  Z'Z  _  ^/(aV  >  +  i2^'  8  +  C2Z   2)  J 

let  the  tangent  PQ  meet  this  plane  in  Q  and  draw  OF  perpendicular 

to  PQ  from  the  centre,  then  OQ2=  YQ2+  OY2=  YQ'+  OPl-PY2 

=  a2x2  +  b'2y'2  +  c^'2  +  a;2  +  y2  +  22  -  (x'x  +  y'y  +  ^'^)2. 
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By  the  geodesic  equations,  noticing  that  x'2  4  y'2  4  z'2  =  1, 

n  it  ii  2     i     it   ,  ii     , 

x  y  z  axx  +...       xx  +... 

a*/ a*      y\b1'      zjc2        xx  +...  1 

.*.  a?xx"  +...=  (xx  +...)  (##"+...), 
.*.  a2x'x"  +...+  xx  +...—  (xx  +...)  d(xx  -\-...)jds  =  0, 
.*.  \dOQl jds  =  Q,  or   OQ  is  constant. 
This  can  also  be  deduced  from  Joachimsthal's  theorem,  for  since 
xx  \cil  +.-.  .=  0,  -  Vy'z'yz  =  6V  (jf^f  \ bx  4-  a'V / c4  -  ^'V / a4), 

•".  (y'« - zyy='yl 0*  +  cV W ^- *"J 0/  +  &v/ca) - &vvv/a4 

=  ftV  {(}'  -  as1/ a")  (y2///2  4  a^/'c")  -  a'V/a4} 

'2     '2     .     7  V!     '2  2 7  2    2  7"i~2       2  /      4 

=  c y    +  o  z    —a  b  c  1)    x  / a  , 
.-.   0  Ql  =  a  V  4-  %'*  4  cV8  4  (y's  -  s'#)3  +  (* '*  -  x'z?  4-  (aty  -y*)1 
=  o34^  +  ci-aTc7/Z?2. 

LYI. 

(1)  Take  the  origin  in  the  vertex  of  the  cone,  and  let  AP  be  an 
arc  s  of  the  geodesic,  PT,  a  tangent  at  P(x,  ?/,  3),  =:s  +  c,  f,  77,  £ 
coordinates  of  jT,  .*.  £  =  a:  —  (s  4-  c)  #',  f'  =  -(s+c)  cc",  &c. 

If  P=0  be  the  equation  of  the  conical  surface,  xdF/dx+...=  0) 

.'.  xx"  +...=  0,  also  xx"  +...=  0, 

.-.  ff'4-...=  0  and  f*  4-172  4  £'*'  =  constant,  proving  i. 

Also  £c"4...==0  and  ar'f '  +  ...=  0, 

.*.  x'l;  +..  =  constant,  proving  ii.  and  fa;"+...=  0,  proves  iii. 

(2)  The  directions  of  the  normal  at  P(x,  y,  z),  the  tangent  to 
the  geodesic,  and  the  perpendicular  to  both,  are  (pxjd1,  l>y\t>\  27Zlc0i 
(V,  y\  3'),  and  (7,  W2,  w),  hence,  by  Art.  146, 

x  =  mpz  J c2 ~ npy I b'z  and  V4  =  (V2/a2  -\-...)p~'\ 
...  aW/V1*  V<?(m»j<f-  w#")*+  cV  (^/a2-  k/c2)2+  a262  (fy/62-  r^/a'2)2 

=  Z2a2  4-  w*6* 4- «V  —  /"V  —  w2?/2 -  wV -  2mnyz—...1 
.-.  (72  4  m2  4-  ?r)  a26V/\4  =  Pa2  4-  m2b2  4-  nV  -  (fo  4-  »iy  4-  ws)*.     (1) 

But,  (7,  wi,  ??.)  being  the  direction  of  the  generating  line  of  the 
scroll,  Ix  4-  my  4-  nz  =  p ',  and  l2a2  ■{■iifb2  +  n2e?  =p"2]  .'.  (I)  gives 
the  theorem  as  corrected  in  the  errata. 

(8)  Let  P27,  QT  be  geodesic  tangents  to  an  arc  PQ  of  the 
curve,  Bu  the  angle  between  the  tangents  which  is  ultimately  the 
angle  of  geodesic  contingence;  by  Art.  761,  rsinfl  is  constant 
throughout  the  geodesic;  if  ?•',  8'  be  the  values  of  r  and  6  at  T 
in  Pl\  r\  6'  +  8u  are  those  at  T'm  Qrl\ 

:.  r  sin  0'  =  r  sin  6  and  r  sin  (6'  +  hu)  =  r  sin  ^  4  &  (?•  sin  ^), 

or  sin  ((9'  4-  8u)  /  sin  &  =  1  4-  8  (r  sin  6>)  /  r  sin  ^ ; 

.'.  ultimately  da  cot  6  =  d(r  sin ^) /r  sin ^. 
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(4)  The  cusp  is  where  ^=0,  and  tne  tangent  at  the  cusp  is  the 
axis  of  the  generating  curve;  take  Oz  the  axis  of  revolution,  at  a 
distance  2c  from  the  cusp,  and  let  (r,  #,  z)  be  any  point  in  the 
surface  ;  dr  —  ds  cos  \jr  =  2  c  tan  \jr  sec  \jr  d*ty ; 

.-.  r  =  2c  sec  \fr^  also  dz  =  dr  tan  \/f , 

hence  1  =  r'6"J  +  r'2  -f  ^'2  ^  r20'2  +  r2  sec>, 

and  by  the  property  of  a  geodesic  on  a  surface  of  revolution 

rl&  =  a,  ;.  Wja*  =  rd'2  +  r\2\±c\ 

:.  (dr./dey  =  4c2  (V/a2  -  I),  ,\  e2c"/fl  +  ^2tG>  =  2^/a. 

(5)  At  any  point  (p,  $,  2)  of  the  surface,  2p /c  =  e"/c-r  e~z,c} 
whence  dz  =  c  dp  /  \/(p2  —  c3), 

For  any  curve  traced  on  the  surface,  if  $>'  =  d<f>lds,  &c, 

and  for  a  geodesic  pV  =  constant  =  A*c  suppose, 

s.p'#'  =  k'c'{<t>''  +  p'Kp> -<?)}, 

hence,  for  the  projection,  (dfyjdpy  (p2  —  c2)  (p2  —  £V)  =  &V, 

let  c  =  p  sin  \,   <:/(/>  =  k  d\j\/(\  —  l?  sin2\), 

:.  \  =  am  (</>/ It,  A*),   c  =  p  sn  (<£/A*,  &). 

(6)  Let  the  equation  of  the  spheroid  be  r2/a2  +  z2/c2  =  1, 
.*.  rr  ju  -f  zz  \ c2  =  0,  where  r  denotes  ar/ds,  &c,  and  for  a  geodesic, 
r*0'  —  b,  a  constant ; 

l=r.^'2  +  r'2+^2andr'2/^2  =  (Jr/^)2==r4/y-r2, 

. .  r'jb*  =  ?-2  +  (//y  -  r1)  (I  +  cV'7aV), 
or  p3  (a3  -  r8  +  6V  /a55)  -  />2  (a2  -  r9  (1  -  c>2)}  (1). 
Let  (7  be  the  centre  of  the  elliptic  base  of  a  cone  whose  vertex 
is  Fand  axis  VC<  and  let  CY  he  perpendicular  on  the  tangent  PY 
to  the  ellipse,  VY  is  perpendicular  to  PY ;  PFwill  be  the  tangent 
to  the  curve  traced  by  the  perimeter  of  the  ellipse  on  the  plane  on 
which  the  cone  rolls,  and  if  VP—r^  VY=p,  VC  =  h,  and  a,  j3  be 
the  semi-axes  of  the  ellipse, 

CP2  =  r2  -  h2  and  CY2  =  <p2  -  \\ 

...  (  f  _  #»)  (V  +  /32  +  &'  -  O  =  a2/32, 

or  /  (a2  +  /32  +  li1  -  /)  =  a2/?2  +  *"  (a2  +  /32  +  /<2)  -  7*V, 

which  is  of  the  same  form  as  (1),  and  a,  /5,  h  can  be  found  so  that 

the  curves  are  the  same. 

(7)  Let  (■/•,  0,  z)  be  the  point  #  in  cylindrical  coordinates,  where 
S  is  the  focus  of  the  ellipse  rolling  on  OZ  and  touching  it  at  P,  $ 
the  inclination  of  SP  to  (AZ;  the  tangent  to  the  roulette  is  perpen- 
dicular to  &P,  .'.  dz  =  dr  tan  $  ;  and,  writing  r  for  drjdts,  &c., 

]  =  r<0'"  +  ?.'»  +  3"  =  f&*  +  r'2  ,ec2^.     (1) 
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By  the  geodesic  property  r2&  =  constant  =  a  sin  7,  (2)  ;  also 
J  (a  4  /S)  and  \/(«/3)  being  the  semi-axes  of  the  ellipse, 

a/3/r*==(a4  &){SP-  1 ;  :.  (a4  ^r"1  sin<£  =  a/3r"2  +  1, 
(a  4  /3)2  r~2  cos'2  0  =  (a  4  £)2  V2  -  (a/3r'a+ 1)2=  a2/32  (V"2-  0(/3~  -  r"2), 
by  (1)  and  (2), 

(<M)S  {/  (a  sin  7)"2  -  r2}  =  (Wr)2  (a'1  +  /3"1)2  ^VO"3  "  O  (£"*  -  O- 

Let  shrf  (/3-"  -  a"2)  =  r 2  -  a"3,  .-.  cos2f  (/T3  -  a"3)  =  /3-3  -  r-"3, 

sin  \/r  cos  yjr  d$  (/3~2  —  a-3)  —  —  dr.  r~'3 ; 

v.  (d$y  [a'3  cot27  -  (/3~3  -  a"3)  sin2i/rj  =  (a-1  4  /T1)2  (<ty)2, 

and  iLd=)dfl*/(\  -  A;2  sin2  f) ;  .-.  r'2  =  a"2  cn2(>0)  +  fir1  sn2(>0). 

(8)  For  the  helicoid  let  cc  =  rcos#,  y  =  rs\n6,  z-m6,  hence, 
for  the  geodesic,  x" \wy  =  ,?/"  j—rmx  =  z" //-2,  .'.  a?y  —  ya?"  4  wis"  =  0, 
and  (r2  +  m*)  0'  =  5,  see  problem  LIV.  (8)  ; 

.-.  (r2  4  m2)3  0'2/6  =  1  =  x'2  +  ?/'3  4  zn  =  r'2  4  (V  4  m2)  0'2, 
and  (drld6y=(r'!dy  =  (r2  +  m*)(r2  +  7n*-V)lb\ 
i.    Z><  ??i,  let  r  =  wz  cot  \/r,  dr\  V(V2  4  wi2)  =  —  cosec  >/r  J\|r  5 
...  (a  _  0)  J  k  =  J(ty  /  V(  1  -  tf  sin2  f),k  =  bl  m, 
hence  r tn  {'"a-  #)//•')  ~m- 

ii.    5  >  ???,  let  ?•  =  \/(//  —  ?«2)  sect/*",  drj*J(r  4  ??i2  -  62)  =  sec  tJt  J\Jr, 
.-.  0  -  a  =  JZ>  sec  >/r  <ty/ V(&'  sec2^  -  w2  tan»  =fdfl*J(l-k2  sin2f ), 
where  A?=??i/i,  ,'.  ?•  en (0  —  oc)  =  ???  VO  —  A'2)M'» 

LVIT. 

(1)  Writing  /3  and  7  for  a2-  Z>2  and  a2  — o2,  and  eliminating  0, 
gj-'/q'  __  2?////~-i  __  2^2/c'2~  1  =  2(jflb*-z'lc*)  . 

#47  -7'  -£  £-7 

;:x*la*  +  yiha  +  z'lc2=l.     (1) 

Let  7M(&2+<>8),  i(^+7)=«-/A  and  l(7-^)  =  52-F=-(c8-F); 

/.  *2/a2  (a2  -  £3)  43/2/^2  (^  -  **)  +  z2/'c2  (c2  -  F)  =  0.     (2) 
Multiply  (2)  by  h3  and  add  to  (I),  .-.  of /(a2-  k2)  4...=  1. 

(2)  Using  the  notation  of  Art.  810,  shew  that 

sin  a  =  I  (V  4  X'^jp)  4- ..=  (JV,  4...)  ^  ; 
,\  «  =  -  TPdp)  and  similarly  £  =  -  TQdq  ultimately. 

(3)  By  Art.  803  the  condition  that  the  curves  (p)  may  be  chief 
curves  is  Ao!'  4  B{3"  4  Cy"  —  0,  and  that  the  same  curves  should  be 
geodesic,  the  condition  is,  by  Art.  805,  (Fa-  £a)a"+...=  0,  the 
two  conditions  not  being  generally  the  same. 
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(4)  With  the  curvilinear  coordinates  used  in  Art.  831, 

(dsy=/3*(jpy+(aqy, 

/3  being  a  function  of  p  only,  therefore  in  the  equation  of  a  geodesic 
line  in  Art.  805,  E=  £3,  G  =  1,  Ev  =  2/3/3^ 

.'.  2?  (P'q"-4P")~  W  W^O-     (0 
Since  the  line  of  striction  makes  a  constant  angle  with  the  gene- 
rators dq0  =  Cfidp,  :.  log^0'  —  logp'  =  log (7+  log/3, 

•••  q*\q»-v"\p=v$x\$,  -'-v'%  -uf  =  %p,2PxlP, 

which  compared  with  (1),  shews  that  such  a  line  of  striction  is  a 
geodesic  line. 

(5)  See  first  paragraph  of  Art.  833. 

(6)  The  tangent  plane  at  any  point  of  a  generating  line  Aa 
depends  only  on  the  position  of  a  consecutive  generator  Bb ;  hence 
a  twist  about  Bb  in  the  deformation  does  not  change  the  relative 
positions  of  the  tangent  planes. 

(7)  In  the  differential  equation  of  Art.  805,  shew  that  2?=  sin2^, 
(2  =  1,  2^=0,  and  that  the  equation  becomes,  if  p  be  made  the 
independent  variable  instead  of  t, 

2  sin'2^  d*ql(dpy  —  2  sin3^  cos^  —  4  sin q  cosq  (dq/dpy  =  0, 

n  dq  d2q  (dq\6     ^    .  dq 

■'■2dpdp'~    otqW     smqcosqdp'' 

.*.  cosec4^  (dq/dpY  =  —  cosec2^  +  cosec2a, 

.*.  p  —  7  =  —  fd  co tq I \/ (cot2 a  —  cot7 q)  =  cos-1  (cot^  tana), 

.*.  cos (p~ 7)  =  cot q  tana. 

Let  Pbe  the  pole,  and  Pi?  the  first  meridian,  and  let  the  longitude 
and  co-latitude  of  Q  be  LBPQ^j)  and  PQ=q,  those  of  A,  /.BPA  =  y, 
PA  =  a\  /.,  in  the  spherical  triangle  PAQ,  co$APQ  =  co\.PQ\.&nPA) 
:.  QA  is  a  great  circle  perpendicular  to  PA. 

LVIII. 

(1)    Since  a!  ,  &'  are  functions  of  a  and  /3, 

x  K&). + wn  -  v  p  & + g  #y  +  (f  rfa + %  4} , 

which  is  true  for  an  infinite  number  of  values  of  da.  :  d(3 ; 

AZoV       /^3V       ^\2       /^\2  ^  ^      ^  ^  _ 

'"'  UaJ   +  Ua/   "  W/3/    +  WJ  '  da   d/3  +  da~  dp  ~ 

T       *3'         da'  d/3'  da'         ,  da'     _     da'     _  d/3' 

Let  5cT=ft,^r'  ■•  "m^'d^  and  ^♦"s^sr « 

N 
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henCC         d/3        =  f  *        da         5  •'*  "  +  0i  "/(a  +  A  }  * 

^  This  theorem  does  not  depend  on  the  network  upon  the  surface 
being  of  squares,  it  may  be  of  any  similar  rectangles. 

(2)  Take  p,  q  elliptic  coordinates  of  any  point  on  the  ellipsoid, 
27,  K  are  the  reciprocals  of  the  principal  radii  of  curvature,  corre- 
sponding to  p  and  q  constant. 

By  Art.  789,  P2=p(p  -?)/4  (a  +p)  (b+p)  (c  +p), 
by  Arts.  291,  720,  JT=  *J(abc)lp$qk,  H=  ^(abc)\p\ql,  and,  by  Art. 
810,  P=0.    The  equation  (7),  Art.  ,815,  becomes  K^P+(K-H)P=0 
and  is  satisfied  by  the  above  values  of  27,  2T,  and  P. 

(3)  In  this  system  of  coordinates,  the  position  of  any  point  P 
in  the  hyperboloid  is  given  by  taking  two  fixed  generating  lines  of 
opposite  systems  OM,  ON,  and  drawing  through  P  two  generators 
PM,  PN\  the  position  of  P  is  given  by  the  values  OM=p,  ON=  q. 

The  equation  of  a  plane  curve  must  be  such  that  for  a  given 
value  of  p  there  is  only  one  value  of  q  and  vice  versa ;  the  equation 
must  therefore  be  of  the  form  proposed.  It  should  be  observed, 
however,  that  the  equation  appears  in  this  form  only  for  a  particular 
method  of  determining  the  generating  lines,  any  single  valued 
functions  of  p  and  q  might  be  substituted  for  p  and  q  respectively. 
Thus,  as  in  Art.  214,  if 

x  =  a  cos  (p+q)  sec (p-q),  y  =  b  sin  (p±q)  sec(p  —  ^),  z  =  c  tan(j?  —  q\ 

p  and  q  constant  would  fix  two  generating  lines  of  opposite  systems, 

and,  for  any  plane  curve,  if  Ax  +  By  +  Cz  +  P  =  0, 

A'  tanp  tan q  +  B  tanp  +  C  tan q  +  D'  =  0. 

(4)  Let  the  equation  of  the  hyperboloid  be  (#2+ ?/2)  /  a2— z'2/ c'=  1 , 
where  a  =  ctan/3,  and  let  q  be  the  length  of  a  generating  line 
between  the  points  (#,  ?/,  z)  and  (a  cos  a,  a  sin  a,  0),  so  that  z—qcos^^ 
x  —  a  cos  a  —  q  sin  /3  sin  a,  y  —  a  sin  a  +  q  sin  /3  cos  a,  whence 

(ds)2  =  (dq)2  +  2a  sin  j3dadq  +  (q2  sina/3  +  a2)  (da)\ 
which  can  be  expressed  in  several  different  forms,  viz. 

i.  (ds)2  —  (dq  sin  /3  +  ada)2  +  {(dq)2  +  (q  tan/SoY)2}  cos2/?, 
which,  if  adai  =  cdp,  gives  the  element  of  an  arc  traced  on  the 
surface  given  by  x  —  q  cos/3  cos^>,  y  =  q  cos/3  sinj?,  z  ==  cp  +  q  sin/3, 
and  constructed  as  follows:  in  Oz  take  OA  =  cp  =  aa]  in  a  plane 
through  Oz  inclined  to  the  plane  zx  at  an  angle  p,  draw  a  straight 
line  AP1  making  with  Oz  an  angle  ^ir  —  /3,  then  AP  generates 
a  surface  defined  as  a  helicoidal  surface  in  Art.  837.  Hence  the 
hyperboloid  can  be  deformed  so  that  the  arc  act.  of  the  principal 

*  Monge  ed.  Liouvilk,  p.  572, 
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circle  is  bent  into  a  straight  line,  and  the  generating  lines  of  the 

hyperboloid  become  those  of  the  surface. 

ii.    (ds)2  =  (dq  +  adpf  +  (q2  4  a2  cot2 8)  (dp)% 

where  p  =  a  sin  ft,  in  this  form  ds  is  an  element  of  an  arc  described 

on  a  surface  for  which 

dx  =  —  (dq  4  adp)  sin  p  —  q  cosp  dp,  or  x  —  -q  s'mp  +  a  cosp, 
dy  =  —  (dq  +  a  dp)  cosp  +  q  smp  dp,  or  y  —  —  q  cos^>  —  a  sinp, 
dz  — a  cot  ft  dp,  or  z  —  acotftp  =  aacosft, 

thus  the  arc  aa  of  the  circle  is  bent  on  the  arc  of  the  helix  whose 
pitch  is  ^7r  —  ft. 

iii.    (ds)3  =  (q2  sin2/3  +  a2)  {da  +  asmftdqj  (ql  sin2/3  4  a8)}8 

or,  since  a  =  ctan£,  =  (q2-\-c2  sec2  ft)  (dp)2 +(dq)2(q2-\-c2)  l(q2+c2  sec2  ft), 
where  c?p  =  sin  ft  {da  +  c  sec /3  dq/(q2  +  c2  sec2/3)) ; 
let  j*  ■+ c2  sec2/3  =  r2 ; 
then  (ds)*  =  r2dp2  4  (^r)2  {1  4  c2l(r2  -  c2  sec2/3)} 

=  (rdp)2  4  (cfo*)2  +  (efo:)2,  where  r  =  c  sec  ft  cosh  (xjc), 
and  p  =  sin/3  fa4  tan-1  (<?  cos/3/c)), 
shewing  the  applicability  to  a  surface  of  revolution, 
»J(jj*  4  z2)  =  c  sec/3  cosh  (xjc). 
q  =  0  corresponds  to  the  principal  circular  section  of  the  hyper- 
boloid, and  also  to  that  of  the  surface  to  which  it  is  applied,  on 
which  it  extends  over  an  angle  27rsin/3. 

(5)  See  fig.  p.  350.  A  surface  of  revolution  into  which  the  sphere 
may  be  deformed  is  that  generated  by  double  AD' E'  not  unlike 
the  arc  of  a  circle,  OE'  being  the  half-chord  and  OA'  the  versed- 
sine,  OE'>  OA  and  OA' <  OA. 

Figure  p.  351.  A  zone  of  the  sphere  may  be  deformed  into 
a  portion  of  a  surface  of  revolution  generated  by  double  A'F',  which 
resembles  a  semi-ellipse,  revolving  about  OE,  the  semi-axis  being 
less  than  OE  and  the  greatest  radius  OA'  greater  than  OA,  the 
latitudes  of  the  bounding  small  circles  of  the  zone  being  not  greater 
than  sin"1  (QA/OA').^ 

(6)  Let  the  surface  be  referred  to  the  tangent  plane  and  principal 
normal  planes  as  coordinate  planes ;  near  the  origin  0  its  equation 
is  2z  =  ax2  4  by2.  Let  s  be  the  small  arc  of  a  geodesic  through  0, 
whose  tangent  at  0  makes  an  angle  a  with  Ox,  then,  denoting 
dxjds  by  x ',  &c,  x  =  cos  a  and  y  —  sin  a,  when  s  =  0  ; 

z  =  axx  4  byy   and  z"  =  a  (xx"  +  x'2)  +  b  (yy"  +  y'2)\ 

hence,  when  s  =  0,  z  =  0,  z"  =  a  cos2oc  4  b  sin2a. 

*  Cayley,  Mess,  of  Math.,  vol.  VI.  p.  88, 
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By  the  equations  of  a  geodesic 

x"  +  axz"  =  0,  .*.  x"  +  axz"  4- ax'z"  =  0, 
hence,  when  s  =  0,  x"  =  0,  x"  =  -  a  cos  a  (a  cos2a  +  &  sin2a). 
Hence,  if  (£,  ??,  J)  be  the  extremity  of  the  radius  p   of  the 
geodesic  circle,  along  which  s  is  measured,  by  Maciaurin's  theorem, 
neglecting  terms  in  p4, 

f  =  p  cos  a  —  Jp3  (a2  cos3a  +  ah  cos  a  sin'a), 

similarly  rj  =  p  sin  a  -  Jp3  (b*  sin3a  +  ab  sin  a  cosV), 

and  f  =  -Jp*  (a  cos2a  4-  5  sin2a). 

Let  da  be  a  small  arc  of  the  geodesic  circle,  the  extremities 
corresponding  to  a  and  a  +  <fa, 

d%lda  =  —  p  sin  a  +  Jp3  {3a2  cos*a  sin  a  +  ab  (sin3a  —  2  sin  a  cos2a)}, 
dr}\da  —     p  cos  a  —  Jp3  {35*  sin'a  cos  a  +  a6(cos3a  -  2  cos  a  sin2a)}, 
d^jda  =     p'  (b  —  a)  sin  a  cos  a ; 
.*.  (da  I  da)2  =  p2—  Jp4a6  (sin4a  +  cos4a  —  4  sin2a  cos2a)  —  2p4a5  sin2a  cos2a 

=  p'  (1  -  y>ab), 
and  the  perimeter  of  the  circle  is  2-7773  —  J7rp3a&.* 

On  deformation   of  the   surface,  the  circle  remains  a  geodesic 
circle,  with  the  same  radius,  therefore  the  specific  curvature  at  0, 
which  is  ah,  remains  unaltered. 
The  area  of  the  geodesic  circle  is 

ffjf  ds  das  (I-  fc'ab)  =  V  (1  -  hMl 

(7)  By  Art.  832  the  change  of  the  angle  of  eonringence  of  the 
normal  section  perpendicular  to  a  given  generating  line  is  ydp,  the 
angle  between  consecutive  shortest  distances,  which  distances  are 
perpendicular  to  consecutive  facets  of  the  director  cone. 

LIX/ 

(1)  Fig  7.  Let  aPQb  be  one  of  the  curves  cutting  orthogo- 
nally the  generating  lines  of  one  system,  AMN  the  particular  curve 
which  passes  through  A  where  6  =  0,  $  =  0,  and  let  PM,  QN  be 
two  consecutive  generators  intersecting  the  principal  circular  section 
AB  in  P\  Q'j  the  angles  A  OP'  and  AOQ'  being  p  and  p  +  dp; 
and  since  the  projection  of  P'P  on  the  plane  A  OP'  is  the  tangent 
P'T  at  P',  and  /3  is  the  angle  between  any  generating  line  and  the 
axis  Oz,  P'  T—  z  tan  0  =  a  tan  <£,  :.■  TOP'  =  cf>  and  p  +  <fi  =  d. 

Let  MP=q=NQ  and  MP'  =  q,  then  dq =NQ'- MP1  =  adp  sin /?, 
.-.  </  =  ajp  sin  £ ;  also  (q  —  q)  cos  /3  ==  z  =  a  cot  f3  tan  $, 
.-.  tan cj)  —  (ql a—  p  sin/3)  sin/3. 
.\  6  —  (£>  +  cosec2/3  tan  $  =  cosec  ft  q/q. 

*  See  Puiseux  quoted  in  Monge  ed.  Liouville,  p.  586. 
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(2)  Using  the  hyperboloid  of  the  last  problem, 

PQ  =  ap  sin /3,  PQ'  =  a(p  +  2tt)  sin/3,  &c. ; 
.-.   QQ'  =  ()'  §"  =. .  .=  2ira  sin  /3, 

which  is  independent  of  the  position  of  the  generating  line  inter- 
sected by  the  curve  A  Q. 

At  Q,  z  =  —  PQ  cos/3  =  —  ap  sin/3  cos/9, 
.-.  x  =  a  cosp  +  op  sin2/3  sinp,  ?/  =  a  sinp  -  ap  sin2/3  cos^>, 
.-.  (dsy  =  a2  (^?)2  (cos4/3  +p*  sin4/3)  +  a2  (dp)2  sin*£  cos2/3 

=  a2  (4?)2  (cos2/3  +y  sin4/3), 
and  coti/r  =  p  sin/3  tan/3,  .\  ds  =  «  cot*/3  cosec yjr  d  cot -^ ; 
.*.  s  =  Ja  cot2/3  {cot  ^r  cosec  -v/r  +  log  (cosec  i/r  +  cot  ^r)} . 

(3)  Let  the  conicoid  be  x2 j a  +  yl \b-\- z2 /c=l,  (1),  and  the 
consecutive  confocal  x2j(a  +  k)  +...=  1 ;  if  ot,  ■&'  be  the  perpen- 
diculars from  the  centre  on  parallel  tangent  planes  w'2  —  ot2  =  #, 
hence,  the  distance  from  the  point  of  contact  with  (1)  to  the 
consecutive  confocal  is  ultimately  ot'  —  w  =  kj(^'  -f  -sr),  which  varies 
as  -ex-1,  ultimately. 

Let  the  curves  (jp),  (p),  (<?),  (<?'),  determine  the  lines  of 
curvature  which  are  the  sides  of  the  quadrilateral ;  for  the  point 
whose  elliptic  coordinates  are^?,  q,  vr'2pq=abcj  and^  :  PQ—p>(l  :P^\ 
whence  the  theorem. 

(4)  Use  the  equation  of  the  wave  surface 

a*7(p*-a)  +  fy7(p2-J)  +  cz7(p'-c)  =  0,    (1),     p3  =  x'  +  tf  +  z\ 

Let  the  elliptic  coordinates  p,  q,  r  be  taken  belonging  to  the 
conicoid  x*!— a  +  yzj—b  +  ztj—c=\,  being  the  roots  of 

(k-a)(k-b)(k-c)-x2(k-b)(k-c)-...=  0, 
so  that  p  +  q  +  r  =  a  +  b  +  c  +  p*'     (2) 
arranging  according  to  powers  of  k  —  a, 

(k-a)3  +  P(k-ay+  Q(k-a)-x'(a-b)(a-c)  =  0, 
.'.  a2  (a  —  b)  (a  —  c)  =  —  (a  —p)  (a  —  q)  (a  —  r)  ; 

and  so   bv  m    «(«-?)(<» -?)(«->-)   ,        _  0       m 
and  so,  by  (1),    ^_____^+.._0.     (3) 

Tpt         t(t-p)(t-q)«-r)       _     A  B  C  D 

(p3-t)(t-a)(t-b)(t-c)-  *-a      t-b  *  t-c      f-t       ' 
a(a-p)(a-q)(a-r)  p2  (p*  -  p)  (p2  -  q)  (p2  -  y) 

J1-(p'-a)(a-b)(a-c)y  (^-«)(p'-6)(p2-c)    ' 

clearing  of  fractions  and  equating  the  coefficients  of  f, 

A  +  B  +  C-D=p  +  q  +  r-a-b-c-  p2  =  0,  by  (2); 
.:  D  =  A  +  B+C=0,  by  (3); 

•  •  (i7  ~~  P2)  d  "  P2)  (r  ~  i°0  =  ^j  tne  result  required. 
See  Cayley  on  this  equation,  Mess,  of  Math.  vol.  yin.  p.  191. 
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(5)  dPjdt=ma  (0  +  1)  f  +  (n -  1)  f '},  dqjdt  =  at" (t*  +  1), 

Pdtjdq  =  mt,  dPjdq=zra  {n  +  1  -  2/(f  +  1)}, 

•'•  ^=4™W+i)2,  and  P3  g=4mVr, 

(6)  By  Art.  841,  since  in  a  surface  of  revolution  of  which  the 
curves  ( p)  are  meridians  Pisa  function  of  q  only,  <p2  =  0 ; 
.*.  $  E20  is  a  function  of  p  only,  which  proves  i.,  since  6  is  constant 
for  the  same  meridian.  Also  <j>l  =  mn,  .*,  <f>  =  2d  =  mn  (p+J>Q)', 
:.  0—  6'  cc p  —p  for  the  same  line  of  curvature,  which  proves  ii. 

(7)  Let  the  equation  of  the  surface  generated  by  the  revolution 
of  the  hypocycloid  about  the  axis  of  x  be  rf  +  x%  =  ct,  where 
ri  =  yi  +  z2.  Take  ^  for  the  arc  of  a  meridian  measured  from  a 
cusp  A  in  the  axis  of  #  to  a  point  P;  ds  sua.  element  PQ  of  a  curve 
drawn  through  P  is  given  by  (ds)2  =  (dq)*  +  r'2  (dp)'\  where  dp  is 
the  angle  between  the  meridian  planes  AP,  AQ;   and  rx  =  -^Jq6 /<?. 

Let  r=  r  sec  a,  p—p  cos  a, 
then  (dsy  =  (^)3  +  rl  (dp)'  =  (dq)2  +  r' 2  (^')'  5 
hence,  3ince  r'3  =  ^(fjc1,  where  c'  =  csec2a,  the  given  surface  is 
applicable   to    another   surface   of  revolution,    whose   equation   is 

2  2  2  ... 

r'3  +  x*  =  c'3,  namely,  a  surface  generated  by  a  hypocycloid  similar 
to  the  former  whose  linear  dimensions  are  greater  than  those  of 
the  former  in  the  ratio  sec2a  :  1. 

The  arc  of  the  generating  hypocycloid  between  two  cusps 
extends,  when  bent  along  that  of  the  new  surface,  only  to  a  point 

where  r=c  cosa,  and  dr  \dq  =  (r  /c')3 =  coscc.     (I) 

If  the  two  halves  of  the  first  surface  be  bent  on  the  corresponding 
sheets  of  the  second  surface,  and  the  unoccupied  portions  be  removed, 
the  occupied  portions  can  be  placed  together,  so  as  to  become  a 
surface  with  an  edge  not  cuspidal  but  at  which  the  sheets  intersect 
at  an  angle  2a,  by  (1). 

(8)  Using  the  figure  and  notation  of  Art.  831,  t2inI=(q-qQ)l  ft, 
in  which  as  P  moves  along  Aa,  ft  and  q0  are  unaltered, 

.-.  sec27 dl I dt  =  V 1 ft,    .-.  dljdt^V^Ujft, 

and  —  cos4//y82  is  the  specific  curvature  at  P—  —  (BlR1)~1. 

LX. 

(1)  i.  Let  p,  q ;  p,  q' ;  p',  q  ;  p,  q  be  the  elliptic  coordinates 
of  the  angular  points  A,  B,  G,  D  of  the  quadrilateral. 

*  Bour.  Jour,  de  UEc.  Pol.  I.  Cah.  39,  p.  99. 
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p  +  q  =  0-4*  -  a  -  5  -  c,  p  -}■  q=OC2-a-b-c, 
.\   0^,  +  002=i?  +  ^+i?'  +  ^H-2(a  +  ^  +  c)  =  052  +  0i)2.    (1) 
ii.  Let  (7,  rw,  w)  and  (/,  m',  w')  be  the  directions  of  OA  and  0C, 
.-.,  by  Art.  287,  l\ OA2  =  a(a  +  p)(a  +  q)l(a-b)(a-  c), 
r.  OO2  =  a  (a  +p')  (a  +  2')/(a  -  5)  (a  -  c), 

/.  ll'.OA.OC=  V{(a  +p)  (a  +  2)  (a  +p')  (a  +  ?')}  «/(«  -  h)  0  ~  c)> 
and  if  (X,  fi,  v)  and  (V,  /a',  v')  be  the  directions  of  OB  and  OD, 

ll\OA.OC=XK'iOB.OD. 

Thus   04 .0(7(7?  +  mm  +  nri)=0B. OD (\V  +  w'  +  vv), 

or  OA.OCcosAOC=OB.ODcosBOD- 

:.  (L42  +  <9C2-  AC*  =  OB2  +  OD'2-BD\  and,  by  (1),  AC=BD. 

iii.  Let  #8/(a  +  r)+...=  l  be  the  confocal  ellipsoid, 

then  p+q+r=  OA"2  —  a  —  b  —  c\ 

.-.  OA'-  OA*  =  r,  similarly  for  P',  <?',  D'. 

(2)  Let  the  conicoids  (1),  (2),  and  (3)  be  respectively  an 
ellipsoid,  a  hyperboloid  of  one  sheet,  and  of  two  sheets,  so  that 
p>  q>r.  By  Art.  296,  p  —  q1  p  —  r  are  the  squares  of  the  semi- 
axes  of  the  central  section  of  the  ellipsoid  by  a  plane  parallel  to 
the  tangent  plane  at  the  point  of  intersection  of  the  three  conicoids. 
Hence,  by  Art.  720,  pq\ pr=(p  —  r)l(p-q);  similarly,  since  the 
two  centres  of  principal  curvature  of  the  hyperboloid  of  one  sheet 
are  on  opposite  sides  of  the  tangent  plane, 

°vK  =  -(>-2)/(2-0;     TPlT9  =  (q-r)l(p-r); 
•'•  P9°VTP  +  /VV^:=0,     crr/(7p  +  Tv/Tp=l,  &c. 

(3)  By  Art.  502,  p'2  =  u2  +  (dii/dd)2  +  cosec'0  (dujd<t>)% 

:.  secS/r  =  r2jp2  =  1  +  (d  logrjdd)2  +  cosec20  (d  logr/dcf))2 ; 
.-.  tairV  =  P2+#2. 
In  the  case  of  the  ellipsoid  ax2  +  by2  +  cz2  =  1, 

r~2  =  sin20  (a  cos2<£  +  b  sin2<£)  +  c  cos2#, 

P=  d  \ogrjdd  =  —  r2  sin  6  cos  6  (a  cos2d>  +  b  sin2</>  —  c), 

Q  =  cosec  6  d  \ogrjd<f>  —  —  r2  sin  6  sin  (j>  cos  </>(&  —  a), 

(1  +  P2)  ?*-4  =  sin20  (a  cos20  +  ft  sin50)2  +  c2  cos20, 

(1  +  P2  +  Q2)  r~4  =  sin20  (a2  cos2<£  +  b2  sin2<£)  +  c2  cos20 ; 

.-.  1  +  P2  +  #2  =  r2  (aV  4-  &y  +  cV)  =  r2//  =  sec2^. 

(4)  Since  (q2  +  1)  (1  +pq)  +  (q2  -  l)  (1  -  ^)  =  2q2  +  2^, 

/.  (q2  +  \)  xj a  +  (q2  -  I)  zjc  =  2q, 
hence  all  the  points  of  the  striating  line  for  which  q  is  constant  lie 
in  a  plane ;  similarly  for  p ;  hence  the  striating  lines  are  generating 
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lines,  and  the  lines  of  curvature  bisect  the  angles  between  the  lines 
(p)  and  (q)  through  which  they  pass, 

.\  E(dPy-G(dqy  =  0,  Art.  796. 

Shew  that  (day  (p  +  q)*  =  a2  {(q2  -l)dp  +  (f  -  1)  dq}' 

+  45"  (q  dp  -p  dq)1  +  c2  {(<f  +  1)  dp  +  (f  +  1)  dq\\ 

hence,  that  E(p  +  qyj(a2  +  c2)  =  q4  -  2Aql  +  1, 

#  O  +  ^)4/(«'2  +  c')  =/  "  2^'2  +  1. 

(5)  By  Art.  831,  the  specific  curvature  at  any  point  (^>,  q)  is 
—  /^/{fe-  So)*  +  ^T>  which  is  zero  where  #  —  #0  is  finite,  but  is  —  /3~* 
at  the  point  where  the  generating  line  meets  the  line  of  strictiou. 

The  explanation  of  the  discontinuity  is  given  by  making  q  —  qQ  =  x 
and  the  specific  curvature  y,  tracing  the  curve,  and  observing  the 
form  as  $  gradually  diminishes.  Fig.  8  represents  the  two  forms 
when  /3  =  1  and  ^.  In  the  general  case  the  point  of  inflexion  is 
where  x  =  /3I V5,  and  the  radius  of  curvature  where  x  =  0,  y  =  —  /3~2 
is  i/S4. 

The  curves  corresponding  to  /S  and  ($'  intersect  where  a;2  =  /3/3'. 

(6)  Fig.  p.  347.  The  equations  of  a  generating  line  Aa  through 
the  point  (a  cos  0,  a  sin  0,  0)  are,  if  c  =  a  tan  a, 

sc  =  (a  —  z  cot  a)  cos  0,     y  —  (a  +  z  cot  a)  sin  0. 

Let  (ic,  y,  2)  and  (a?  -f  8x,  y  +  S^r,  z  4-  82)  be  the  points  A,  B'  in 
which  the  line  of  shortest  distance  meets  Aa  and  the  consecutive 
generator  Bb ;  since  AB'  is  perpendicular  to  Aa  and  Bb, 
—  Bx  cos0  +  £?/  sin0  -f  Bz  tana  =  0,     (1) 
and  Bx  sin  0  t  By  cos  0  =  0;     (2) 
also  &e  =  —  Bz  cot  a  cos  6  —  {a—  z  cot  a)  sin  0  d9, 
and  &/=     82;  cot  a  sin  0  +  (a  +  2  cot  a)  cos  0^0, 
by  (1),  Bz  =  -  a  sina  cosa  sin 20  d0,  and  by  (2),  z  =—  a  tana  cos20; 
.-.  cc  =  2a  cos30,  y  —  2a  sin30,  are  coordinates  of  A. 
To  find  the  four  elements  of  the  scroll,  viz.  AB',  B'B  and  the 
angles,  dijr  between  Aay  Bb,  and  d<j>  between  AB\  BC\ 

8x/ cos  0  =  By/-  sin  0  =  Bz  tan  a  =  —  a  sin2a  sin20  ^0 ; 
.-.  AB,2  =  (Bx)2  +  (fy)2 +  (Sz)2  =  a2  sin2a  sin220  (dd)\ 
AB2  =  {(-  3  sin20  cos0)2  +  (3  sin20  sin0)J 

+  (-2  tana  sin 2 0)2}  a2 (dd)\ 
;.  B'B2  =  (9  +  4  tan2a  -  sin2a)  a2  sin220  (a7^2, 
whence  B'B=  (3  +  2  tan2a)  a  cosa  sin 20  ^0  =  dcr,  suppose. 
The  direction-cosines  of  Aa  are  -  cos  0  cosa,  sin  0  cos  a,  and  sina, 
.*.  cos dyjr  =  cos2a  {cos  0  cos  (0  -f  ^0)  +  sin  9  sin  (0  +  d0)}  +  sin2a 
=  cos2a  cosd0  +  sin2a, 
.-.  Jijr  =  cos  a  c?0 ;     similarly  d(j)  =  sin  a  d0. 
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In  the  deformation  proposed,  all  the  generating  lines  are  parallel 
to  a  fixed  plane,  to  which  the  lines  of  shortest  distances  are  perpen- 
dicular, and  they  are  all  tangents  to  a  cylindrical  surface  whose 
base  is  the  limit  of  the  polygon  of  which  the  sides  are  projections 
of  such  lines  as  B'B  on  the  fixed  plane ;  hence  if  yfr  be  the 
inclination  of  BB'  to  a  fixed  line  in  the  plane,  the  intrinsic  equation 
of  the  base  of  the  cylinder  is  dajd^r  —  (3  +  2  tanV)  a  sin  (2  sec  a  -»Jr), 
which  is  that  of  a  hypocyeloid  j  the  radii  B,  r  of  the  fixed  and 
moving  circles  are  given  by 

icosa=l-2r/J?,   and   4r  (B - r) / (R -  2r)  =  (3  ■+•  2  tanV) a. 

The  locus  of  the  points  of  contact  of  the  generators  of  the 
deformed  scroll  with  the  cylindrical  surface  is  a  curve,  the  tangent 
of  whose  inclination  to  the  base  is  the  limit  of  B'BjAB\  which 
is  constant. 

(7)  The  element  ds  of  a  curve  drawn  in  any  direction  on  the 
sphere  is  unaltered  in  length  when  the  sphere  is  deformed,  hence 
for  all  values  of  dp  :  dq 

cos2q  (dp)2  -f  (dq)2 

=  (1  +  BolJ  [cos1  (q  +  Bq){d(p  +  Bp)}2  +  {d(q  +  Bq)}>]  +  (dBa)% 

and  retaining  only  the  first  powers  of  the  increments  6j?,  Bq,  Bcc, 

(cos2q  Bex.  —  sin q  cos q  Bq)  (dp)2+  cos'q dBpdp  +  Ba  (dqif-\-  dBqdq  =  0; 

observe  that  dBp^dp  -~  +  dq  — -  ,  &c, 

M  dp         M  dq   1         1 

and  equate  the  coefficients  of  (dp)2,  dpdq  and  (dq)*  to  zero, 

whence  cos^Sa—  sin^  cos  qBq  +  cotfqdBpjdp  —  Q, 

cos'qdBpldq  +  dBqldp  =  Q,  and  BoL  +  dBqldq  =  Q,     (1) 

.'.  secqdBqldq  +  t&nq  secqBq  —  secqdBpldp==0, 

or  d(secqBq)/dq  — sec  qdBp  J  dp  =zOj 

also  cosqdBp /dq  +  d  (secqBq)/ dp  =  0,  and  dujdq  =  secq, 

:.  d (secqBq) I du  —  dBp I dp  =  0,     (2) 

d  (secqBq)  \  dp+  dBp  \ du  =  0 ; 

/.£&  +  *£=& 

dui         dp? 
The  most  general  real  value  of  Bp  is,  f(z)  and  <$>  (z)  being  real 
functions,  f(p  +  iu)  +f(p  -  iu)  +  i  {<£  (p  +  iu)  -<j>(p-  iu)}. 
Let  f(z)  =  C cos sz  and  <j>  (z)  =  D  sinss, 
Bp  =  2  G  cos sp  cos siu  +  2iD  cos sp  sin  siu 
=  C  cos  sp  (e'su  -f  esu)  +  D  cos  sp  (e'su  -  em), 
and  eu  =  {1  +  cos  (\tt  -  q)} /sin  (\<ir  -q)  =  cot  Qtt  -  \q), 
therefore,  writing  A  for  C  +  D  and  B  for  C  —  D, 

Bp  =  cossp  {A  tan'  (Jtt  -\q)  +  B  cot5  Qir  -  %q)}. 

0 
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By  (2),  d(sQcqSq)ldu  =  -ss\nsp(Ae~m  +  Be°,iy)j 

:.  secq  8q  ==  sin sp  (Ae™  —  Besu). 

By(1),  8oL  =  -d8gldq=smspsmq(Aesw-Beiu) 

+  mnsp(Ase-su  +  Bsesu). 

LXI. 

(1)  The  equations  of  the  generating  circle  are 

x  =  a,  y2  +  z2  =  @y  +  yz, 
and  the  functional  equation  of  the  surface  is  y2  +  z2  =yf(x)-\-z<f)(x)  ; 

\  +  2qz\y-z2\y2  =  ${x){yq-z)\y2. 
Differentiate,  with  respect  to  ?/,  the  equation 

log  (y2  -  z2  +  2^s)  -  log  (yq  -  z)  =  logtf>  (». 

(2)  The  equations  of  the  generating  line  are  y  =  a.x,  x^ffz+y, 
where  (I  -f  a2)  y2  —  a2,  :.  ^z  —  x-  ax/ *j(x2  +y3),  and  /3  is  an  arbi- 
trary function  of  a  or  y\x\  multiply  by  sj(x2 -\-if)\x,  then 
zf{ylx)=s/{x2+yi)-a)  shew  that  (px+qy)lz=\/(x2+y2)jy(x2+y2)-a}. 

(3)  The  equation  of  the  conoid,  having  Oz  for  axis,  must  be 
of  the  form  y  (az2  4-  2fiz  +  y)  =  x  (a'z2  +  2fi'z  +  7'),  Art.  854,  any 
plane  y  =  mar  contains  the  axis  and  two  generating  lines  corre- 
sponding to  z  =  zt  and  e  =  z3,  s1?  z3  being  roots  of 

{ma.  -  a)  z2  +  2  (m/3  -  ft')  z  +  my  -  y  =  0. 

(4)  The  equation  can  be  written  in  the  form 

z2  (z  —  x-\-  z-  y)2  +  2z{a-  z)  {z- x-{z-y)}2 -  2a2 {z-x)(z-y)  =  0  ] 
.'.  (z-  x)l(z—y)  =f(z)  ;  the  required  result  follows,  Art.  854. 

(5)  The  middle  point  of  a  chord  inclined  to  Ox  at  an  angle  a 
is  {a  cos2a,  a  cos  a  sin  a,  0),  and  the  equation  of  the  corresponding 
sphere  is  x2  +  yl  +  z2  —  2a  (x  cos2a  -f  y  cos  a  sin  a), 

or  x2  +  y2  -f  z2  —  ax  =  ax  cos  2a  +  ay  sin  2a, 

for  the  envelope  —  x  sin  2a  +y  cos  2a  ==  0.     Eliminate  a. 

(6)  For  the  envelope,  xdl+y  dm  +  zdn=0,  ldl  +  m  dm  -\-ndn=0, 
and  \dl+  /j,dm+  vdn  =  Q;  if  x-\-  Al+  BX=0  and  y  +  Am  +  l?/u,  =  0, 
then  «  +  -4w+ J5j/  =  0; 

.*.  Ix  +  my  +  nz+A  (I2  +  r/22  +  n2)  =  0,  or  a  +  ^  =  0 ; 

!\  .z2  -f  ?/2  +  z2  —  a2  =  -  B  (\x  -f  fjiy  +  vz), 

\x  +  fjby  +  vz  =  -  B  (X2  +  fju2  +  v2).     Eliminate  i?. 

(7)  Let  y2  \b-\-zl\c  =  x  be  the  equation  of  the  paraboloid;  the 
squares  of  the  semi-axes  of  the  section  by  the  plane  x=a  are  Z>a,  ca, 
and  the  equation  of  the  ellipsoid  of  which  this  is  a  principal  section 
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is  (x  —  afja-\-y2jb  +  z2jc  =  a,  if  each  of  the  series  be  similar  to 
x2 '/ a  +  y2 \b  +  z v\ c  =  l.  We  have  for  the  envelope  —  2  (x  —  a)/a=  1, 
hence  the  equation  is  y2  \b  +  z2 jc  —  x^=\a,   - 

(8)  Shew,  as  in  Art.  240,  that  the  area  of  the  section  of  a 
hyperboloid  of  one  sheet,  whose  equation  is  ax2  +  by2  +  cz2  =  X, 
c  being  negative,  is  equal  to   (1  +  p2lur*\)  7r^  (— afo)~*/<sr,  where 

Hence,  when  \=0,  in  which  case  the  hyperboloid  becomes  a  cone, 
the  area  of  the  section  of  the  cone  by  the  plane  Ix  +  my  +  nz  =p 
is  7r(—  abc)~* p* I tv3  ;  and,  since  the  volume  cut  off  by  the  plane 
is  constant,  (p/^)3  is  constant.  Thus  the  equation  of  the  cutting 
plane  is  lx  +  my  -t-  nz=p=  C  \J(—l*  ja  —  m2  jb  —  n2  /c),  where  C  is 
constant,  the  plane  is  therefore  a  tangent  plane  to  the  hyper- 
boloid ax2  +  by2  +  cz2  =  -  C\ 

LXIT. 

(1)  Shew  that  the  equations  of  the  generating  lines  can  be 
put  in  the  form  mx  =  az  +  /3c,  y  =  /3z  +  occ,  (1) 

/.  mzx  —  cy  =  a  (z2  —  ca),     (2) 

yz-mcx  —  &(z2  -c2),  (3)     and  /3=/(-a). 

For  any  direction  denoted  by  dx,  dy,  dz  on  the  envelope, 
Udx  +  Vdy  4-  TFefe  =  0,  and  if  this  be  the  direction  of  the  generating 
line  (1),  mdx  —  adz,  dy  =  /3dz,  ;.  aU-\-  m/3V+mW=0,  whence 
the  corrected  result,  by  (2)  and  (3). 

(2)  i.  The  equation  of  the  tangent  plane  at  (a?,  3/,  z)  is 

Z-z=p(£-x)  +  q(,n-y)i  >■  j» + qy =z - ^+1  /**• 

To  integrate  this  equation  dx  jx  =  dyly  =  zndzj(zn^  —  kn+1) ; 
/.  y  =  ax   and   (n  +  1)  log  a?  +  log/3  =  Jog  (2n+1  -  Jcn+l), 
.-.  2n+l  -  F+1  =  J3xn+1  =  xn+1f(yjx). 
ii.  The  intercepts  by  the  tangent  plane  on  Ox  and  0?/  are 

(px  +  qy-z)lp  and  (px  +  qy-z)lq,  :.  px  =  qy, 
write  ?  for  y/a;,  then  (n  +  1)  ^  =  (rc  +  1)  a;"/  (0  -  x^yf  (t\ 

and  (w  +  l)*"^  &"/'(*)>   •*■  *  =  (w  +  l)/(0//'(0-'j 
hence  /'  (0/7(0  =  i («  + 1)  f1,  and  f(i)=CtW+1K  ' 

(3)  The  functional  equation  is  obtained  from 

a;/c  cos  0  +  ?//c  sin0  =  l  and  0=f(z). 
For  the  differential  equation 

sec  0  +  (a;  sec  0  tan  0  —  y  cosec  0  cot  6)  pf'(z)  =  0, 
cosec  0  +  (x  sec  0  tan  0  —  y  cosec  0  cot  0)  qf'(z)  =  0; 
;.  cos0/2  =  sin0/p  =  l/VG>2  +  28)  and  (xj q  +  3/ \p)  \l(tf  +  £2)  =c. 
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(4)  Take  Ox  as  the  given  line,  and  Oz  containing  the  given 
point  G  where  OG—c.  The  equation  of  one  of  the  spheres  is 
x2  —  2yz  +/+22  =  c\  and  for  a  surface  cutting  the  sphere  orthogo- 
nally"^ —  r/)p  +  yq  —  z  =  0, 

or  ($* +  c*  ~y* -z*)pj2x-\- yq-z  =  Q, 
2xdx/(x*  +  <?  —  if  —  z*)  =  dyjy  =  dzjz  ; 
.-.  z  =  ay,  2xdx\y  -  (x*  +  c2)  dyjy1  +  (i  +  a8)  %  =  0, 
/.  (^+c2)/y  +  (l  +  a2)y  =  /3=/(a);  ' 
the  functional  equation  is  x*  +  c*  +  y2  +  z*  =  yf(z\y). 

(5)  The  functional  equation  of  the  family  of  surfaces  is 

x*la  +  y'lb+z'lc=f(xi+y*  +  z>), 
whence  (x  \ a  +pz  \ c) \(y  4-  qz)  —  (y  j b  +  qz  \ c)  (x  +  pz)  =  0. 

(6)  The  vertex  of  a  cone  of  revolution  enveloping  an  ellipsoid 
#2/a2  +  y2/&2  +  22/c2  =  1  is  on  the  umbilical  focal  conic,  and  it3 
coordinates  are  a,  0,  7,  where  a2/ (a2  —  &2)  —  72/(62  —  c2)  =  1 5  the 
equation  of  the  plane  of  contact  is  ax/a2  +  yz\cl  —  1,   (1). 

Hence,  for  the  envelope,  acfo/(a*  —  b%)  —  <ydyl(b*  —  c2)  =  0,  and 
xda/a*  +  zdy/c*  =  0 : 


2  2 

a  a 


c^ _g'/(«'-5Q-7'/(S'-c') 


'#(a2-&*>      -2(62-ca)  OLxjcf  +  yzjc' 

/.,  by  (1),  a;2  (a2  -  6'0/a4 -  s8  (V -  <T)\*  =  1, 
the  dirigent  cylinder  of  the  focal  conic. 

This  result  follows  also  from  the  theorem  that  the  focal  and 
dirigent  conies  are  reciprocals  of  each  other  with  respect  to  the 
principal  section  in  the  plane  of  which  they  lie,  Art.  346. 

(7)  For  the  envelope, 

yz+...=  2a(x+...)   and   2xyz  =  a(yz+...)  ;     (1) 
/.  Axyz(x  +...)  =  (yz+...y   or   4  {(yz)'1 +...}  =  (afx +...)"; 

,\  af2-f...—  2  (yz)'1  —  ...=  0,  whence  af  *  +  y~*  +  s_i  =  Q. 
For  the  characteristic,  2a"1  =  x'1  +  y'1  +  s-1,  by  (1), 

=  x~1  +  y~l  +  (x~i  +  y~iy,   .',  xy  =  a{x+y-{-(xy)i}. 

(8)  Shew  that  the  equation  of  the  cone,  whose  vertex  is  at 
(a?,  y,  z)  in  the  conicoid  ax*+by'1+cz*=\,  is  a%'+brf+c£i=2u'i—  2u-f  1, 
where  w  =  a#|?-f...,  hence,  for  the  envelope  2w=l,  and  a|2+...=^. 

(9)  Write  A,  A'  for  the  two  determinants  in  (1), 

and   A  =  Aa  +  Bt3+Cy,   A'  =  A'a  +  B'l3+ C'y. 
(1)  (A&,'  +  A'&)doL+...=  0   and   aaa  +  ...=  0; 
hence,  for  the  envelope, 

(^A'  +  .4'A)/a=...=...=  2A'A/(a84-/32  +  72)=:2m; 
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.-.  (A2  +  B>  +  C')A'  +  (AA'  +  BB'+CC')A  =  2*nA, 
and  (A"  +  B'z  +  O'2)  A  +  (A£  +  BB'+  CC)  A'  =  2™  A', 
the  equation  of  the  envelope  is  (J.^T+...-2???)3  =  (^2+...)(^"+...), 
where  A  =  cy  —  bz,  &c. ;  and  the  equation  reduces  to 

[{x  (be  -  b'c)  +...}*  +  Am  (aa'  +...)](x*  +  y2  +  z') 
=  4771'  +  4??2  (aa+...)  (a';c +...). 

(2)    As  in  (1),  writing  FT  for  ax  -f  j3y  +  72;, 
(#A  +  ^n)/a=...  =  ...=  2nA  =  2m  and  Ax  +  By  +  Cz  =  Q, 
.-.  (42  +  £*  +  aa)II  =  2wiA  and  (x3  +  j/8  +  z5)  A  =  2mfl, 
hence,  the  equation  of  the  envelope  i3 

(a^  +  y»+^{(^+:„)(^ +...)- (a* +...)1}  =4*". 

LXIII. 

(1)  The  equations  of  the  two  spheres  are  r2  +  2ax  =  <r2,  and 
*•' +  2/3y  =  c*,  and  the  characteristic  is  a  circle  in  the  plane  ax  =  @y] 
hence,  p  and  q  being  the  same  for  the  spheres  and  surfaces  generated, 

(x  +  a)  dx  +  ydy  +  z  (pdx  + qdy)  =  0  and  adx  =  {3dy  ; 

.-.  (x  +  a)  &  +  yz  +  z  (p/3  +  qa)  =  0, 

.*.  (a:  +  sp)  2*/(r'  -  a8)  +  (y  +  s?)  2*, /(r«  -  c2)  =  1. 

The  functional  equation  of  the  surface  is,  since  a  =/(£), 

(r-a')l2x=f{(r'-c')r2fl. 

The  algebraical  form  of  f(it)  which  can  give  a  cubic  surface  is 
A  +  Buj  and  the  equation  of  the  surface  is  of  the  form 

C  (r%  -  al)jx  +  D  (r2  -  c2)ly  =  1. 

(2)  The  functional  equation  of  a  right  conoid,  whose  axis  is  Oz, 
is  F(Z)  yjx)  =  0,  and  for  the  right  conoid  of  the  nth  degree,  the 
equation  is  Zn_rxr  +  Z'n_1xr~1y  -f . .  .=  0,  where  Zt  is  any  integral  func- 
tion of  z  of  the  5th  degree. 

For  a  given  value  of  2,  y'x  has  r  values,  and  the  least  value 
of  n  —  r  is  1,  otherwise  z  would  disappear. 

(3)  The  equations  of  a  generating  line  may  be  written 

n  (y  -  b)  -  m  (z  —  c)  =  a  [n  (x  —  a)  —  I  (z  —  c)},  and  z  —  (3x  +  73/, 
and  in  order  that  this  line  may  generate  a  ruled  surface,  /3  and  7 
must  be  functions  of  a,  whence  the  equation  given  in  the  problem. 

(4)  The  directions  (X,  //,,  v)  of  the  tangent  lines  to  the  two 
branches  of  the  curves  of  intersection  with  the  tangent  plane  are 
given  by  \Z7=...=  0  and  Vw-}-...-f  2fjLvu  +...=  0,  and  the  required 
equation  is  the  condition  that  the  two  directions  should  be  at  right 
angles,  Art.  26. 
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(5)  Taking  the  axis  of  z  for  the  axis,  and  the  equation  z=mx 
for  that  of  the  director  plane  of  any  conoid,  the  equation  of  the 
family  of  such  conoids  is  z  =  mx  +f(y/x)  i?  mx  +/(?/)* 

The  condition  corresponding  to  that  of  (4)  is 

(1  +  q')  r  -  2pqs  +  (1  +  p*)  t  =  0, 
whence  shew  that  2uf'  (u)  +  2m  {/'  (uffjx  +  (w2+ 1 4  m')f"  (u)  =0, 
thus  f(u)  is  a  function  of  w,  only  when  772  =  0,  or  when  the  conoid 
is  a  right  conoid.     In  this  case 

/"0)//'(")  =  -2«/("2  +  l),    /'0)  =  c/(t*'  +  l); 
•'•  /  (u)  —  c  tan_1w  =  2,  or  y  —  x  tan  (z  / c). 

(6)  The  equations  of  a  generating  line  are 

y  =  asc,  s  =  /3  (c  —  r),  where  y2  =  #2  +  ?/8, 
and  /3  =/(a)  gives  the  functional  equation  z  =  (c  —  r)f(ylx). 
Find  p  and  ^,  and  shew  that  px  +  qy  =  —  rf  (yjx).     (1) 
The  osculating  plane  of  the  geodesic  at  (x\  y,  0)  contains  the 
normal,  and  its  trace  on  the  plane  xy  touches  the  circle,  these  con- 
ditions are  represented  by 

A(x-x'  +p'z)  +  B(y-y'  +  qz)  =  0,   and   A\x  ==-B\y  \ 
...  x'x  +  y'y  _  c*  -  _  (y^'  +  ?y)  z  =  czf(y'jx%  by  (1). 

(7)  The  torse  is  the  envelope  of  a  plane  which  touches  both 
curves,  and  therefore  contains  the  tangents  to  both,  these  tangents 
must  therefore  be  parallel,  and  their  equations  must  be 

y  —  mx+  ajm,  z  —  0'j    and   x  =  y \m  +  may  z  —  c] 

hence,  the  equation  of  the  enveloping  plane  is 

y  —  mx  —  ajm  +  Az  =  y  —  mx  +  m7a  +  A  (z  —  c)  =  0, 

so  that  Ac  —  m2a  =  almy  and  the  equation  of  the  plane  is 

my  —  m2x  —  a  +  (m*  -f  ] )  az  / c  =  0,     (1) 

and  from  those  of  the  next  two  consecutive  planes 

y  —  2mx  ■+■  Sm^as/c  —  0,     (2) 

and  —  2x  +  6mazjc  =  Q  or  m  —  \cx\az. 

The  equations  of  the  edge  are  obtained  by  substituting  for  m 
in  (1)  and  (2). 

See  H.  M.  Taylor  {  On  the  generation  of  a  torse  through  two 
given  curves,'  Mess,  of  Math.  vol.  V.  p.  1,  where  he  gives  this 
problem  as  an  illustration. 

(8)  Let  x*  J  a  +  y*  /h  +  z*  J  c=*  I  be  the  equation  of  the  ellipsoid, 
and  let  (f ,  77,  £)  be  the  point  Q  in  the  normal  at  P  (#,  y,  z), 
PQ  =  ^IPt  then  f—  x^Xx/a,  &c.  Hence  the  equation  of  the 
locus  of  Q  is  a^l(a  +  \y  +..,=  1.  (1) 

For  the  envelope  of  the  ellipsoid  (J)  eliminate  X  from  (1)  and 
ag\(a  +  A)3+...=  0,  (2).     By  Art.  721,  the  coordinates  f,  77,  ?  of 
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the  two  centres  of  curvature  at  P  are  the  two  sets  of  values  of 
x(a  +  K)l<X)  &c.  where  a;2/(a +  &)+...=  1,  or  x*-ja(a  +  k)  +  ...=  0, 
hence  the  equation  of  the  surface  of  centres  is  found  by  the 
elimination  of  k  from  the  equations 

<*?/(« +  &)"+...=  !  and  af  /(a  +  kj  +...=  0, 
which  proves  the  second  theorem. 

LXIV. 

(1)  The  functional  equation  of  such  surfaces  is 

ft,^-/W}'  +  «,{y-*Wr  =  ^,5  CD 

...  ¥{x-f  (z)}  +  TFp  =  0,     a2{y-<j>  (z)}  +  TT?  =  0, 

where   JTe  -  b9f  (a)  {a;  -/  (a)}  -  a'*'  O)  {*/  -  </>  («)}, 

hence  ^62  {*  -/  (*)}  -  pa8  {y  -  <j>  («)}  =  0 ;     (2) 

.*.  s&J  {a?  -/  (z)}  -  ra*  {y  -  <p  (z)}  +  qb*  +  wp  =  0, 

and  $*  }ic  —  f(z)\  —  sa2  [y  —  </>  (a)}  —  ^>a'  +  wq  =  0, 

where  w  =  —  #&*/'  00  +  pc?<t>  00  ] 

:.  (qs  -pt)  b'2  {x  -f(z)}  -  (qr  -ps)  a' {y  -  <j>  (z)}  +  q'b*  +p'a*  =  07 

by  (2)  and  (1),  x  -f(z)  =  a*p  (a*p*  +  &Y)"*, 

and  y  -  </>  (z)  =  b2q  (a2p2  +  &y  )"* ;     (3) 

...  tt>£>  (?V  -  2pqs  +p2t)  -  (oy  +  6V)1  =  0.     (4) 
The  two  first  integrals  of  (4)  may  be  obtained  by  eliminating 
separately  f  (z)  and  0  (z)  from  (1)  and  (2),  and  so  obtaining  (3). 

(2)  Let  the  equations  of  the  internal  and  external  surfaces  be 

the  shell  being  thin,  the  thickness  at  any  point  is  \p,  wThich  is  the 
difference  between  the  perpendiculars  upon  parallel  tangent  planes, 
hence  p  is  constant  at  all  points  for  which  the  thickness  is  constant. 
The  problem  is  to  find  the  envelope  of  the  plane  lx  +  my  +  nz  =  0, 
Z,  wi,  n  being  subject  to  the  condition 

ZV  +  mV  +  «V  =/  (T  +  m2  +  n*), 
hence  I  (a*  —p'2)lz  =  m  Qj2  —p3)/y  =  n  (c*  —p^)jz ; 

••  «V  («"  -/) + y*/  0"  -/)  +  W  («2  -  i>*) = o- 

(3)  Let  brj'2  +  c^  =  2^  be  the  equation  of  the  paraboloid,  (7,  m,  w) 
the  direction  of  a  chord  whose  middle  point  is  (a;,  3/,  a)  and  length 
2r;  then  bmy  +  cnz  =  l  (1),  and  (bm2 +  cri2)r2  =2x  —  by2  —  cz*, 
hence  the  equation  of  the  sphere  whose  envelope  is  required  is 

(?  -  *)*  +  (*  -  *)*  +  (?-  z)s = '' = *  (2*  -  V  -  <0,   (2) 

where  A;  1  —  bm~  +  en2 ;  therefore,  by  Art.  874,  y  and  z  being  con- 
nected by  (1), 

f  -  x  +  A  =  0,  (3)    and  (rj-y  -  kby) \lm  =  (£-z  -  kcz) [en,  (4) 
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we  have  to  eliminate  a?,  y,  z  from  (1),  (2),  (3),  (4)  ; 

writing  y  for  y  —  77/(1  -f  kb)  and  z  for  z  —  f/(l  4  Ac), 
(4)  becomes  (1  +kb)y' jbm  =  (l+kc)z  jcn  =  p,  suppose, 
(1)  becomes  Zwi?/  +  cnz  =1  —  bmrj  j  (I  -f-  £5)  -  cwf/(l  +  Ac)e  w, 
(2)  becomes 

(l+^)y2+(l+^c)0'2  =  2^+F-^r;V(l4-B)-^3/(l  +  /tc)Et;, 
.%  p  {#W/(1  +  *&)  +  cV/(l  +  Ac)}  =  m, 
p2  (6V/(1  +  #5)  +  cV/(l  +  Ac)}  =  v ; 
...  t,3  =  jJV/(i  +  AZ>)  +  cV/(l  +  Ac)}  v. 

Hence  the  envelope  is  a  paraboloid  or  a  parabolic  cylinder ;  and 
it  may  be  shewn,  since  c  is  negative,  that  the  paraboloid  will  be 
elliptic  or  hyperbolic,  as  —  (bm%  jc  +  en*  fb)  <  or  >  1. 

If  the  original  paraboloid  had  been  elliptic  the  envelope  would 
have  been  an  elliptic  paraboloid. 

(4)  Since  \  U=  ax  -+  c'y  +  b'z  +  a",  \u  =  a,  }?//  =  a',  &a,  the 
condition  of  perpendicularity  of  the  generating  lines  is 

a  (V3  +  W>)  +...-  2a'  VW-...=  0.     (1) 
By  transformation  of  coordinates  let  the  equation  of  the  surface 
become  ax*  +  fty2  +  7^a  +  2a!'x  +  8  =  0,  the  condition  (1)  becomes 

(fi  +  7)  (**  +  «")"  +  (7  +  «)  £ Y  +  (a  +  0)  7V  =  0, 
the  coefficient  of  cc*  =  a(/2 -^7)  =  a/2- A,  see  Art.  413,  and  the 
terms  of  the  second  degree  are  72(oticJ-f ...)  -  A  (V  +...),  which 
with  the  original  coordinates  gives 

I2  (ax*  +...±2ayz  +...)  -  A  (V +  /  +  *3)  ; 
also  in  (1)  the  coefficient  of  x  is 

2a"  (ab  +  ac-  V*  -  c'2)  +  2b"  (cc  -  a'V)  +  2c"  (bV  -  a'c') 
=  2a"J2-  2  (Aa"+C'b"+B'c")  =  2a"I2+dHlda\  see  Arts.  391,  392. 
Hence,   at   the   intersection   of    the    given    surface    with   the 
surface  (1), 

A  (V  +y  +  s»)  _  xdHjda"  -  ydHjdb"  -  z dH/dc" 
+  I2d-Ii(a"2  +  b"2  +  c"*)  +  aa"'+...+  2a'b"c"+...=  0, 
shewing  that  the  points  lie  on  a  sphere. 

(5)  Take  the  axis  of  revolution  for  that  of  z,  and  let  the 
equation  of  the  surface  be  x7  +  y2  =  $*,  where  <£>  is  any  function 
of  z  only.     The  condition  given  is  represented  by 

(1  +  <f)  r  -  2pqs  +  (1  -vp')  t  =  0. 

x=p(j><P',  y  =  q<b<f>',    '•1  =  (f+f)(t>'%     (0 
1  =  r<j)<t>'  +  p2  (<£<£"  +  <f>''2), 

0  =  S(P(l>'+pq(<f)<f>"  +  <l>"0, 

1  =#><£'  +22  (^f'  +  fOi 
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,.  2+p8+2'=(/+2*)(**"+*'*); 

.-.,  by  (1),  20' a  +  1  =  00"  +  0' V  and  20'0"0"2  -  20' 30"3  =  20'0"3, 

hence  0' 20"a  =  c"2  -  0-2,  and  dz/d^  =  c  (02  -  c2)~* ; 

.,  0  =  Jc(^c  +  <fe/c). 

(6)    Let  the  origin  be  the  vertex  of  the  cone,  (/",  g,  Ji)  the 
centre  of  the  conicoid,  a  (x  — /)2+...=  1  its  equation,  and 

ax  +  /3y  +  yz  =  1,  ax  +  /3'?/  +  y'z  =  l 
the   equations   of  the  planes  of  the  sections.      The  equation  of 
the  cone  is 
a(x-fy+b(y-gy+c(z-hy-l-p(ax+$y+yz-\)(a'x+Py+y'z-\)=0. 

If  the  axis  of  z  be  an  axis  of  the  cone  the  only  terms  of  the 
equation  are  those  involving  a;2,  y2,  22,  and  xy ; 

.-.  of2  +  bf  +  cA2  -  1  =  p,    2af=p  (a  +  a'), 
2bg  =  p((3  +  i3'),  2cA  =  p(7  +  7')3  a7'  +  a'7  =  0,  /37'  +  /3'7  =  0, 

:.  a'ja  =  —  y'ly  =  i3'l/3  =  cr,  suppose ; 
/.  (<7+l)a  =  2tf//p  =  ^4,  (<r+l)/3  =  £,  -(a--l)7  =  C7, 

where  ^4,  i?,  6'  are  constants ;  hence  the  equation  of  one  of  the 
planes  is  (o-  —  1)  (Ax  +  /??/)  —  (a  +  1)  Cs  =  a2  —  1,  and  the  envelope 
of  such  planes  has  the  equation 

(Ax  +  By-Czy  =  ±(Ax  +  By+Cz-l). 

Turning  the  axes  of  x  and  y  through  an  angle  tan_1(Z?/^4),  the 
equation  is  [x'  </(A*  +  Bu)  -  Czf  =  4  {x'  */(A*  +  B2)  +  Cz  -  1} ; 

let  <s/(A2  +  B*)  =  Dsm<f>1  <7=Z)cos0; 

.*.  Z)  (x  sin  0  —  z  cos  0)'J  =  4  (a/  sin  0  +  2  cos  0  —  Z)_1). 

In  fig.  9  let  OEM  and  EN  be  the  lines  whose  equations  are 

a?'  sin  ^  —  2  cos  0  =  0  and  x  sin  0  +  z  cos  0  —  _D_1  =  0. 

Draw  PM,  PN  parallel  to  iLVand  RM,  then 

Pi!/  sin  20  =  —  #'  sin  0  +  £  cos  0,  PiV  sin  20  =  x  sin 0  +  z  cos 0  —  Z)-1 ; 

.-.  i>sin20P.¥2  =  4P^Y, 
and  if  S  be  the  focus,  SB'1  =  D  sin  20 ;    the  coordinates  of  R  are 
\B~X  cosec0  and  \B~X  sec0,  .*.  OR,  which  is  perpendicular  to 
x  cos  0  +  2  sin  0  =  0,  is  %D~l  (cot0  +  tan0)  =  Z)-1/sin20  ; 

/.  SR  =  0/£,  hence  the  directrix  passes  through  O.  The  envelope 
is  therefore  a  parabolic  cylinder  whose  directrix  passes  through 
the  fixed  point. 

(7)    The  torse  is  the  envelope  of  the  plane  rrf  +  yrj-\-z^=r\  (1) 
subject  to  the  conditions 

x2  +  y'J  +  z*  =  r%     (2)     and     ax*  +  by2  +  cz1  =  0,     (3) 
which   determine   the    sphero-conic.      (1)   is   the   equation   of  the 
tangent  plane  at   (x,  ?/,  z\  and  if  (x  +  dxj  y  +  dy}  z  +  dz)   be  a 

p 
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consecutive  point  on  the  sphero-conic, 

xdxj(b  —  c)  =  ydyl(c  —  a)  =  zdzl(a  —  b)] 
at  the  intersection  of  the  tangent  planes  at  these  consecutive  points 

(b  -  c)  f  /  x  +  (c  -  a)  V  \y  +  (a  -  b)  f  /  z  =  0  ;     (4) 
(1)  and  (4)  are  the  equations  of  the  generating  line  of  the  torse 
through  (#,  3/,  z),  and  for  the  consecutive  generating  line 

(b  -  c)'  f /*»  +  (c  -  a)'  r,fy'  +(a-  b)<  ?/z3  =  0 ;     (5) 
hence,  by  (4)  and  (5),  at  the  edge  of  regression 

( b  -  c)  f  /  a*8  =  ( c  -  a)  V I  by3  =  (a  -  b)  ?/  c*3  =  p, 
and,  eliminating  f  from  (1)  and  (4), 

/.,  by  (3),  b-a  =  b£lx-ar)ly  =  abp  {x9j(b  -  c)  -  y/(c  -  a)} 

=  abcr9pj(b  —  c)  (c  —  a)  ; 

.*.  a?8  =  cr*£|- /  (5  -  a)  (c  -  a),   y3  =  crl  arjj(b-  a)  (b  -  c), 

and  (c  -  af  (btf  +  (c  -  5)*  (a*?)1  =  (ft  -  a)§  (cr3)*. 

(8)  The  equation  of  a  sphere  of  the  system  is 

x9  +  y*  +  22  -  2a#  +  cfy/2a  =  0, 
and  that  of  the  envelope  is  y  (V  +  y9  -f  2s)  =  2a#3 ; 

hence  pz  =  2ax\y  —  x,     qz  —  —  ax9 jy9,  —  y, 
rz  —  2a\y  —  \  —  p\  sz  =  —  2ax\yl  - pq,  tz  =  2axi\y*  —  l  —  q2. 
The    differential   equation   of  the   projections   of   the   lines  of 
curvature  are  given  in  Art.  718;  now  in  this  case 

{(i  +  ?)  •  -  h*]  *  =  -  C1  +  21)  C2^/^  +  ^)  -  m  (2a*2ly*  - i  -  «*) 

=  -  2aa>y  8  {y  +  2  (^  +  ^)}» 

{(l+^r-(l+/)^  =  (l+^)(2a/2/-l-/)-(l+/)(2^7i/3-l-^) 

=?ay-*(y3^x2  +  qy-p9x2), 

[pqr  -  (1  4/)  «}  «  =i?£  (2a/?/  -  1  -p2)  +  (1-f  /)  (2axjy9+pq) 

=  2ay-2{x+p(px  +  qy)}; 

hence  the  differential  equation  becomes 

(ydx  -  xdy)  \_{y  +  q  (px  +  #?/))  dy  +  {x-\-  p  (px  +  #2/)}  Ja:]  =  0, 
therefore  the  differential  equations  of  the  two  systems  become 
ydx—  xdy  =  0  and  (2?/3 + yx*  —  ax*) xdy—  (2y*  +  yx'z  —  2ax2) ydx  =  0. 
The  integral  of  the  first  is  y  =  Cx,  the  corresponding  lines  of 
curvature  being  plane  curves,  and  for  that  of  the  second  let  y  =  vx, 
whence  (2v*  +  1)  x2vdv  +  a  (ydx  —  xdv)  =  0, 

...  vA  +  v2-2avlx  =  D,  and  tf  +  xl (y* - 2ay)  =  Dx\     - 

(9)  The  cubic  must  be  supposed  not  to  be  made  up  of  surfaces 
of  a  lower  degree,  as  of  a  plane  and  cone,  which  may  in  one  sense 
be  called  a  torse. 
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We  have  to  shew  that  the  edge  of  regression  cannot  be  of 
double  curvature,  for  in  that  case  four  generators  P,  Q,  R,  and  S 
may  be  found  which  do  not  intersect,  a  straight  line  T  can  then 
be  found  which  will  intersect  all  four,  and  therefore  will  lie  entirely 
on  the  torse ;  the  tangent  plane  at  any  point  of  P  must  therefore 
contain  T  as  well  as  the  next  consecutive  generator  P',  so  that  P' 
will  lie  in  the  plane  (P,  T) ;  similarly  for  the  succeeding  consecu- 
tive generator,  until  Q  is  shewn  to  lie  in  the  same  plane,  which  is 
contrary  to  the  supposition  that  P  and  Q  do  not  intersect. 

LXV. 

(1)  If  w==0,  v  =  0  be  the  equations  of  two  of  the  surfaces 
satisfying  the  conditions,  that  of  any  one  of  the  cluster  will  be 
\u  -f  fiv  =  0,  and  for  its  rth  polar  with  respect  to  (x\  y\  z\  to'), 
\Dru  +  fiDrv  =  0,  and  all  the  rth  polars  will  have  a  common  curve, 
Z>rM  =  0,  Drv  =  0. 

(2)  If  u  =  0,  v  =  0,  w  =  0  be  the  equations  of  three  surfaces 
through  the  points,  Xu  +  julv  -f  vw  =  0  will  be  that  of  any  other 
surface  of  the  cluster;  hence  all  the  rth  polars  have  as  common 
points  the  intersections  of  the  three  surfaces  Dru  =  0,  Drv  =  0,  and 
Drw  =  0,  which  are  (n  —  r)3  in  number. 

(3)  Let  (x\  y\  z\  to')  and  (#",  y'\  z\  w")  be  P and  Q ;  and  let 
u  =  0  be  the  equation  of  the  surface,  those  of  U  and  V  are 

(^ +...)»  =  0,  and  (a," ^+...)M  =  0; 

the  analytical  statement  of  the  theorem  is 

(xdjdx+...)  (x"djdx+...)uE.  (x" djdx+...)  (x'dldx+...)u. 

(4)  Proceeding  as  in  (3),  shew  that 
(x'dldx+...y(x"dldx+...)qu=(x"dldx+...y(xdldx+...yu. 

(5)  Let  (1,  0,  0,  0)  and  (0,  1,  0,  0)  be  the  points  P  and  Q,  and 
let  u  =  0  be  the  equation  of  the  surface  of  the  nth  degree. 

The  pth  polar  of  P  is  (djdx)pu  =  0,  and  if  this  surface  have 
a  double  point  at  $,  its  equation  will  have  none  of  the  four  terms 
involving  yn~p,  xyn'p'\^  zynp~\  or  wyn~p~\  hence  the  equation  u  =  Q 
will  be  without  those  involving 

xvyn'%  xf+lyn-p-\  xpzyn-p~\  or  afwyn-p-\ 
The  equation  of  the  (n-p-  l)th  polar  of  Q  is  (d/dyy^u^O, 
which  will  have  no  terms  involving  xpy,  xpn,  xpz,  or  xpw,  the  polar 
of  Q  will  therefore  have  a  double  point  at  P. 

(6)  The  equation  of  the  cubic  surface  on  which  CD  of  the 
fundamental  tetrahedron  is  a  double  line  may  be  written 

Fe  x3  +  x2  (ay  +  bz  +  cw)  +  xy  (ay  +  b'z  -f  cw)  +  y'  (b"y  +  c"z  +  d"w) 

=  x3  +  x2u  +  xyu'  +  y2u"  =  0,     (I) 
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and  a  line  through  A  (1,  0,  0,  0)  meets  the  surface  in  three  coin- 
cident points  given  by  the  three  equations  F=  0,  DF=Q,  and 
D'F=0,  where  D  =  d]dx,  Art.  909, 

/.  3a:3  +  2xu  +  yu'  =  0,     6x  +  2u  =  0 ; 
eliminating  a;  from  these  equations  and  (1)  we  obtain 
y  (9yu"  —  uu')  =  0,  and  u*  =  3yu' ; 

these  equations  give  the  six  generators  of  the  enveloping  cone, 
whose  vertex  is  A,  which  touch  at  three  coincident  points,  forming, 
in  the  case  of  the  general  cubic  surface,  cuspidal  edges ;  y  =  0,  and 
u'  =  3yu'  give  two  coincident  points  on  CD,  the  remaining  four 
points  are  the  points  of  intersection  of  the  two  conies  dyu"  =  uu' 
and  ul  *  Zyu',  one  point  is  on  CD,  and  -the  other  three  correspond 
to  the  proper  cuspidal  edges.  The  three  points  on  CD  are  at  the 
intersection  of  CD  by  the  third  line  which,  with  the  double  line, 
makes  up  the  section  of  the  cubic  surface  by  the  plane  A  CD. 

(7)  Working  with  the  corresponding  surface  x~x+y~x  +...=  0, 
or  yzw  +  zxw  +  xyw  -V  xyz  —  0,  the  polar  conicoid  with  respect  to 
(x ,  y,  z ,  w)  is  given  by  the  equation 

(y  +  z) xw 4  (z  +  x) yw  +  (x  +  y')  zw  +  (x  ■+■  w') yz 
+  (y -f  w)  zx -f  (z  -f  w)  xy  =  Q;     (1) 
if  this  represent  two  planes,  it  must  be 

i.  one  of  the  three  forms,  such  as  (Ax  +  By)  (Cz  +  Dw)  =  0, 
or  ii.  one  of  the  four  forms,  such  as  x  (By  +  Cz  +  Dw)  =  0. 
i.  If  the  terms  in  xy  and  zw  be  wanting,  z'-\-w'=Q  and  x'+y'=Q, 
and  AIB=(y'+w')l(x'+w')  =  (i/'+z')l(z'+x%  .'.  (z+xj=(z'-xy, 
hence  x  =  0  or  z  =  0 ;   if  x  =  0,  y  =  0  and  z  +  w  ==  0 ,    if  z  =  0, 
#;'  =  0  and  x  +  y  =  0. 

ii.  If  the  terms  in  yw,  zw,  and  yz  be  wanting, 
s'-fa:'  =  0,  x'  +  y'  =  0,  and  #'  +  w'  =  0;   .*.  —  x'=y'  =  z'=w'.  (2) 
The  polar  plane  is  given  by  interchanging  dashed  and  undashed 
letters  in  (1),  and  its  equation,  by  (2),  becomes  Sx  —  y  —  z  —  w  =  0. 
Writing  xjl  and  x'jl  for  x  and  x,  &c,  we  have  the  four  positions 
of  P  and  the  polar  plane  for  the  given  surface. 

i.  supplies  six  more  positions  in  the  six  edges,  and  the  corre- 
sponding polar  planes  xjl  +  yjm  —  0,  &c. 

(8)  This  follows  immediately  from  Art.  903. 

LXVI. 

(1)   The  equation  of  the  tangent  plane  at   (x,  y,  z)  to  the 
surface  u  Eun  + unX+...=  0  is    U%  +  Vr}+WZ=  -  u^-lu^-...  , 
and  the  perpendicular  from  any  point  (x,  y ,  z)  upon  it  is  constant, 
/.  (Ux'+..Aun_l  +  2u^+...y=C*(U>  +  V*  +  W>). 
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(2)  Let  (a,  /3,  7)  be  a  point  on  the  surface,  we  have  to  find 
the  envelope  of  the  first  polar  whose  equation  is 

adU/dx  +  j3dUjdy  -\-^dUjdz  =  P, 

subject  to  the  condition  aljam  4  /3m jbm  4  7™ jc11  =  1, 

.-.  dUidx  =  Pam-1la\  &c, 

m  m  m 

;.  (ac?27/^)^+...=  P"T1(a7am+...)  =  Pn"ri. 

(3)  The  equation  of  the  first  polar  is  2  [xw  (ny  4  mz')}  =  0  ;  if 
this  represent  a  sphere  it  must  be  the  sphere  circumscribing  the 
fundamental  tetrahedron,  hence,  by  Art.  587, 

du  =  <T  (ny    4  mz'\         dl  =  cr  (rx  4    Z10'), 

b'*  =  a(lz'    +  nx),  V  =  a(ry'  +  mw), 

c2  =  cr  (mx  4    ly'),  c3  =  a  (rz  4  nw')  ; 

hence  mna*  4  Ira'2  =  almnr  (x jl  +  y' \m-\-  z \n  +  w '/r),  .    (0 

y'z'a2  4  x'w'a'2  =  ax'y'zw  (Ijx  +mjy '4  n\z  4  r/w/),     (2) 

and  b" lln  +  c" /ha-  a'2 lmn  =  2ax' /I;  ,   (3) 

by  (1),  m?ia2  4  ?ra' a  =  h\6l  4  wir&' 2  =  Zmc2  4  h/*c' 2  =  /?, 

by  (2),  yza2  +  xwd2  =...=...  is  the  locus  of  the  poles, 

by  (3),  since  Id7  =  pjr  —  dmn\r, 

;.  2ax'  =  b'*\n  4  c'2 \m  4  a2/?*  —  p\mnr, 

whence  the  ratios  x  :  y  :  2'  :  w/. 

(4)  The  degree  of  the  enveloping  cone  is  n  (n  —  1),  the  number 
of  sides  of  the  cone  which  meet  the  surface  in  three  consecutive 
points  =  n  (n  —  1)  (n  —  2),  Art.  909,  the  number  which  touch  the 
surface  at  two  points  is  \n  (n  —  1)  (n  —  2)  (n  —  3),  Art.  915.  Hence 
the  number  of  cuspidal  edges  of  the  enveloping  cone,  and  therefore 
of  cusps  on  the  plane  section  of  the  cone,  is  11  (ji—  1)  (w  —  2)  =  cr ; 
the  number  of  double  sides  of  the  cone,  and  therefore  of  multiple 
points  on  the  plane  section,  is  ^n  (n  —  1)  (n  —  2)  (n  —  3)  =  X ;  the 
degree  of  the  plane  section  is  71  (n  —  1),  hence,  by  Art.  670,  the 
class  is  n  (n  —  1)  [n  (n  —  1)  —  1}  —  2  A,  —  3cr  =  n  (n  —  l)3,  which  is  also 
shewn  in  Art.  917.  Therefore  the  number  of  points  of  inflexion 
of  the  plane  section 

=  a  +  3  {n(n-l)7-n(n-l)}  =  n(7i-l){n-2+3  (n-2)}  =  ±n(n-l)(n-2). 

(5)  If  CD,  an  edge  of  the  fundamental  tetrahedron,  lie  entirely 
on  the  surface,  the  equation  of  the  surface  will  be  of  the  form 
Fzxcp+yyfr^O,  where  <fi  and  i/r  are  functions  of  the  (n— l)th  degree, 
which  become  <j>Q  and  yfr0  when  x  =  0  and  y  =  0. 

Let  (V,  y\ V,  w)  be  a  parabolic  point  P,  then,  Art.  906,  the 
polar  conicoid  D' 2  (x'fi  4  y'^jr')  =  0  is  a  cone. 
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If  un,  uw  &c.  be  written  for  d'F'jdx",  d'F'jdxdy',  &e.  the 
parabolic  points  lie  in  the  surface  which  is  the  Hessian  of 
ulxx2  +...+  2unyz  +  ...+  2uuxid  +...=  0, 

we  have  to  find  the  points  in  which  this  surface  meets  CD. 

When  #'=0  and  y'=0,  u]3  =  d4> \\dz\  u^  =  d<f>'Jdw\  u7Z=d^\\dz\ 
uu  =  dyjr'0ldw1  and  ua3  =  0  =  u3i  =  u^]  hence,  at  the  point  of  inter- 
section with  CD, 


um     wi2>     um     uu 

M»l      Urt      W«J      uu 


=  (M13W,4-W^u)2  =  0- 


Therefore  CD  touches  the  parabolic  curve  in  2  (n  —  2)  points. 

(6)  Let  (f ,  77,  f,  to)  be  the  pole  of  the  tangent  plane  at  the  point 
(x\  y\  z\  w'\  whose  equation  must  therefore  be 

%x  -i-  rjy  +  £z  +  cow  =  0,     (1) 

.\  2azx'  +  2bw'y'  =  p!;,     2bx'w  +  2cz'y'  =  prj,     (2) 

ax  *  +  c?/ a  =  —  2bw'xy  \z  =  pf,     and     2^'?/'  =  po>.     (3) 

By  (3),  a'f  +  w©  =  0,  and  by  (1),  *'?  +  #'17  =■  0, 

by  (2),  rj  (az'x  +  Wy')  -  f  (bxw  +  czy')  =  0, 

.-.  V  (acorj  +  &?f )  +  f  (^f  +  co>f)  =  0, 

or  co  (arf  +  cf )  +  26^^=  0. 

CZ)  is  a  double  line  on  the  given  surface,  and,  by  Art.  924,  the 
class  is  lowered  by  7 .3  —  12  e9,  hence  the  degree  of  the  reciprocal 
is3.2'-9E3. 

(7)  and  (8)  A  solution  of  these  problems  is  given  in  Salmon's 
geometry  of  three  dimensions,  Arts.  588  and  598,  in  connection  with 
which  his  Arts.  473  and  474  should  be  studied.  (7)  was  first  given 
in  Camb.  and  Dublin  Math.  Jour.,  vol.  IV.  p.  258,  and  (7)  and  (8) 
afterwards  in  Quart.  Jour.  vol.  I.  pp.  333  and  337. 

LXVII. 

(1)  The  volume  is  fjjdxdydz  or  ffjpdpdddz  taken  from  z  —  zx 
to  «,  p  =  0  to  2rcos#,  Q  —  —  \ir  to  \ir,  and  z%  —  zv  =  (a^a) x\c\ 
the  volume  is 

(a  -  a)  c^ffp*  cos  6dpdd  =  l(a~  a)  c-1/^  8r3  cos40  dd  =  7rra  (a  -  a!)  jc. 

(2)  Let  A  be  the  area  of  a  section  of  the  surface  by  the  plane 
#  +  y  +  £  =  pV3;  this  section,  from  symmetry,  is  a  circle,  the 
distance  of  whose  centre  from  the  origin  is  p]  and  when  x  =  y  =  z1 
pz  =.  x3  +  yl  -f  zl  =  a2 ;  hence  the  volume  of  the  surface  is  jacAdp. 

The  equation  of  the  projection  of  the  section  on  the  plane  xy  is 
xy  +  (x  +  y)  (p  \A3  -  x  -  y)  *=  a2, 
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turning  the  axes  through  J7r,  the  equation  becomes 

or  3x2  -  2px  s/6  +  2p2  +  y2  =  2  (p2  -  a2), 

/.  ^Vi  =  2ir3-»(/-aa)» 
hence  the  volume  =  27rfae(p2  —  a?)  dp  =  \ir  (c  —  a)2  (c  4  2a). 

(3)  The  integrations  are  to  be  taken  from  x=(y*-\-z*)j±a  to  x—z\a^ 
from  y  =  -  \/{8a2  -  (2  -  2a)8}  to  y  =  +  V(8a2  -  («  -  2a)"},  and  from 
«  —  2a  =  —  a  \/8  to  +  a  \/8,  giving  for  the  volume 

fia-'dz  {8a2  -  (*~  2a)'}*, 

which  becomes,  if  z—2a  =  a  *J8  sin  0,  j27as/0iT  cos1  Odd  =  87ra3. 

(4)  The  volume,  including  the  part  below  as  well  as  that  above 
the  plane  of  xy,  is  2jffrdrd6dz,  the  integrations  being  taken  from 
z  =  0  to  mr  cos  #,  from  r  =  0  to  a,  from  0  =  0  to  ^77-. 

(5)  Representing  the  bounding  surfaces  by  cylindrical  coordi- 
nates, r2  =  az,  r  =  a  cos#,  and  £  =  0,  the  volume  is  fffrdrdddz,  the 
integrations  from  z  =  0  to  r8/a,  r  =  0  to  a  cos  0,  0  =  —  ^ir  to  +  ^7r. 

(6)  The  volume  =Jjjrdrd6dz,  the  integrations  being  taken  from 
z  =  0  to  ir2  (a  cos20  4  b  sin20),  r  =  0  to  2c  cos  0,  6  =  -  £tt  to  £71-, 

= /*r  4  (2c  c°s  ey  (a  c°s'd + * sin^)  ^ = i77"0*  (5a + *)• 

(7)  Let  #7 a2  4-  #8/^  4  *'!<?  =  1  be  the  equation  of  the  ellipsoid, 
x  =  h  that  of  the  plane  of  the  base  of  one  of  the  cones ;  the  area 
of  the  base  =  <7(a2  — A2)  where  G  is  constant  for  all  values  of  7?, 
the  volume  of  the  cone  is  \  Ch  (a*  —  A2),  and  that  of  the  segment 
of  the  ellipsoid  is 

S;C(a2-a2)da=C{d\a-h)-i(a"-h3)}=^C(a-h)(2a,-ah-ki), 

.*.  the  volume  contained  within  each  sheet  of  the  cone  =  |(7a2(a— 7i), 
hence  the  volume  between  the  two  cones  (h)  and  (Ji)  cch^k'. 

(8)  Let  p  be  the  perpendicular  on  the  tangent  plane  at  the 
point  (#,  y,  z)  at  which  AS  is  situated,  then  AS  =  dxdy.tfjpz, 
also  Ap  =  irabc ;  let  x  =  ax',  &c, 

.*.  ASjA  =  cdxdyjirabz  =  dxdy'jirz'  =  rdrdQ '/ir  V(l  —  **2), 

/.  2  (AS/X)  =  4/0Wr  (1  -  r2)~*  =  4. 

If  x  =  a  cosa,  r  =  sin  a,  y  =  5r  cos/3,  z  =  cr  sin  /9, 

aya7^  =  bcrdrd/3  =  be  sin  a  cos  a  dad/3, 
and 

A  /S'=a7?/  dz.a2jpx  =  a£c  sina  ^a  a'/S  v/{sinsa(cos'yS/  524  sin2/S/c2)+  cos2a/a2}. 
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LXVIII. 

(1)  The  volume  is  composed  of  four  equal  portions,  viz.  those 
for  which  xyz  is  positive. 

Let  x  —  r  sin  6  cos  $,  y  =  r  sin  6  sin  $,  z  =  r  cos  0, 

.-.  r  =  c  sin20  cos 0  sine/)  cosc/>  is  the  equation  of  the  surface. 
The  volume 
=  4JJJV2  am0d<l>dOdr  =  fc3/^/^  sin70  cos30  sin3<£  cof?4>d0d<t>. 

(2)  When  y  is  constant  the  section  is  an  ellipse 

whose  area  is  2'iry*lab,  hence  the  volume  is  ^k2iry^dy\ab. 

(3)  Let  the  plane  of  the  disc  be  parallel  to  zOx,  C  its  centre 
on  a  circle  in  the  plane  xOy,  A  CB  the  diameter  parallel  to  Ox 
cutting  Oy  in  M,  MP  the  ordinate  in  the  plane  yOz\  and  let 
LCOx  =  6,  ;.  CM^ccosd  and  PM  =  OM=c  sin  0.  The  portion 
of  the  cavity  in  the  compartment  Oxyz  is  generated  by  the  part 
of  the  semicircle  MPB,  hence  the  entire  volume  is 

8fQed  (c  sin  6)  {\c9  (tt  -  0)  +  Jc2  sin  0  cos  0) 

=  4c3  (tt  sin  d  -  6  sin  0  -  cos  d  -  J  cos3^  =  |c3  (3tt  +  8). 

(4)  The  volume  fffdxdydz  will  be  obtained  by  summing  in 
the  order  x,  y,  2 ;  the  6rst  summation  gives  the  parallelepiped 
dxdy(z2  —  «J,  31?  z2  being  the  two  values  of  z  for  given  values 
of  x  and  ?/;  the  second  gives  an  elliptic  disc,  as  the  sum  of  the 
parallelepipeds  for  a  given  value  of  x  taken  from  y  =  yt  to  y2l 
#1)  Vi  being  the  values  of  y  for  which  the  parallelepiped  vanishes, 
determined  by  the  equation  zi  —  zl  =  Q'  the  third  summation  gives 
the  volume,  being  taken  from  the  value  —  xx  to  +  xl  for  which  the 
area  of  the  elliptic  disc  vanishes. 

The  calculation  of  the  values  of  these  limits  is  as  follows: 

cz9  +  2  (ay  +  b'x) z  +  ax*+  by9  +  2c'xy  -lEc(z  -  zx)(z  -  z2\ 

whence  ci (zi  —  z^f  =  4  {(ay  +  b'x)9  —  c (ax2  +  by9  +  2c xy  -  1 )} 

=  ±(bc-a'2)(y-yl)(y2-y)=±A(y-yl)(y2-ij\  Art.  321, 

whence  -A*  (y2  -  yj  =  ±c(A-  Ax9)  =  4cA  (x9  -  x9). 

Hence  the  volume  =f l  dxf*  2o*A**/{i(yr  yf-iy^^ h*f\fy 
t=fl  Jttc"1^  (y2  -  yj  dx  =  wAiT*/*1  (a\  -  x9)  dx  =  jttA"*. 

(5)  Let  x  =  ax\  y  —  by\  z=cz,  then  the  volume  is  abcfffdx'dy'dzj 
the  limits  being  those  determined  by  the  equation 
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or  in  polar  coordinates  rl  =  1  -  2  sin20,  hence  the  volume  is 

abcffjr2  cos  0 dd  dr d$  =  $wabcf^*  cos  0  dd  ( 1  -  2  sin20f ; 

4 

let  \J2  sin  0  =  sin  ^Jr, 
the  volume  =  |wa5c/04ir  V2  cos4^^  =  J  \j2TTzabc. 

(6)  Let  0  be  the  angle  which  OP  makes  with  the  fixed  diameter, 
the  volume  generated  by  the  circle  when  its  centre  describes  the 
arc  add  is  ultimately  ira2  s\n20.ad0,  and  the  volume  required  is 
4/0*«WBin,Wfc 

(7)  Let  a#  +  by  =  f  be  the  equation  of  the  line  AB  cutting  the 
axes  Ox,  Oy  in  A,  B;  draw  OY  perpendicular  to  AB,  and  let  tj 
be  the  distance  from  Y  of  a  point  P  in  YL4. 

An  element  of  the  surface,  whose  projection  on  xy  is  the  plane 
element  at  P,  =  sec  7  drjd^j\l (dl  +  b'z), 

where  sec7  =  V{1  +(a2  +  2>2)  [/'(£)]2). 
The  result  is  the  summation  from  rj  =  —  BY  to  YA,  £  =  0  to  c. 

(8)  Let  /?  be  the  perpendicular  from  0  on  the  tangent  plane 
at  P,  the  volume  of  the  cone,  whose  vertex  is  0  and  base  dS,  is 
^pdS,  hence  the  volume  of  the  closed  surface  is  J/JV  cos  (£>d 8. 

Let  the  equation  of  the  ellipsoid  be  x2  ja* +  y2  jb2  +  z*  jc2=l ; 
the  cosine  of  the  inclination  of  dS  to  the  plane  of  yz  is  pxjd\ 
:.  pdS=d2dydz/x,  and  if  y  =  br  cos  0,  z  =  cr  sin  0,  dydz  =  bcrdrd0, 
and  x  =  a  V(l  —  r2),  hence  the  volume  is 

%fofoivabc.rdrd0l>s/(l  -  r*)  =  £7ra5c. 

LXIX. 

(1)  Let  the  planes  of  the  ellipses  be  ax  +  /3y  +  yz  =  ±  1, 

/.  p  (ux2  +...+  2fyz  +...)  E  (our  +  /%  +  7s)8  -  ^/a2  -  ?/2/^  -  z'\c\ 

.'.  a2-a"2  =  pw,  ...,  Py  =  pf,  yz  =  pg,  a.@  =  ph, 

''^  =  pghl/,a-2  =  p(gklf-u),&c.     (1) 

Let   #  =  «£,  y  —  bt),   z  =  c£,   the  volume  required  =JJJdxdydz 

=  abcfSfdgdrid!;,  between  proper  limits,  =a6c  x  volume  of  the  sphere 

f2  +  V*  +  ?2  =  1  cut  off  by  the  cone  whose  vertex  is  the  centre,  and 

which  intersects  the  sphere  in  planes  aag  +  Pby  +  <yct,  =  ±  1. 

Shew  that  this  is  %7rabc(l-k),  where  2k  is  the  distance  between 
the  planes,  so  that  If*  =  aV  +  $2b2  +  7V, 

and,  by  (1),  oiia2  =  ghj{gh-uf)}  &c. 

(2)  Let  x  =  rcos0,  z  =  r  sin  (9;  then  (r  -a)2  +  #2  =  (a0j2ir)\ 
Hence  the  surface  is  generated  by  the  motion  of  a  variable  circle, 
the  plane  of  which  turns  round  the  axis  of  y,  the  centre  describing 
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a  circle  of  radius  cr,  in  the  plane  of  zx,  the  radius  being  a#/27r, 
where  6  is  the  angle  through  which  the  plane  has  revolved  from 
the  plane  of  xy.     The  volume  required  is  /o27W0.a202/47r  =  §7r2a3. 

(3)  The  equation  of  the  ellipsoid  being  x2 \ a2  +  y2 'jb2  +  z2  / c2 =  1, 
if  y  —  bm\(f>  cos  #,  z  =  c  sin  <f>  sin  #,  x  =  a  cos  <£, 

:,  Jfx'dSIp  =ffa2xdydz  (x2\a4  +  y'lb*  +  z'/c4) 

=  8/0*70»Vic  sin<£  co^d^dd  {cos2<£/a2+  (cos20/Z>2  +  sin20/c2)  sin2<£}. 

(4)  Since  the  surface  is  closed,  any  straight  line  through  0 
will  meet  the  surface  in  an  even  number  of  points  Pl9  P/ ;  P2,  P2' ; 
...Pn,  Pn'.  Consider  any  pair  of  points  P,  P',  and  let  0  be  a  point 
in  the  line  joining  them,  and  with  centre  0  and  radius  a  describe 
a  sphere ;  a  slender  cone  whose  vertex  is  0  will  cut  from  the 
surface  the  elements  dS  at  P  and  dS'  at  P',  and  from  the  sphere 
the  element  da ;  let  OP=r  and  OP'  =  r\  dS  cos yjr/r2  =  da / a1  and 
dS'  cosyfr'  jr'2  =  +  da/a?.  —  or  +  as  0  is  without  or  within  the 
surface.  Hence,  summing  for  all  the  surface,  JJpbd8cosyjrlr2  =  0j  or 
ju,  I  a2  x  the  whole  surface  of  the  sphere,  according  as  0  is  without 
or  within  the  surface  considered. 

(5)  Taking  the  coordinate  axes  as  in  Art.  525,  let  p  be  the 
radius  of  the  generating  circle  of  an  intermediate  anchor  ring, 
p3  =  z2  +  (r  —  c)2,  the  principal  radii  of  curvature  at  a  point  P  are 
p  and  prl(r-c),  and  p^1  +  p^'1,  °f  Art.  ^52,  is  p'1  {1  +  (r  —  c)lr}, 
hence  S,  the  surface  of  the  ring, 

=  JJJdxdy  dz  { 1  +  (r  -  c)  /  r]  {z1  +  (V  -  cJP  i 
let  #  =  rcos<£,  3/  =  rsin$,  /.  dxdy  =  rdrd(f>,  and  let  r  —  c  =  p  cos#, 
z  =  p  sin 0,  /.  c/refe  =  p dpdd,  and  dxdydz  =  rpdpd0d(j> ; 
.-.  £  =  J'J^J^dp d6 d<t>  (2/o  cos 0  +  c)  =  47r2ac. 

(6)  Let  x  =  ace',  ?/  =  by\  z  =  as',  then  the  integral  is 

fjjabcdxdy'dz'e    , 

where  f  is  the  perpendicular  from  (x,  y\  z)  on  the  plane 
ax  +  by  +  cz  =  0j  (I),  the  limits  being  determined  by  the  sphere 
£c'2  +  2/'2  +  s'2  =  l  ;  transform  the  axes  so  that  0%  is  perpendicular 
to  the  plane  (1),  (f ,  17,  f)  being  the  point  (x\  y\  z),  the  integral  is 

abcJffe2Bd^drjd^=abcJ+_l7r(l  -  ?)e2Bd%,  which  gives  the  result. 

(7)  Let  C  be  the  centre  of  the  sphere,  a  its  radius,  and  let  dS 
be  a  circular  belt  whose  centre  M  is  in  CO,  and  radius  PM ;  let 
CO  =  c,  OP=r,  and  let  0  be  the  angle  between  GP  and  CO 
produced,  so  that  r2  =  a2  +  c2  -  2«c  cos  0,  then 

JJ/(r)d8=Jf(r).2itaBm0.ad0  =  2walcJ^ff(r)^ 
=  2ira\c  {</>(a  +  c)  —  <£  (a  -c)}, 
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where  <£'(r)  =  9/(r)>  this  being  independent  of  c,  the  differential 
coefficient  vanishes,  thence  shew  that,  for  all  values  of  c, 

(a  +  c)f  (a  +  c)  +f(a  +  6)  =  (a-  c)/'  (a  -  c)  -if  (a -  c), 

.•.r/'(r)+/(^)^^  +  ^(r-ay  +  (7(jr-a)4+..., 

where  ^,  J5,  C\  ...  are  constant; 

hence  rf(r)  =  Ar  +  A'  +  i£(r-a)3  +  iO(r-  »)*+...  . 

(8)  The  equation  of  the  surface  is  found  in  Prob.  XVITI.  (14) ; 
and  if  x  =  r  cos#,  y  =  r  sin#,  then  z  =  (a2  —  b2)  c  sin#  cos#  jab. 

The  volume  is  ±fff  dddz =4=  fjdddz(l  +  z2l c')j (cos2 0/ a* +sm2 6 jb2) 
from  2  =  0  to  «5c  (if*  —  a-2)  sin  0  cos  6,  and  from  0  =  0  to  J7T,  let 
tt  =  a"2  cos20  +  b~2  sin20,  /.  (Jf*  -  a'2)'  sin*0  cos*0  =  (&"*  -  tt)  (m  -  a*2), 

and  the  volume  is  2abcjh~\duju  {1  +  ^a252  (6~3  -  u)  (u  —  a'2)} 

=  lobe  {4  log  u  +  2a262  (ft-*  +  a"2)  a  -  aW}£ 
=  Jafo  {8  log(a/&)  +  a262  (T4  -  a"4)). 
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